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PREFACE 


The initial issue of this book came out in April 1943 and the sixth printing 
was issued in October 1947. The wide acceptance of this volume both as a 
university or college textbook and as a reference for analysis and design by 
engineers in the aeronautical industry, has been very gratifying to the author. 
This seventh issue incorporates two major changes, namely, the book has 
been completely prepared using near -normal textbook type size in place of the 
admittedly too small type in the previous printings, and secondly, answers 
have been given to most of the problems which are presented, at the end of 
each chapter. 

Considerable new material has been added to a number of chapters. Con- 
tinued use is made of design information from the latest issue of the govern- 
ment publication ANC-5, including the Amendment - 2 of August 1946. 

In the preface of the initial issue of this book in 1943 it was stated that, 
“No textbook on airplane structural analysis could be written without data and 
information from the various government publications, particularly, the pub- 
lications of the National Advisory Committee for Aeronautics (N.A.C.A.).” 
In this seventh semi-revised edition, new information based on the investiga- 
tions and researches of the N.A.C.A. has been added, as for example in the 
chapter dealing with diagonal tension field beams. 

Dozens of new problems for student homework have been added to this new 
edition. A considerable number of these new problems were taken by per- 
mission from a publication, PROBLEMS IN AIRPLANE STRUCTURES, by 
I. R. Jensen and published by the W. C. Brown Company of Dubuque, Iowa. This 
publication, containing around three hundred problems, is recommended to 
instructors as a problem source. 

For the benefit of new or beginning instructors using this textbook, the 
author has found the following sequence of chapters as satisfactory in teaching 
undergraduate courses in airplane structures: 

Beginning Course - 3 or 4 - one -hour periods per week for one 17 week se- 
mester. 

Chapters: A1 through A8, A12, A10, Cl through C5, All, 
A13. 

Second Course - 3 or 4 - one-hour periods per week for one 17 week se- 

ixi6 s tor 

Chapters: A14, A15, B1 through B5, C6, C7, Dl, D2, C9, 
CIO, Cll, A9, C8. 

The writer wishes to acknowledge the many constructive suggestions and 
comments of his colleague. Professor Thomas J. Herrick of the School of 
Aeronautics of Purdue University. 


January 1, 1949 


E. F. Bruhn 
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DREAM AIRPLANES 



balsa wopd 


FUSELAGE GROUP 



CONTROLS GROUP 



HYDRAULICS GROUP 


A completed airplane in many 
ways is a compromise of the know- 
ledge, experience and desires of the 
many engineers that make up the 
various design and production groups 
of an airplane company. 


It is only being human to under- 
stand why the engineers of the vari- 
ous groups feel that their part in the 
design of an airplane is of greater 
importance and that the headaches 
in design are due to the requirements 
of the other less important groups. 


This cartoon* ‘Dream Airplanes” 
by Mr. C. W. Miller, design engineer, 
indicates what might happen if each 
design or production group were al- 
lowed to take itself too seriously. 




'“JVaicrofiltt 


WEIGHT GROUP 



LOFT GROUP 



PRODUCTION ENGINEERING GROUP 





CHAPTER Al 

REVIEW OF THE PRINCIPLES OF EQUILIBRIUM 


Al.l Introduction 

It Is realized that a student starting his 
first course in Airplane Structures has complet- 
ed the regular college courses in Dynamics and 
Strength of Materials and therefore should have 
a good fundamental understanding of these basic 
engineering subjects. These fundamentals of 
engineering mechanics form the foundation or 
background for the study of airplane structures, 
thus a review of Statics and the Mechanics of 
Materials usually proves advisable before going 
on to new or more advanced work in the theory 
of structures as applied to airplane structures. 
The first several chapters therefore deal in 
general with a brief review of mechanics. The 
importance of these chapters cannot be over- 
emphasized. 

A1.2 Characteristics or Elements of a force 

To completely define a force, that is, to 
determine its effect upon a body, the following 
three elements must be known 

1. The magnitude of the force. 

2. The direction of the force. 

3. Point of application of the force or 
its location. 

The sense in which a force acts along a 
given direction is indicated in the algebraic 
solution by the signs + and - in connection 
with the magnitude and in the graphical solution 
the sense of a force is indicated by an arrow 
head. Thus the sense of a force is not an ele- 
ment as it requires no separate equation for its 
determination. 

A1.3 Definition of a Few Common Terms 

A force system is any number of forces 
treated as a group. A force system is said to 
toe concurrent if the action lines of all forces 
intersect in a common point and non-concurrent 
if the action lines do not intersect at a point. 
The resultant of a force system is the simplest 
equivalent system to which the given system will 
reduce. The process of reducing a force system 
to a simpler equivalent system is called compo- 
sition. The process of expanding a force or a 
force system into a less simple equivalent sys- 
tem is called resolution. A component of a 
force is one of the two or more forces into 
which a given force may be resolved. 

A1.4 Par* Hologram Law 

The law states if two coplaner concurrent 
forces are represented in magnitude and direc- 
tion by the adjacent sides of a parallelogram, 
so constructed that the sense of each force is 
the same with respect to the point of concur- 


rency; then the resultant of these two forces is 
represented in magnitude and direction by the 
diagonal of the parallelogram through the point 
of intersection of the two forces. The sense of 
the resultant is away from the point of inter- 
section if the sense of the two forces Is away 
from the point and vice versa. Thus in the fig- 
ure the two concurrent forces OP and OQ inter- 
sect at 0. Complete the parallelogram as shown 
by the dashed lines. Then the diagonal from 
point 0 or R represents the magnitude and direc- 
tion of the resultant of the forces OP and OQ. 



A 1.5 The Law of the Triangle of Forces 

The triangle law states that three concur- 
rent coplanar forces in equilibrium may be rep- 
resented in magnitude, direction and sense by 
the three sides of a triangle taken in continu- 
ous order. Any one of the three forces if the 
sense is reversed represents the resultant of 
the other two. Thus in (Fig. a) R Is the re- 
sultant of the forces P and Q in magnitude and 
direction. 



Fig. a 


A1.6 Force (Magnitude - Direction Diagram) 

When the resultant of several concurrent 
forces is required, the resultant of any two may 
be found by the force triangle. This resultant 
may be combined with a third force to obtain the 
resultant of the 3 forces and 30 on until all 
forces have been combined. (Fig. b) shows a 
concurrent coplanar force system of 5 forces. 
Fig. c shows the magnitude - direction polygon 
starting at some point o and considering the 
forces Fi to F e in order. In the figure, oa 
represents the resultant of Fi and F» ; of the 
resultant of F x , F a and F s , etc. and finally R 
represents resultant of the five forces in mag- 
nitude, direction and sense. It should be rea- 
lized that the magnitude-direction diagram does 
not give the third element of the forces namely 
location unless as a special case the diagram 
Is started from the point of concurrency of the 
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Fig. d shows a second magnitude - direction 
force polygon in which the laying off of the 
forces from the point o is in the following 
order: F x , F 5 , F a , F 4 , F 0 . 



effect on the body on which it acts. 

The resultant of any number of couples in a 
plane is a couple and the moment of this resul- 
tant couple equals the algebraic sum of the 
original couples. 

Any two couples in the same plane which 
have the same sense and moment value are equiva- 
lent. 


A1.7 Moment of & Force 

Physically the moment of a force expresses 
the tendency of the force to turn the body on 
which it acts about a given axis. Thus the mo- 
ment of force F (Fig. e) about a point o is Fa. 
The point about which the moment is taken is 
called the moment center and the distance (a) 
the moment arm. The moment of a force with re- 
spect to a point may also be regarded as the 
moment of the force with respect to the line 
which passes through the point and is perpendi- 
cular to the plane determined by the point and 
the action line of the force. Thus Fa also 
represents the moment of F about axis YY. 

A1.8 Principle of Momente 

The general principle of moments Is of 
great Importance in mechanics. In general 
terms the principle states that the moment of 
the resultant of a force system Is equal to the 
algebraic sum of the moments of the forces of 
the system. This principle applies to lines, 
areas, volumes, masses, etc. as well as to forc- 
es and is therefore fundamental In determining 
centroids, center of gravity etc. 

A1.9 Couple. General Facta Regarding Couples 

Two equal parallel forces 
which are opposite in sense 
and not co-llnear are called 
a couple. A couple cannot be 
reduced to a simpler system. 

A couple produces only a tend- 
ency to produce or prevent 
turning of a body. The turn- 
ing effort or moment of a 
couple about any point in the 
plane of the couple (or axis 
perpendicular to Its plane) 
is the product of the magni- 
tude of either force of the 
couple and the perpendicular 
distance (moment arm) between 
the action lines of the two forces. The char- 
acteristics of a couple are: (1) Magnitude of 
the moment (2) Sense or direction of rotation 
of the couple (3) The aspect of the plane of the 
couple, that is, the direction or slope of the 
plane of the couple. 

A couple may be translated into any paral- 
lel position in $ts own plane or into any para- 
llel plane without changing its external effect 
on the body on which it acts. 

A -couple, may be rotated through any angle 
in its plane without changing its external 



A 1.9a Vector Representation of A Couple. Resolution 
of Couples 

It Is convenient in dealing with couples to 
represent them by means of a vector. The vector 
must show all the characteristics of the couple. 
Thus the length of the vector represents the 
magnitude of the moment of the couple. The as- 
pect of the couple may be represented by drawing 
the vector perpendicular to the plane of the 
couple and thus parallel to the axis of the 
couple. The sense of the couple can be repre- 
sented by an arrow head on the vector, the usual 
convention being to direct the arrow head away 
from the plane of the couple in the direction 
from which the rotation of the couple appears 
counter-clockwise, or toward the plane if the 
couple tends to produce clockwise rotation. This 
method of denoting the sense corresponds to the 
convention of the right-handed screw, since a 
right-handed screw having an axis perpendicular 
to the plane of the couple would move in the di- 
rection of the arrow If rotated In the direction 
or sense of the given couple. 

In (Fig. f) the vec- 
tor OA completely repre- 
sents the couple Pd. The 
magnitude of the moment 
of the couple Pa is repre- 
sented by the length of OA 
to scale. 


- — " 
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Fig. f 


Example Problem 

Fig. g shows a cantilever box beam subject- 
ed to two couples applied at free end as shown. 
Determine the resultant moment about rectangular 
axes 1-1 and 2-2 which make an angle of 10° with 
the x and y axes. 

Fig. h shows the graphical solution. From 
an origin such as point 0 lay off vector OA 
parallel to y axis equal to 200 w # and likewise a 
vector OB parallel to x axis equal to M x »1000 n #. 
The diagonal of the parallelogram whose sideB 
are OA and OB Is resultant couple or vector OC. 
The vector OC is now resolved into vectors along 
axes 1-1 and 2-2 which make angles of 10° with X 
and Y. Erecting perpendiculars to 1-1 and 2-2 
from C we obtain D and £. 
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The vector OE which scales 370"# is the result- 
ant moment about axis 2-2 and vector OD = 950"# 
is the resultant moment about the 1-1 axis. 

Solution #2 



In Fig. 1 lay off vectors M x and My. Then 
the projection of these vectors on the axis 1-1 
and 2-2. give the moments about these axes. 

M i-i = - 200 sin 10° + 1000 cos 10° = 950"# 
M m = - 200 (‘OS 10° + 1000 sin 10° 370"# 

A1.10 The Funicular Polygon or the '’Location- 
Direction*' polygon 

As explained in article A1.6 the force or 
magnitude direction polygon gives the magnitude 
and direction of the resultant of a force sys- 
tem. A graphical construction for determining 
the other necessary element of the resultant 
namely location, Is commonly referred to as the 
funicular polygon, but more apnr opr lately should 
be called the location-direction polygon since 
the magnitude of the forces is not shown in this 
particular diagram. The principal of the funi- 
cular polygon (‘an best be Illustrated by an ex- 
ample . 



(Magnitude fc Direction) Polygon 


Fig. J shows a body acted upon by 4 forces. It 
Is dosired to determine the resultant for this 
force system graphically. We first draw the 
force polygon (magnitude direction) as shown in 
Fig. K, by starting at some point A. Lay off 
the vectors representing the magnitude and di- 
rection of the four forces AB, DC, CD, and DE as 
shown. The resultant of these 4 forces in mag- 
nitude and direction Is represented by the clos- 
ing vector AE of the polygon. The sense of the 
resultant is opposite to the sense of the other 
forces. This resultant force Is not completely 
defined, however, until its true location in 
Fig. J Is known. 

The graphical construction for determining 
this third element of line of action is as fol- 
lows: In Fig. K, we select any point o, common- 
ly referred to as the pole, and draw in the 
dashed lines OA, OB, OC, OD and OE, which are 
referred to as the rays of the force polygon. 
From the triangle law of Art. Al:5, It follows 
that the force AB can be resolved into the two 
components AO and OB; likewise BC Into the com- 
ponents BO and OC; CD Into CO and OD and final- 
ly DE Into DO and OE. These vector rays repre- 
sent only the magnitude and direction of these 
components. Our given system ABODE has now been 
replaced by another system of 8 forces repre- 
sented by the rays. We notice that rays OB and 
BO, OC and CO, OD and DO, are equal in magnitude, 
opposite in sense and parallel in direction. If 
we can make the third element, line of action of 
OB coincide with BO, (OC with CO) etc., then 
these 6 ray forces will completely cancel and we 
will have left the rays AO and OE, which are the 
components of the resultant R or AE and the line 
of action of the resultant R will act thru the 
Intersection of the lines of action of Its com- 
ponents AO and OE. 

To determine the line of action of these 
two components it is necessary to draw another 
polygon commonly referred to as the funicular 
polygon but more appropriately a location-direc- 
tion polygon since It shows only these two ele- 
ments of a force. This polygon Is drawn on the 
space diagram of Fig. J. 

The sides of funicular polygon are commonly 
reforred to as strings and are parallel to rays 
of the force polygon. The funicular polygon is 
constructed as follows: In Fig. J, from any 
point on the line of action ab of the force AB, 
strings ao and ob are drawn parallol to the rays 
AO and OB. From the point of intersection of ob 
and be, the string bo (which will coincide with 
string ob) and the string oc are drawn. In like 
manner from the point of Intersection of oc and 
cd, strings co and od are drawn, and do and oe 
from the intersection of od and de. Therefore 
OB will cancel BO, OC will cancel CO and OD will 
cancel DO since their lines of action are colin- 
ear and their magnitudes are equal and opposite 
In sense. 

Our original system Is now reduced to two 
forces represented in magnitude and direction by 
vectors AO and OE and lines of action by ao and 
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oe. The resultant of these two forces and 
therefore of the original force system will pass 
thru the intersection of the strings ao and oe 
in Fig. J. The resultant is thus completely 
defined, the magnitude and direction by the 
force polygon of Fig. K., and the line of action 
by the funicular polygon in Fig. J. 

If the force polygon closes, which means 
that E coincides with A, the rays AO and OE 
represents two forces which are equal in magni- 
tude and which have parallel action lines and 
opposite senses. If the funicular polygon does 
not close, the resultant will be a couple, but 
if the funicular polygon closes, (that is ao 
and oe coincide), the two forces AO and OE will 
balance each other and the resultant of the 
original force system will be zero, or the sys- 
tem is in equilibrium. 

A 1.11 Equilibrium of Force flyet ©ms 

If a force system which is in equilibrium 
acts on a body, the body is either at rest or 
in a state of uniform motion. The Independent 
equations which must be satisfied by the force 
system which maintains a body in equilibrium 
are referred to as the equations of equilibrium. 

An airplane, actually, is in equilibrium 
only in steady unaccelerated flight. In ac- 
celerated conditions both linear and angular 
accelerations act to change the velocity and at- 
titude of the airplane. In the field of stress 
analysis of airplanes it is customary to repre- 
sent this dynamic condition as a static condi- 
tion by the expedient of assigning to each item 
of mass the increased force with which it re- 
sists acceleration. Thus for example if the 
total air load on an airplane in a certain di- 
rection is "n" times the total weight of the 
airplane, each item of mass in the entire air- 
plane 1 8 assumed to act on the airplane struc- 
ture in the opposite direction of the applied 
air load and with an intensity equal to "n* 
times its weight. In considering the equilibri- 
um of the airplane as a whole or of some of its 
parts, there may be certain elements of the 
forces acting which are unknown as for example 
the magnitude, direction or location of one or 
more of the forces. These unknown elements can 
be found if their number is not greater than 
the number of equations available for the par- 
ticular force system Involved. Such force sys- 
tems are said to be statically determinate. If 
the unknowns are greater in number than the 
number of equilibrium equations available, the 
force system is said to be statically indeter- 
minate . 

If a force system has a resultant It must 
be a force or a couple. If a force system Is 
In equilibrium then the equations of equilibri- 
um must in general provide the conditions which 
make it Impossible to have an unbalanced force 
or a couple. Thus the algebraic conditions of 
equilibrium are:- 

(1) The* algebraic sum of the components of 
all forces of the system In any direction must 


equal zero. If this fact is true it means the 
resultant if any could not be a force. 

(2) The algebraic sum of the moments of all 
the forces of the system about any axis must 
equal zero. If this fact is true it means that 
the resultant if any can not be a couple. 

The graphical conditions which express the 
above algebraic conditions for equilibrium are:- 

(1) The force or (magnitude-direction) 
polygon must close. 

(2) The funicular or (location-direction) 
polygon must close. 

The number of Independent equilibrium 
equations Is different for the different types 
of force systems. These facts are listed in the 
following articles. 

A1.12 Mechanical Methods of Fixing Elements of 
Forces or Reactions 

Problems in statics in general deal with 
the determination of unknown elements of forces, 
that is, the magnitude, direction, or location 
of forces. The engineer frequently makes use of 
certain types of mechanical fittings or supports 
which definitely define certain elements of an 
unknown force or reaction, thus decreasing the 
number of unknowns below that, if these devices 
were not used. 

The figures which follow illustrate some 
of the mechanical methods. 

Ball and Socket Joints 



For equilibrium, the line of action of a force 
such as P or Q acting on bar A must pass thru 
center of ball joint at 0 or bar A will rotate 
about 0 since ball and socket Joint has no resis- 
tance to rotation. 

Universal Joint 



For equilibrium the line of action of a force 
such as ,P or Q acting on bar A in planes at right 
angles to each other must pass thru center of 
universal Joint or rotation will take place. It 
should be noted however that this type of Joint 
or fitting can transmit a torsional moment on 
bar A. 

Single Pin Connection 
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The line of action of a force such as P or Q In 
a plane normal to axis of pin must pass thru 
the pin center or rotation of bar will take 
place. Thus, a pin Is used to determine the 
element of location of a force or reaction. 


Rollers 



The reaction on the truss R must be vertical 
since the rollers have no resistance against a 
horizontal force. The line of action must be 
thru pin 0. Thus, two elements of the reaction 
Rx namely, direction and location, are fixed by 
this type of support. 


the plane of the forces not on the x-axls. 

A third set of equilibrium equations which 
may be used are:- 

ZMa = 0 and ZMg = 0, where A and B are any 
two points In the plane of the forces, provided 
that a line Joining A and B does not pass thru 
the point of concurrency of the given force sys- 
tem. 

The element of location or point of appli- 
cation Is known for all forces of a concurrent 
system, hence the unknown elements to be found 
will be either magnitudes or directions and the 
unknown elements can not be determined If more 
than two in number. 

The graphical requirement for equilibrium 
is that the force (magnitude-direction) polygon 
must close. 

Example Problem 1 

Determine the magnitude of the two forces 
P and Q as shown in Fig. Al:l to hold the 4000# 
load in equilibrium. 


Cables. Tie Rods 




Since a cable has negligible resistance to 
bending, the reaction at B on the crane struc- 
ture must lie along the line AB, or the direc- 
tion and line of action of the reaction at B is 
known If a cable AB Is used to support the 
crane. 

Slot or Gr oove 



Reaction at A must be horizontal since the 
lubricated slot offers no resistance to a ver- 
tical reaction between support and post. Tlius, 
element of direction of reaction R is fixed by 
type of support. 

ALGEBRAIC AND GRAPHICAL CONDITIONS 
FOR EQUILIBRIUM 


A1.13 Coplanar Concurrent Force Systems 

The following equations must be satisfied for 
equilibrium. 

2F X = 0 and ZFy « 0 where x and y denote 
any two non-parallel lines in the plane of the 
force system. For simplicity, a set of rec- 
tangular axes with the point of concurrence as 
the origin is used. 

Another set of equations which insure 
equilibrium are:- 

2Fy = 0 and ZMa ® 0, where y denotes any 
line in a plane (usually taken for convenience 
as one of two rectangular axes thru the point of 
concurrency of the forces) and A is any point in 


Alge br alc Solu t ion: - 

“ For equilibrium, 2F Z and ZF y must equal 
zero . 

ZF z = P cos 60° + Q cos 45° -4000 =0 (1) 

P sin 60° + Q sin 46° =0------(2) 


ZFy = 


From (2) P = 


.815Q (3) 

Substituting value of P = .8150 In equation (1) 


we obtain, 

(.815 x .5 )Q + .707Q - 4000 = 0, hence 
Q = 4000/1.115 = 3600 # (Same sense as as- 
sumed) 

Substitute In equation (3) to obtain P, 

P = .815 x 3600 = 2840#. 


Graphical Solutions 

Fig. A1.2 shows the force (magnitude-direc- 
tion) polygon for the given force system. The 
polygon is constructed by starting at some point 
(a) and laying off the known force of 4000# to 
scale with the given direction and sense. Pro- 
ceeding around the point (o) in a clockwise di- 
rection the other two forces P and Q of Fig. 

Al.l whose directions are known must cause the 
force polygon to close on point (a). Thus from 
point (b) drawing a vector parallel to force P 
in Fig. Al.l and from point (a) vector parallel 
to force Q, these two vectors will intersect at 
point (c). The true magnitudes of P and Q are 
then equal to the length of the sides be and ca 
of the force polygon. Fig. A1.3 shows the force 
polygon when the forces P and Q are layed off 
when proceeding counter-clockwise around point o 
of the force system. The sense of the arrow 
heads on the vectors must be continuous around 
the polygon. 
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mrarnma Problem g 

In Pig . A1.4, five forces are In equilibri- 
um. Find the magnitude and direction of the 
force P* not shown In the Figure. 


i^ M ? >mc ,, golutl , pn; - 

Consldering the forces P x to P 4 in order, 
2F X * 100 X 2 + 0 + 150 - 200 X 1 hence, 2F Y 
VIS vz 

=64.1# and for equilibrium P #x must = -64.1# 



^LL 






Fig. A1-4o 


2F V 31 100 X 3 - 125 + 0 + 200 1 = 99.6# 
y VI3 yT2 

hence, P #y * - 99.6# for equilibrium to make 
2F V - 0. Magnitude of P e = VfelTT 1 + 99.6* = 
life#. 

The direction of P*, with respect to horizontal 
thru point of concurrency = tan 9 = 99.6 = 1.55 

6£7T 


9 a 57° - 10 n (See Fig. A1.4a) 

Thus the force P required for equilibrium = 
118# acting at angle 9 = 57° - 10" as shown in 
Fig. A1.4a and it must pass thru point of con- 
currency 0 of Fig. A1.4. Note: The student 
should solve problem making use of other combi- 
nations of the equilibrium equations, e.g., 

2F X » 0 and ZM A = 0. 

Graphical Solution 
Fig. A1.5 shows 
the force (magni- 
tude-direction) 
polygon for the 
given force system. 

Starting with some 
point such as 0 the 
forces P x to P 4 are 
laid off to scale 
and parallel to their 
true directions as 
given in Fig. A1.4. 

Any other order of 
laying off the known 
forces could have 
been selected. The 
condition for equi- 
librium is that the force polygon must close. 
Thus the closing line from a to 0 gives the 
magnitude and direction of the unknown force 
P*. The sense is shown by the arrow. 




Find the loads Pi and P* In the other members. 
Solve both algebraically and analytically. 

(2) In Fig. A1.4 if force P 4 * 100# and 
acts in opposite direction find magnitude and 
direction of the fifth force P 4 required for 
equilibrium. 

(3) Fig. A1.6a shows a pulley bracket fit- 
ting. For the cable loads as shown, determine 
the resultant load on the pulley hinge bolt and 
also the forces along the axes y and x which 
hold the bracket to the adjacent structure. 




(4) Determine the reactions at the pin 
points A and C due to the 5000# load at D for 
the structure in Fig. A1.6b. Note that member 
AB Is pinned at both ends. Solve both analyti- 
cally and graphically. 

A1.X4 C op la it* r - Parallel Force fly a tea 

The following equations must b© satisfied 
for equilibrium: 

ZF = 0 fwhere A is any point in plane of 
2 Ha = 0 I force system 

or 

ZM A = 0 /Where A and B are any two points 
ZMg = 0 jnot on a line parallel to the 
(forces of the force system. 

Thus no more than 2 unknowns can exist In a 
parallel force system, and remain solvable with 
the available equations of equilibrium. 

The graphical conditions for equilibrium are:- 

(1) The force (magnitude - direction) poly- 
gon must close. 

(2) The funicular (location - direction) 
polygon must close. 

example Problem 1 


Al3.a Problems 

(1) Fig 1 . A1.6 shows a typical truss Joint 
using a pin for the connecting medium. The 
loads In two of the members are given as shown. 


Fig. A1.7 shows an airplane resting on 
ground. Determine ground reactions at points 
1 and 2. 
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(2) Find the vertical reactions at each 
wheel for W « 40,000# and M = 65000"#. (See 
Fig. Al.Qa) 


•* 4*- 8 



U£L5i'.'* 
rJ— -^4 


Fig. ALSb 


(3) Find the reactions for the loaded beam 
in Fig. A1.8b. 




Fig. A1-7 


Solution 

Let Rx and R» be unknown ground reactions. 
Taking moments about point (1) ZMi = 5000 x 30 
- 280 R a = 0. Hence R» = 537# (the sense Is as 
assumed because algebraic sign of R« comes out 
plus.2V = - 5000 + 537 + Rx = 0, Hence Ri = 
4463#. Check results by taking moments about 
point (2) 

ZM* = - 5000 x 250 + 4463 x 280 = 0 (check) 
A1.14a Problems 

(1) Determine the reactions Rx and R» for 
the beam In Fig. Al.8. 


» 0 Where A, B and C are any three points 
XMg = 0< In the plane of the forces not on a 
a o straight line. 

Therefore in this type of force system three un«* 
known elements of the force system may be deter- 
mined since three equations of equilibrium are 
available. 

The graphical conditions for equilibrium 

are:- 

(1) The force (magnitude-direction) poly- 
gon must close. 

(2) The funicular (location-direction) 
polygon must close. 


Fig. A1.9 shows a loaded wing beam support- 
ed by a pin fitting at point A and an external 
strut BC pinned at point B. Determine the reac- 
tions on beam at points A and B and load in 
strut BC. 

Solution: 

There are three unknown elements In the re- 
actions at A and B, namely, magnitude and direc- 
tion of reaction at A and magnitude of the reac- 
tion at B. The direction of the reaction at B 
is along the strut BC since strut is pinned at B 
and C. Three equations of statics are available, 
thus the reactions can be determined. Fig. 

A1.10 shows free body diagram of beam AB. The 
distributed loads have been replaced by a single 
load acting thru center of gravity of the corres- 
ponding distributed load. The reactions have 
been resolved In to their x and y components for 
simplicity. 
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A 1.15. Coplanar Non-concurrent - Non-parallel 
Force Systens 

For equilibrium the following equations 
must be satisfied: 

2F X * 0 Where x and y represent a set of rec- 
2Fy 85 0< tangular axes and A is any point in the 
2m - o[ plane of the force system. 


2F X » 0 
2M A « 0 

m* * 0 


Where x denotes any line in plane of 
force system and A and B are any two 
points in the plane, provided that the 
line AB is not perpendicular to X line. 


» - 5500 x 55 - 1688 x 130 ♦ 30 x 300 ♦ HO 
BCy = 0 

Hence, BC V - 512700/110 * 4660 

Then BCfj - 4660 x 100/60 * 7760 

Hence load in strut BC * yf?760 k + 4660 4 *> 

9040 tension. 

2V » 5500 + 1688 - 4660 - 300 - Ay * 0, 
hence Ay * 2228 acting down as assumed. 
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ZH =-7760 - Ah c 0 hence A H *-7760. The 
minus sign indicates that Ah is acting opposite 
to that assumed in Fig. A1.I0. Having the H and 
V components of the reaction at point A, the 
reaction is completely defined. Check results 
by taking 22% * 0 

22% *=-2228 X 110 - 300 x 80 ♦ 6600 X 55 - 
1688 x 20 * 0 (check) 

Example Problem 2 

Determine the forces acting on the members 
of the crane as shown in Fig. Al.ll. 

Solution 

To find the load in the cable BE and the 
reaction at A, the crane as a whole can be 
treated as a free body, as shown in Fig. Al.ll. 
There are three unknowns, the magnitude of the 
load in the cable BE, its direction and loca- 
tion being known. At A there are two unknowns 
namely the magnitude and the direction of the 
reaction. Three equations for equilibrium are 
available. 

ZM a * 2000 x 15 - BE x 30 sin 30° = 0. 

Hence BE - 2000# (tension as assumed) 
ZH - - 2000 sin 30° + Ah « 0. Hence Ah - 
1000# 

ZV = - 2000 cos 30° - 2000 ♦ Ay = 0. 

Hence A v s 3773# 

R esultant magni tude of reaction at A = Ra - 
viooo - + 3773 - = 3900# 

For direction of R A , © A = tan 3773 = 75° - 10' . 

1000 



Fig. AM2 Fig. 41-13 


Fig. A1.12 shows a free body diagram of the bar 
DCF. The unknown reaction at D is resolved in- 
to its H and v components. 

Z% * 2000 X 15 - 5 CB = 0 



Fig. A1.14 shows an externally braced wing 
beam. The beam carries the unsymetrical distri- 
buted air load as shown. The beam is held to the 
fuselage by the three cabane struts and the two 
lift struts. Each of the outer panels of the 
wing are hinged to the center panels at points 0 
and O' . All struts are pinned at each end. De- 
termine the reactions of the struts upon the 
wing beam. 


Solution: 

First are the reactions statically deter- 
minate. There are five unknowns namely, the 
magnitude of the forces in the five struts, 
since the direction and line of action or loca- 
tion of each strut reaction is known as struts 
are pinned at each end. For equilibrium of the 
beam as a whole we have three equations of 
equilibrium available, namely 2V, ZH, and ZM = 0 
However, we have two other additional facts due 
to the type of construction, namely the pin 
connection in the beam at points 0 and 0* which 
tell us that the resultant of the forces on the 
beam outboard of this hinge point must pass 
thru the hinge points. This condition gives us 
two additional facts regarding equilibrium of 
the outer panels and we can then solve for the 
five strut reactions. Fig. A1.16 showB a free 
body of the beam outer panel. The distributed 
air load has been replaced by the two resultant 
forces as shown. 


ZMo » - 2460 x 41 - 

1013 X 102 + Av X 02 2460 /OtS 

Av 3 204000 = 2480# \-4iX-4iM 

”82” * j Ty&z 

Hence A H “ 111 x 2480 m 

66 

* 4400# AH* 


Hence CB * 2000 X 15/3 = 6000# 

ZV = - 2000 + 6000 Sin 30° - Dy * 0. Dy = 
1000# 

ZH = - 6000 x cos 30° + Dh * 0. Dh = 5200# 
The algebraic signs of the unknowns all come out 
positive thus Indicating that the assumed sense 
of the forces was correct. To check work stu- 
dent, should take moments about some other point 
to see If ZM * 0. 

Fig. Al.lSshows a free body diagram of post 
AB with the forces as calculated. The student 
should check to see if post is in equilibrium 
under these forces. 

Example Problem 3 


Load in strut AE = v4400 B ♦ 2480* * 5050# 
(tension) 

ZH = - 4400 ♦ Oh - 0. whence Oh s 4400# 

ZV = ♦ 2460 ♦ 1013 - 2480 - Oy * 0. whence 0y * 
993# 

Check by 22% * 0 - 2460 x 41 - 1013 x 20 - 993 X 
82 * 0. 

On the outer panel O' D* , the strut reactions are 
obviously proportional to the increase in air- 
load or by the ratio 40. 

30 

Hence A "S’ = 6750, 0' H - 5880, O'y - 1326. 
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Fig. A1.16 shows a free body of the center beam 
panel 0 0*. To find reaction BC take moments 
about B* . 

2Mg» * 1325 x 20 - 2000 X 5 - 1500 x 55 - 
993 x 80 ♦ 60 BCy = 0 
therefore BCy * 145500 = 2425# 

60 

Hence BC « 33.6 x 2425# = 2720#. 

30 

To find B f C f take moments about point C. 

ZMq = 1325 X 65 + 2000 X 40 + (5880 - 4400) 
30-1500 x 10 - 993 X 35 - B'CyX 30 
= 0 

therefore B'C'y = 160700 = 5357. Hence B’C’ = 

30 

33.6 x 5357 = 6000# 

30 

To find vertical or Y component of reaction B f C’ 
take summation of vertical forces: 

2V = + 1325 + 2000 ♦ 1500 + 993 - 2425 - 5357 - 
B’Cy = 0 

therefore B^Cy =-1964. Hence B f C = 54 x -1964 = 

30 

- 3535 and the reaction acts 
opposite to the sense shown In Fig. A1.16 since 
algebraic sign comes out minus. The three un- 
known reactions on the center panel beam have 
now been determined. 

The student should check the results by de- 
termining whether the results make ZM = 0 about 
some other point and also 2H = 0. 

A1.15a Problems 

(1) For the simplified airplane structure 
in Fig. A1.17 determine the load in the lift 
strut BC and the beam reaction at point A. 



(2) Fig. A1.18 shows a simplified biplane 
wing structure. The wing beam, wires and struts 
all are in the same plane. Under the distribut- 
ed air load shown, find reactions on beams and 
loads in all wires and struts. Draw complete 
free body diagrams. Suggestion:- Start solu- 
tion by considering lower beam first. 


(3) In Fig. A1.19 the load of 5000# is held 
by a cable load T passing over the sheaves A and 
B as shown. Find the reactions at C and 0 as- 
suming no vertical component for reaction at C. 
Find also reactions at points D, E and F. 




(4) Given the airplane in flight as shown in 
Fig. A1.19a. All forces are known except fuse- 
lage drag Dp and Tail Load Ft. Determine value 
of Dp and Ft for equilibrium. Solve both ana- 
lytically and graphically. 



(5) Determine the axial loads In members AB, 
BC, DC, and CE of the wing truss In Fig* A1.19b 
due to the distributed wing beam loads as shown. 
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(6) In Fig. A1.19c, the landing gear member 
AD is braced by the members BE and CF which are 
pinned at each end. The support at D is such 
that only a horizontal reaction can be set up. 
Determine the loads in the members BE and CF and 
the reaction at D for the 5000# load acting at 
A as shown. 

A1.16 Non-Coplanar Con-Current Force System 

A non-coplanar concurrent force system is 
in equilibrium if the algebraic sums of the com- 
ponents of all the forces along any three non- 
coplanar lines thru the point of concurrence are 
equal to zero. If the reference lines are taken 
as the rectangular axes, the general equations 
of equilibrium can be written, 

ZF X — 0 ; ZFy ■ = 0; ZF 2 85 0 

Thus for a space concurrent force system 
three unknown loads or forces may exist which 
can be found by the available equations of 
equilibrium. 

Example Problem : 

Fig. A1.20 shows a tripod frame used for 
hoisting the propeller on large high wing air- 
planes. Assuming a vertical load on tripod at 
point 0 equal to 1000#, determine axial load in 
each member of the tripod frame. 



Solution 


Table Al.l shows the calculation of the 
member lengths and the V, D, and S direction 
cosines. ai.i 
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Considering Joint 0 as a free body the 3 equa- 
tions of equilibrium will be written. In writ- 
ing the equations the axial load in each of the 
three members will be assumed as tension. For 
algebraic signs plus is up, aft and outboard. 

ZV = - .643 AO - .625 BO - .49500 - 1000 = 0 

ZD = + .696 AO + .716 BO «■ .871C0 = 0 

ZS = - .322 AO + .312 BO » 0 

Solving the above three equations gives, 

AO » -2100# (compression) 

BO = -2170# n 

CO = 3460# (tension) 

As a check on the solution of the equations, the 
sum of the V, D, and S components of the member 
loads will be checked against the applied load 
at joint (0) as illustrated in the following 
table . 
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A1.17 Non -Cop 1 ana r - Non Concurrent - Non-Parallel 
Force Systene. 

This type of force system is in equilibrium 
If the algebraic sum of the components of the 
forces in three directions at right angles to 
each other is equal to zero and the algebraic 
sum of their moments about any axis is equal to 
zero. 

These conditions permit the writing of 6 
equations of equilibrium or six unknowns can be 
determined for this type of force system. 

Sometimes it is convenient to take the co- 
ordinate axes as the axes for resolution and 
moments in which case the equations of equllibri- 


um can be written. 


04 

H 9 

If 

o 

ZM X = 0 

ZFy — 0 

ZWy = 0 

ZF 2 « 0 

ZMj, = 0 

Example Problem 1 



Fig. A1.21 shows the dimensional diagram of 
a landing gear for an actual airplane. The 
chassis is of the split-axle type; each half con- 
sisting of an axle strut (B), a shock-absorbing 
(oleo type) strut (A), and a cross strut (C). 

The axle-strut and the cross strut lie In the 
same plane, and both have pins at their upper 
ends perpendicular to the plane of symmetry al- 
lowing the chassis to awing fore and aft as well 
as up and down. The cross strut has a universal 
Joint at its upper end and one pin at Its lower 
end. The shock absorbing strut has universal 
joints at both ends. The axle strut is fixed at 
its lower end and has one pin, perpendicular to 
the symmetry plane at its upper end. The wheels 
are canted Inwards 3.1°. 
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Unknowns. For the member end connections pres- 
ent in tills landing gear there are six unknown 
forces as follows: 

A - the axial load In member (A), the oleo strut 

B » the axial load in member (B), the axle strut 

C * the axial load in member (C), the rear 

cross strut 

Sp= the shear reaction at the upper pin of the 
axle strut (b) In the plane of the rear 
struts 

Sn= the shear reaction at the upper pin of the 
axle strut (B) perpendicular to the plane of 
the rear struts 

T * a torsional moment in the axle strut (B). 

To solve for these six unknowns, the follow- 
ing equations will be set up: 


2V = 0 
2D = 0 
28 = 0 


m x « o 

zm d = o 


where , 


V « a vertical force parallel to the plane of 
symmetry. It is (♦) If acting upward. 

D - a drag force parallel to the propeller axis 
(thrust line). It is (♦) if acting aft. 

S = a side force perpendicular to the plane of 
symmetry, or perpendicular to V & D plane. 
It is (+) if acting outboard from the plane 
of symmetry. 

a moment about the axis (P) which is per- 
pendicular to the plane of the rear struts. 
It is (+) if it appears clockwise when 
viewed from a position in front of the 
chassis. 


M n - a moment about the axis (N) which Is in the 
plane of the rear struts and perpendicular 
to the axle strut (B). It is (♦) if it ap- 
pears clockwise when viewed from a position 
outboard of the chassis. 

Ml 3 a moment about the axis (i) which is in the 
plane of rear struts and parallel to the 
axle strut (B), or perpendicular to the 
axis (N) and <P). It is (+) if clockwise 
when viewed from a position below the chas- 
sis. The (i) axis passes thru the intersec- 
tion of oleo strut (A) with the axle spind- 
le. 

Figs. A1.21 and A1.22 show the location of 
the three moment axes which have been selected 
for the solution of this problem. 

Table A1.2 gives the direction cosines of 
the members and the shear reactions 8 n and Sp. 
The student should refer to figures A1.21 ana 
A1.22 to check the values in this table. 

Tfcble A1.2 Direction Cosines of Members and Shear Junctions. 

Member 

or V D S L V/L DA «/L 

Reaction ^Length __ 


The distances hare been calculated from fuselage 
joints to axis. To dsslgn members the actual pin 
ended lengths should be used. ________________ 
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Fig. Al-22 


(X) Tension axial loads are assumed in memb- 
ers (A), <B)> and (C). 

(2) A positive torsional moment (T) Is as- 
sumed In the axle strut (B). This is reacted 
by a negative torsional moment about the axis 
(1) and due to the direction of the pin at the 


upper end of the axle-strut by a positive bend- 
ing moment due to torque about the (N) axis. 

(3) A positive value for shear reaction 

(Sp) 

(4) A positive value for shear reaction 


The loads in the chassis members will be 





A 1.12 


REVIEW OF THg PRINCIPLES OF EQUILIBRIUM 


determined for the following three conditions of 
loading: 

(1) A unit vertical load acting thru point 
of contact of the one-half deflected tire and 
the ground and applied at the axle spindle. 

(2) A unit drag load applied to the axle 
spindle at the point of application of the unit 
vertical load, (condition 1.) 

(3) A unit side load applied at the point 
of contact of the one-half deflected tire and 
the ground. 

After the loads in the chassis members for 
the applied unit loads are determined the true 
design wheel loads for the various landing con- 
ditions can be found by simple multiplication. 

Equations of Equilibrium (Refer to Table A1.2 
and Figs. A1.21 and A1.22) 

Condition 1. Unit upward vertical load: 

2V = ♦ 7030 A + .6706B + .5118C + .3282 .S p - 
. 6650 S n + 1.000 = 0 

2D = - .5267 A + .5971 B + .4575C + .2922 S p + 
.7468 S n - 0 

28 * - .4791 A - .4396 B - .7270C + .8982 S p = 0 

2Mn s ♦ T(cot 63 . 9270 ) 1(1.105) (cos 48.50) + 

S r , (41.82 + .3863) = 0 

m x * - ®n (0*715 ) - 1(C0S 48.5°) ( 2 • 043 ) -T = 0 

2M p 58 8 p (41 .82 + .3863 + C(sin 41.039) (3) ♦ 
.715B - 1(2.321) (sin 48.5) = 0 

Solving the six equations gives, 

A = -0.7723 lb. 8 n = -0.0017 lb. 

B = -1.9774 lb. S p * -0.0046 lb. 

C * +1 .6989 lb. T = -1.3524 in. lb. 

Condition II Unit Drag Load Applied Aft. 

2V = + .703QA + .6706B + .5118C + .3282 S p 
-.6650 S n » 0 

2D - - .5257A + .5971B + .4575C ♦ .2922 S p 
♦.7468 8 n + 1.000 * 0 

28 3 - .4791A - .4396B - .7270 C + .8928S p = 0 

2M n = 8 P (42. 2063) ♦ T(cot. 63.9270) l(sin 48.5 
(1.105) = 0 

* H3 n (0.175) -T + l(sln 48.5) (2.043) = 0 

2Mp * 8 P (42. 2063) + C(1.9698) ♦ B(0.715) - (cos 
4B.5) (2.321) « 0 

Solving the six equations gives, 

A * 0.8706 lb. Q n * 0.0019 lb. 

B * -1.0088 lb. S p = 0.0490 lb. 

C * 0.0969 lb. T * 1.5290 In. lb. 

Condition III Unit Side Load Applied Outboard . 

2V * ♦ .7Q3GA ♦ .67060 + .5118C ♦ *3202 8 p - 
.6650 8 n ® 0 

2D = - .5257 A + .5971B + .4575C + .2922 Sp + 
.7468 8 n ® 0 

28 * - .4791A - .4396B - .7270C - .8902 Sp ♦ 
1.000 « 0 


2M n « S n (42.2063) + T(cot. 63.927°) + 1 (COS 
62.927) (12.5 COS 3.1° ♦ 3 Sin 3.1°) COB 
48.5 = 0 


2Mi = ~S n (0.715) -T-l(sin 63.927) (12.5 cos 
3.1° * 3.01 sin 3.1°) (cos 48.5°) = 0 


2M p = S p (42.2063) + 1.9698C + 0.715B - l(sln 
48.5°) (12.5 COS 3.1° + 3 sin 3.1°) = 0 


Solving the six equations gives, 

A = .0042 lb. S n « 0 

B » -2.2923 lb. S p = .1271 lb. 

C =• 2.9161 lb. T *= -7.5248 in. lb. 

Example Problem 2 

Fig. A1.23 shows another common arrangement 
for members of a airplane landing chassis. 

Member (A) incorporates the shock-absorbing 
mechanism. The fitting for member (A) at the 
lower end at M 0 M Is such that only axial load 
can be taken by member (A). Member (C) Is like- 
wise connected to point 0 in such a manner that 
no torsion or bending can be transmitted by 
member (C). Member (B) is welded to the axle 
spindle, thus member (B) resists all applied 
couples by torsion and bending. 



Coordinate Axes . In this chassis the three 
members intersect at point (0), thus this apex 
of the tripod is a good place for the origin 
of coordinates for the three axes (V), (D), and 
(S). The (D) axis is parallel to a line Joining 
the upper ends of members (B) and (C) which line 
is parallel to propeller axis. The (V) axis is 
parallel to plane of symmetry and perpendicular 
to propeller axis. The (s) axis is perpendicu- 
lar to the (V) and (D) axes. 


Table A1.3 gives the direction cosines of 
the members. 

Table A 1.3 Direction Cosines of Members and Shear Reactions. 
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Symbols and Signs For Unknown Reaction . 

For the given conditions, there are six 
unknowns as follows: 

(A), (B), and (C), the direct or axial reaction 
on members A, B, and c respectively. It Is 
plus if it produces tension In members. 

Tg » torsional reaction at end of member (B). 
This couple is represented by a vector 
parallel to member B. The sense of the 
vector is determined by the conventional 
right hand screw. 

R x = a shear reaction lying in plane of members 
(B) and (c) perpendicular to member (B) and 
acting at upper end of (B). 

R a = a shear reaction perpendicular to the plane 
of the members B and c and acting at upper 
end of member (B). If Rx and R« slope up- 
ward they are assumed positive. 

Load Condition . 

The values of the six upward reactions will 
be determined for a unit 1 lb. vertical force 
applied upward at point E on the axle. 

In example problem 1, six equilibrium equa- 
tions were written and solved for the six un- 
knowns a procedure quite tedious because of the 
number of equations. 

In this chassis arrangement all three mem- 
bers intersect at a common point, thus It Is 
possible to select reference moment axes so that 
all six unknowns can be solved for progressively 
with a single Independent equation for each un- 
known. 

Equations of Equilibrium . 

Since all three members intersect at 0, and 
Rx and R a pass thru centerline of member B, It 
Is convenient to start the solution by taking 
moments about an axis coinciding with the axis 
of member (B) since all unknown forces have zero 
moment arms from this axis, which leaves the 
torque reaction Tg as the only unknown. 



From Fig. A1.24, the component of the 1# applied 
V load normal to member (B) equals 1 x sin 9 = 

1 x .448 » .448# and the arm from axis of (B) 
equals 4.67", hence, 

Mb ■ .448 X 4.67 •»* Tg * 0 or Tg *-2.092 in. lb. 

Now if we take moment about the (D) axis, 
all unknowns are eliminated except R# and Tg, 
but Tg is known from previous computations, 
hence. 


SMd ~ - Tg x Dg - 1 x 7 + 64.03 R* « 0 
L B 

= 2.092 X .298 - 7 ♦ 64.03 R, = 0 
R 8 = 0.100 lb. 

Now taking moments about the (S) axis all 
unknowns except R«, R x and Tg drop out due to 
zero moment arms, but R* and Tg have been already 
determined, hence 

SM s = R« x VxD B + T B x% + Ri xJD x V B + Rx x 
IT Tg L 

V X Dr * 0 

L 

= 0.100 X .7809 X 20 - 2.092 X *746 + RiX 
.956 x 40 + Rx X .1862 X 20 = 0 
Solving Rx * 0 

The three remaining unknowns are the direct 
reactions In members (A), (B), and (C), thus a 
moment axis other than one thru the point of 
concurrency 0 must be used. 

Take moments about an axis thru the upper 
ends of members (B) and (C). 

ZMbc 23 -l(Sg + 7) - Tg x Dg, - A XJV* 40 + A X 

Lg L 

1X 0 = 0 = -1(50 + 7) + 2.092 X .298 * 

L 

Ax .964 x 40 + 0 = 0 
A = -1.462 lb. 

To find direct reaction (C) take moments 
about an axis thru the upper end of member (B) 
and parallel to the (8) axis. 

2MgS =T B xS£-AxJ/_x25 - A X D a X 0 - lxDg 

Tg L Ta 

- C x V x 56 = 0 
L 

* -2.092 x .746 + 1.462 X .964 X 25 - 0 - 20 - C 
X .544 X 56 = 0 
C = 0.448 lb. 

To find tha remaining unknown (B) the direct re- 
action on member (B) take moments about an axis 
through the upper end of member C and parallel 
to 8 axis. 

m CQ « Tg x So + A x V x 31 + R« x V (36 + 20) ♦ 
XB TT *TT 

Rx X (36 ♦ 20) + 1 x 36 + B X V. (36 ♦ 20) 
L L 

= 0 

* -2.092 X .746 - 1.462 X .964 X 31 4 .100 
x .7809 X56+0+36+BX .597 x 56 « 0 
B = 0.1582 lb. 
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REVIEW OF THE PRINCIPLES OF EQUILIBRIUM 


In a similar manner, the values of the six 
unknown reactions can be found for unit drag 
and side loads on landing gear. The student 
should carry through the solution for such ex- 
ternal loads. 

Alt 16 Problems 

(1) Determine the axial loads in the three 
landing gear members of Fig. A1.25 for the load- 
ing as shown. From the results calculate the V, 
D and S components of the fuselage reactions and 
check against the applied chassis load. 




(2) Determine the axial loads in the tri- 
pod frame of Fig. A1.26 for the loading as 
shown . 



.L, 

|P 1 


Fig. A1-20 



(4) A box containing a radio Installation 
is attached to fuselage supporting members at 
four points A, B, C and D as shown in Fig. A1.28 
The C.g. of the box and its contents is located 
as shown. The inertia design loads acting 
through the c.g. in the Z, X and y directions 
are given on the figure. To design the support- 
ing members the reactions at A, B, C and D must 
be known. Find these reactions for the given 
loads through the c.g. 



(3) In the landing gear structure of Fig. 
A1.27, members AO and CO have such end fittings 
that they can resist only axial loads. Member 
BO is welded to axle OD. The fitting at B Is 
capable of providing torsional resistance. 



(a) For unit vertical, drag and side load act- 
ing separately at point D on the landing gear 
find complete reactions at points A, B and C. 
Solve by both methods as illustrated in example 
problems (1) and (2). 

(b) If the chassis is subjected to a simultane- 
ous V, D and 3 loads at point D of 4000, 1000 
and 800 lbs., respectively determine the result- 
ing axlajL loads in the members and the shear 
and torque reactions on member BO at B. 



(5) Determine the axial loads in the frame 
of Fig. A1.29. Solve by taking moments. 
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(6) Fig. A1.30 Illustrates a rudder pedal 
In an airplane. A foot pressure or load of 
300# is applied at point A. Determine the re- 
actions to the pedal load, namely the cable 
pull at E and the bearing reactions at C and D. 


CHAPTER A2 

TRUSS STRESS ANALYSIS 


A2.0 introduction. In aircraft construction, 
the truss type of construction is quite common. 
The most common Is the tubular steel welded 
trusses that make up the fuselage frame, and 
less frequently, the aluminum alloy tubular 
truss. Trussed type beams composed of closed 
and open type sections are also frequently used 
in wing beam construction. The stresses or 
loads in the members of a truss are commonly re- 
ferred to as "primary" and "secondary" stresses. 
The stresses which are found under the following 
assumptions are referred to as primary stresses. 

(1) The members of the truss are straight, 
weightless and lie in one plane. 

(2) The members of a truss meeting at a 
point are considered as Joined together by a 
common frictionless pin and all member axes in- 
tersect at the pin center. 

(3) All external loads are applied to the 
truss only at the Joints and in the plane of the 
truss. Thus all loads or stresses produced in 
members are either axial tension or compression 
without bending or torsion. 

Those stresses produced In the truss memb- 
ers due to the non-fulfillment of the above 
assumptions are referred to as secondary stres- 
ses. Most steel tubular trusses are welded to- 
gether at their ends and in other truss types, 
the members are riveted or bolted together. 

This restraint at the Joints may cause secondary 
stresses in some members greater than the pri- 
mary stresses. Likewise It is common in actual 
practical design to apply forces to the truss 
members between their ends by supporting many 
equipment installations on these truss members. 
However regardless of the magnitude of these so- 
called secondary loads It is common practice to 
first find the primary stresses under the as- 
sumptions outlined above. 

A2.1 Stability, Statically Determinate and Indeter- 
minate Trusses. 

The simplest truss that can be constructed 
is the triangle which has three members m and 
three Joints J. A more elaborate truss consists 
of additional triangular frames, so arranged 
that each triangle adds one Joint and two memb- 
ers. Hence the number of members to insure sta- 
bility under any loading is: 

in = 2J - 3 (1) 

A truss having fewer members than required 
by £q. (1) is In a state of unstable equilibrium 
and will collapse except under certain condi- 
tions of loading. The loads in the members of a 
truss with the number of members shown in equa- 
tion (1) can be found with the available equa- 
tions of statics, since the forces in the memb- 


ers acting at a point intersect at a common point 
or form a concurrent force system. For this type 
of force system there are two static equilibrium 
equations available, (see Art. A1.3) 

Thus for J number of Joints- there are 2J 
equations available. However three Independent 
equations are necessary to determine the external 
reactions, thus the number of equations necessary 
to solve for all the loads in the members is 2J - 
3. Hence If the number of truss members is that 
given by equation (1) the truss is statically de- 
terminate relative to the primary loads in the 
truss members and the truss is also stable. 

If the truss has more members than Indicat- 
ed by equation (1) the truss is considered re- 
dundant and statically indeterminate since the 
member loads can not be found In all the members 
by the laws of statics. Such redundant struc- 
tures if the members are properly placed are 
stable and will support loads of any arrangement. 

There are three analytical methods for de- 
termining the primary stresses in trusses, name- 
ly, the methods of Joints, moments and shears. 

A2.2 Method of Joints 

If the truss as a whole is iji equilibrium 
then each member or Joint in the truss must like- 
wise be In equilibrium. The forces In the memb- 
ers at a truss Joint Intersect in a common point, 
thus the forces on each Joint form a coneurrent- 
coplanar force system. The method of Joints con- 
sists In cutting out or Isolating a Joint as a 
free body and applying the laws of equilibrium 
for a concurrent force system. (See Art. A1.3) 
Since only two Independent equations are avail- 
able for this type of system only two Unknowns 
can exist at any Joint. Thus the procedure is to 
start at the Joint where only two unknowns exist 
and continue progressively throughout the truss 
Joint by Joint. To Illustrate the method con- 
sider the cantilever truss of Figure A2.1. From 
observation there are onl£ two members with in- 
ternal stresses unknown at Joint L®. Fig. A2.2 
shows a free body of Joint L®. The stresses in 
the members L a L a and L a U* have been assumed as 
tension, as Indicated by the arrows pulling 
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TRUSS ANALYSIS 


The equations of equilibrium are ZH and 2V 
= 0. Thus 

ZV ■ -1000 - 40 L a U* ~ 0 (1) 

50 

Hence L 3 U a =* -1000 x -1250#. Thus the 
40 

stress in member L«Ua is compression or opposite 
to that shown in Fig. A2.2. 

ZH = -500 - (-30 X 1250) - L.L» = 0 (2) 

50 

Hence L#L S = 250# (tension as assumed in Fig. 
A2.2) 



In equation (2) the load of 1250 in L*L. is sub- 
stituted as a minus value since it was found to 
act opposite to the sense shown in Fig. A2.2. 
Possibly a better procedure would be to change 
the sense of the arrow in the free body diagram 
for any solved members before writing further 
equilibrium equations. We must proceed to Joint 
L» instead of Joint U* f as three unknown members 
still exist at Joint U a whereas only two at 
Joint La. Fig. A2.3 shows free body of Joint L« 
cut out by section 2-2 (see Fig. A2.1). The 
sense of the unknown member stress L*U# has been 
assumed as compression (pushing toward Joint) as 
it is obviously acting this way to balance the 
500#. 

soo* 

L,~* — r: -ISO* 

It/, 

Fig. A2-3 

2 V - -500 + L«U* - 0, therefore L a U* - 500# 
compression or acting as assumed in Fig. A2.3 
since the algebraic sign comes out ♦ thus indi- 
cating that assumed sense of the stress was cor- 
rect. ZH * * 250 - LftLi - 0, therefore L,L* = 
250# (tension as assumed in Fig. A2.3). Next 
consider Joint U» as a free body as cut out by 
section 3-3 of Fig. A2.1 and shown in Fig. A2.3a. 
The known member stresses are shown with their 
true sense as previously found. The two unknown 
member loads UgL* and UgU,. have been assumed as 
tension. 

2V * -500 - 1250 x 40 ♦ U.LiX_40_ = 0. Hence 
50 50 

U*U - 1875# (tension as assumed) 

ZH = -1250 xJ30 » 1875 x 30 - U.U,= 0. Hence 
50 ~50 

U«Ux * -187o# comp, (opposite to that assumed 
in Fig. A2.3) 

Note: The student should continue with succeed- 
ing Joints. In this example Involving a canti- 
lever truss It was not necessary to find the 
reactions, as It was possible to select joint L» 
as a Joint Involving only two unknowns. In 
trusses such as illustrated in Fig. A2.4 it is 
necessary to first find reactions R x or R* which 


then provides a Joint at the reaction point in- 
volving only two unknown forces. 



A2.3 Method of Moments 

For a co-planar-non concurrent force system 
there are three equations of statics available 
(see Art. A1.5). These three equations may be 
taken as moments about three different points 
must equal zero. Fig. A2.5 shows a typical truss. 
Let it be required to find the loads in the memb- 
ers F x , F a , F a , F 4 , F b and F e . 



The first step in the solution is to find the re- 
actions at points A and B. Due to the roller 
type of support at B the only unknown element of 
the reaction force at B is magnitude. At point 
A, magnitude and direction of the reaction are 
unknown giving a total of three unknowns with 
three equations of statics available. For con- 
venience the unknown reaction at A has been re- 
placed by its unknown H and V components 
Taking moments about point A, 

ZM a = 500 x 30 + 1000 X 60 + 1000 X 90 *► 500 x 
30 + 500 x 120 - 150 V B * 0 

Hence Vb * 1600# 

Take ZV = 0 

Z V = V A - 1000-1000-500-500 4 1600 = 0 there- 
fore V A = 1400# 

Take ZH — 0 

2H = 500 - H A = 0, therefore H A = 500# 

The algebraic sign of all unknowns came out 
positive, thus the assumed direction as shown 
on Fig. A2.5 was correct. 

Check results by taking JHg = 0 
2M B »140QX150+500X30-50GX120-500K30-100QX90- 
1000k 60=Q (Check) 

To determine the stress in member Fi, F, and F, 
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we cut the section 1-1 thru the truss (Fig. 

A2 . 5 ) . Fig* A2.6 shows a free body diagram of 
the portion of the truss to the left of this 
section. 




The truss as a whole was in equilibrium 
therefore any portion must be in equilibrium. 

In Fig. A2.6 the Internal stresses in the memb- 
ers Fx , F* and F® which existed in the truss as 
a whole now are considered external forces in 
holding the portion of the truss to the left of 
section 1-1 in equilibrium in combination with 
the other loads and reactions. Since the memb- 
ers a and b in Fig. A2.6 have not been cut the 
loads in these members remain as internal stres- 
ses and have no influence on the equilibrium of 
the portion of the truss shown. Thus the por- 
tion of the truss to left of section 1-1 could 
be considered as a solid block as shown in Fig. 
A2.7 without affecting the values of Fx, F® and 
Fa. The method of moments as the name Implies 
involves the operation of taking moraentB about a 
point to find the load in a particular member. 
Since there are three unknowns a moment center 
must be selected such that the moment of each of 
the two unknown stresses will have zero moment 
about the selected moment center, thus leaving 
only one unknown force or stress to enter into 
the equation for moments. For example to deter- 
mine load F» in Fig. A2.6 we take moments about 
the intersection of forces Fx and Fa or point 0. 

Thus ZNq = 1400 x 30 - 18.97 F a = 0 

Hence F a - 42000 = 2215# compression (or act- 
18.97 lng as assumed) 

To find the arm of the force F a from the 
moment center 0 involves a small amount of cal- 
culation, thus in general it Is simpler to re- 
solve the unknown force into H and V components 
at a point on its line of action such that one 
of these components passes thru the moment cent- 
er and the arm of the other component can usual- 
ly be determined by Inspection. Thus in Fig. 
A2.8 the force F a is resolved Into Its component 
F d y and at point O f . 



Then taking moments about point 0 as before 
Mo - 1400 x 30 - 20 F 8 h ~ 0 whence 

F*h - 42000 = 2100#. Hence F# =31.6 x 
20 30 

2100 = 2215# as previously determined. Deter- 
mine the load Fi assuming that F* and F® are also 
unknown. We take the moments about point "m" 

(see Fig. A2.6 ) the Intersection of forces F* and 
F« . Then ZM& = 1400 x 60 - 500 x 30 - 500 x 30 - 
30Fi = 0. Hence Fx = 84000 = 2800# tension as 

30 

assumed, since algebraic sign comes out positive. 

To find force Fa with one equation we take 
moments about point "r" the intersection of 
forces F x and F s (see Fig. A2.9). 

To eliminate the solving for the arm from 
point r to line of action of F«, the force Fa has 
been resolved into Its V and H components at 
point 0 on its line of action. 

Then M r = -1400 x 30 + 500 x 60 + 60 Fa = 0 

Hence F aV = 12000 a 200# compression as as- 
60 summed. 

Then Fa = 200 x V2 = 282# compression. 

A 2. 4 Method of Shears 

In Fig. A2.5 to find the stress in member F 4 
we cut the section 2-2 giving the free body for 
the left portion as shown In Fig. A2.10. 

The method of moments is not sufficient to 
solve for member F 4 because the intersection of 
the other two unknowns Fa and F® lies at infini- 
ty. Thus for conditions where two of the 3 cut 
members are parallel we have a method of solving 
for the web member of the truss commonly referr- 
ed to as the method of shears, or the summation 
of all the forces normal to the two parallel un- 
known chord members must equal zero. Since the 
parallel chord members have no component in a 
direction normal to their line of action, they 
do not enter the above equation of equilibrium. 



Thus in Fig. A2.10 

ZV = 1400 - 500 - 1000 - 1 F 4 * 0 


Hence F 4 = -141# (tension or opposite to sense 

assumed in Fig. A2.10) Find the stress in member 
F ? by the method of shears. In Fig. A2.5 we cut 
the section 3-3 giving the free body of the left 
portion as shown in Fig. A2.ll 

ZV = 1400 - 500 - 1000 ♦ F* = 0 
Ft * 100# (compression as assumed) 
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Note: The student should solve this example il- 
lustrating the methods of moments and shears 
using as a free body the portion of the truss to 
the right of the cut sections Instead of the 
left portion as used in these illustrative ex- 
amples. In order to solve for the stresses in 
the members of a truss most advantageously, one 
usually makes use of more than one of the above 
three methods, as each has its advantages for 
certain cases or members. It is Important to 
realize that each is a method of sections and in 
a great many cases, such as trusses with paral- 
lel chords, the stresses can practically be 
found mentally without writing down equations of 
equilibrium. The following statements in gener- 
al are true for parallel chord trusses: 

(1) The vertical component of the stress in 
the panel diagonal members equals the vertical 
shear (algebraic sum of external forces to one 
side of the panel) on the panel, since the chord 
members are horizontal and thus have zero verti- 
cal component. 

(2) The truss verticals in general resist 
the vertical component of the diagonals plus 
any external loads applied to the end Joints of 
the vertical. 

(3) The load in the chord members Is due to 
the horizontal components of the diagonal memb- 
ers and in general equals the summation of these 
horizontal components. 

To Illustrate the simplicity of determining 
stresses in the members of a parallel chord 
truss, consider the cantilever truss of Fig. 
A2.12 with supporting reactions at points A and 
J. 
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First, compute the length triangles in each 
panel of the truss as shown by the dashed tri- 
angles in each panel. The other triangles in 
each panel are referred to as load or index tri- 
angles and their sides are directly proportional 
to the length triangles. 

The shear load in each panel Is first writ- 
ten on the vertical side of each index triangle. 
Thus, in panel EFGD, considering forces to the 
right of a vertical section cut thru the panel, 
the shear is 100#, which is recorded on the ver- 
tical side of the index triangle. 

For the second panel from the free end, the 
shear Is 100 ♦ 150 * 250 and for the third panel 
100 + 150 + 150 = 400#, and in like manner 550 
for fourth panel. 

The loads in the diagonals as well as their 
horizontal components are directly proportional 
to the lengths of the diagonal and horizontal 


side of the length triangles. Thus, the load in 
diagonal DF * 50 x 100 * 167 and 00 « 45.8 x 250 
30 30 

= 390. 

The horizontal component of the load in dia- 
gonal DF = 40 x 100 = 133 and for CO - 36 x 260 - 
30 30 

300. These values are shown on the index tri- 
angles for all panels. We start our analysis 
proper for the loads in the members of the truss 
by considering Joint E first. 

Using 2V = 0 gives EF - 0 by observation, 
since no external vertical load exists at Joint 
E. Similarly, by the same reasoning for 2H = 0, 
load in DE - 0. The load in the diagonal FD 
equals the value on the diagonal of the panel in- 
dex triangle or 167#. It is tension by observa- 
tion since the shear in the panel to the right is 
up and the vertical component of the diagonal FD 
must pull down for equilibrium. 

Considering Joint F. 2H = -FG - FDh = 0, 
which means that the horizontal component of the 
load in the diagonal DF equals the load in FG, or 
Is equal to the value of the horizontal side in 
the index triangle or - 133#. It is negative be- 
cause the horizontal component of DF pulls on 
Joint F and therefore FG must push against the 
Joint for equilibrium. 

Considering Joint D:- 

2V = DFy + DO = 0. But DFy = 100 (vertical side 
of Index triangle) 

. • . DG = -100 

2H = DE ♦ DFh - DC = 0, but DE - 0 and DFjj - 
133 (from index triangle) 

.\ DC * 133 

Considering Joint G:- 

2H = OH - GF - GC H = 0. But GF = - 133, and GCh 
= 300 from index triangle In the second panel. 
Hence GH = - 433#. Proceeding In this manner, 
we obtain the stress In all the members as shown 
in Fig. A2.12. All the equilibrium equations 
can be solved mentally and with the calculations 
being done on the slide rule, all member loads 
can be written directly on the truss diagram. 

Observation of the results of Fig. A2.12 
show that the loads in the truss verticals equal 
the values of the vertical sides of the index 
load triangle, and the loads in the truss dia- 
gonals equal the values of the Index triangle 
diagonal side and in general the loads in the 
top and bottom horizontal truss members equal 
the summation of the values of the horizontal 
sides of the index triangles. 

The reactions at A and J are found when the 
above general procedure reaches Joints A and J. 

As a check on the work the reactions should be 
determined treating the truss as a whole. 

Fig. A2.13 shows the solution for the 
stresses in the members of a simply supported 
Pratt Truss, symmetrically loaded, since all 
panels have the same width and height, only one 
length triangle is drawn as shown in Fig. A2.14. 
Due to symmetry, the inde* triangles are drawn 
for panels to 'only one side of the truss center 
line. First, the vertical shear in each panel 
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is written on the vertical side of each index 
triangle. Due to the symmetry of the truss and 
loading, we Know that one half of the external 
loads at Joints U® and L® is supported at reac- 
tion Rx and 1/2 at reaction R a , or shear in 
center panel « (100 + 50) 1/2 = 75. The verti- 
cal shear in panel UiU a LiL a equals 75 plus the 
external loads at U® and L« or a total of 225# 
and similarly for the end panel shear = 225 + 

50 ♦ 1Q0 = 375#. With these values known, the 
other two sides of the index triangles are di- 
rectly proportional to the sides of the length 
triangles for each panel, and the results are as 
shown in Fig. A2.13. 

The general procedure from this point is to 
find the loads in the diagonals, then in the 
verticals, and finally in the horizontal chord 
members . 

The loads in the diagonals are equal to the 
values on the hypotenuse of the index triangles. 
The sense, whether tension or compression, is 
determined by inspection by cutting mental sec- 
tions thru the truss and noting the direction 
of the external shear load which must be bal- 
anced by the vertical component of the diagonals, 

The loads in the verticals are determined 
by the method of Joints and the sequence of 
Joints is so selected that the stress in the 
vertical member is the only unknown in the equa- 
tion SY = 0 for the Joint in question. 

Thus for Joint U* , 2V = - 50 - U*U =0 
or Us L# — — 60. 

For joint U®, 2V = - 50 -U.U V - U®L® = 0, 
but U»L 9 v = 75, the vertical component of U®L a 
from index triangle. . . U a L* = - 50 - 75 = 

- 125. For joint Lx, ZV = - 100 + L x Ux * 0, 
hence LxU x = 100. 

Since the horizontal chord members receive 
their loads at the Joints due to horizontal com- 
ponents of the diagonal members of the truss, we 
can start at Lo and add up these horizontal 
components to obtain the chord stresses. Thus, 
LoLx - 312 (from Index triangle). LxL® - 312 
from 2H « 0 for Joint L x, At joint Ux, the 
horizontal components of diagonal members * 

312 «■ 187*5 - 499*5. Therefore, load In U*U® * 

- 499.5. Similarly at Joint L a , L®L® * 312 ♦ 
187,6 - 499*6#. At Joint y,, the horizontal 
components of Uilfoand U»U 8 "« 499*5 + 62.5 * 562 
which must be balanced by - 562 In member U*U*. 

The reaction R equals the value on the 
vertical side of our index triangle in the end 
panel, or 375#* This should be checked using 
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the truss as a whole and taking moments about 
R.. 

If a truss Is loaded unsymetrlcally, the 
reactions should be determined first, after 
which the index triangles can be drawn, start- 
ing with the end panels, since the panel shear 
is then readily calculated. 

A 2. 4a Problem* 



(1) Determine the primary stresses in the 
members of the Warren Truss shown In Fig. A2.14. 

(2) Find the stresses in the members of the 
Pratt Truss shown in Fig. A2.15. P = 800#. Use 
method of Index stresses. 



(3) Determine the stresses in the members of 
the truss shown in Fig. A2.16. 



(4) Determine the loads in the members of 
the wing drag truss of Fig* A2.17* Wires In com- 
pression are assumed out of action. Use method 
of Index stresses. 

(5) Determine the stresses In members, a, b, 
c, d, e, and f, of the fuselage truss shown in 
Fig. A2.18. 
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A2.5 introduction. For truss structures of one 
or two panels and for parallel chord trusses 
with any number of panels, it Is usually best to 
solve for the stresses in the truss members by 
the analytical methods as explained in the pre- 
vious pages. In airplane construction, the fuse- 
lage in many instances, consists of a rectangu- 
lar frame composed of four trussed type beams 
and these trusses usually consist of non-paral- 
lel chord members and Incorporate a large number 
of panels. In general a graphical solution for 
the truss member stresses Is more convenient and 
rapid for this type of truss. Thus, the graphi- 
cal method will be explained by the application 
to the solution of a simple truss. 

Example Solution. Fig. A2.19 shows a Fink truss 
with a given loading. The first step is to de- 
termine the unknown reactions. ThiB may be done 
graphically, however, for parallel force systems, 
the analytical solution for the reactions saves 
time. Taking moments about Rii- 
m Rx =2000X20 ♦ 4000 X 40 + 2500 X 60 ♦ 1000 X 80-80FU 
- 0 

. * . R* - 5375# 

2V * 5375 - 10000 + Rx = 0 . \ R* - 4625# 

Check by taking 'moments about R a : 

2M^ a =4625x80-500x80-2000x60-4000x40-2500x20= 

370000-370000=0 ( check ) 

Beginning with the number 1, we place a 
numeral between each of the external forces and 
reactions (see numbers 1 to 8 on Fig. A2.19). 

In each triangle of the truss, we place a letter 
(a to d in Fig. A2.19). Any external load or 
reaction Is designated by the number on each 
side of its action line, and a truss member Is 
designated by the number and letters on each 
side of the member. For example, R x Is desig- 
nated by 8-1 and the load at the top point of 
the truss by 3-4. Similarly, the lower chord 
members of the truss are denoted by a-8 and d-7. 
Since airplane fuselage trusses are subjected to 
a large number of panel point loads, it is bet- 
ter to use numbers for designating external 
loads and reactions and letters for the truss 
triangles, which will very seldom exceed the 
number of letters in the alphabet. An addition- 
al convenience of this system of designation is 
the obvious distinction between external loads 
and truss members, since external loads are 
designated only by numbers, whereas the truss 
members by letters or a combination of a letter 
with a number * 

The loads In the truss members at any Joint, 
together with any external forces at that Joint, 


form a concurrent force system. The graphical 
solution Involves the drawing of a magnitude- 
direction polygon for each Joint. For equilibri- 
um, this polygon must close and since the direc- 
tions of all the loads on the Joints are known, 
the unknowns are magnitudes. For a concurrent 
system, only two unknowns can be determined, 
thus, to start the graphical solution, a Joint 
must be selected which has only two unknown 
forces. In the given truss, either of the two 
end Joints could be selected as a starting point, 
since only two unknowns exist. In general, it 
is customary to start at the left end and work 
to the right, proceeding clockwise around each 
Joint In drawing the magnitude -direct ion poly- 
gons. 

Thus, starting with the joint at the left 
end, and treating it as a free body, we have four 
forces, 8-1, 1-2, 2-a, and a-8. The magnitudes 
and directions of 8-1 and 1-2 are laid off first 
in Fig. A2.20 in the order named. From point 2 
a line parallel to member 2-a of Fig. A2.19 is 
drawn without any definite length, since its 
magnitude Is unknown. For equilibrium, this 
magnitude-direction polygon must close, thus we 
draw a line thru point 8 parallel to member a-8 
In Fig. A2.19. This line Intersects the line 
Just previously drawn thru point 2 at point a in 
our polygon of Fig. A2.20. The magnitude of the 
load or stress in members 2-a and a-Q equals the 
scaled length of the sides 2-a and a-8 in the 
polygon of Fig. A2.20 and which scale 9260 and 
8300. The sense of the forces in the polygon of 
Fig. A2.20 must be continuous from start to end. 
To determine whether the stress in the members is 
tension or compression, imagine the line repre- 
senting the magnitude-direction of a member in 
Fig. A2.20 to be made to coincide with the member 
of the truss in Fig. A2.19. Then, if the direc- 
tion of the arrow as found in Fig. A2.20 pushes 
toward the Joint under consideration, the member 
Is In compression; if the arrow is pulling away 
from the Joint, the member Is in tension. The 
numerical values, with the signs plus or minus 
to indicate tension or compression, are usually 
indicated or written adjacent to the members of 
the truss, as illustrated in Fig. A2.27. 

We now proceed to an adjacent Joint which 
has only two unknowns. The upper adjacent Joint 
has two unknowns, namely 3-b and b-a. The load 
In a-2 is known by the solution in Fig* A2.20. 
Figure. A2.21 shows the magnitude-direction poly- 
gon for this Joint, Themagnltudes and direc- 
tions of a-2 and 2-3 are laid off and the poly- 
gon is closed by drawing the directions of 3-b 
and b-a, which locates point b in Fig* A2.21. 

The magnitude of 3-b and b-a scale -7000 and 
-2270, with the sense as noted. 

At the lower middle Joint, the magnitudes 
of members b-c, c-d and d-7 are unknown, and 
thus, the solution of this Joint is not possible 
as yet because of more than 2 unknowns. However, 
at the upper center Joint, only two unknowns ex- 
ist, namely, 4-c and c-b* Fig. A2.22 shows the 
magnitude-direction polygon for this Joint, from 
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check on the accuracy of the drawing of the 
stress diagram, since the direction of 5-d 
should go through point d on our stress polygon. 

After the complete stress polygon is drawn, 
and a closure has been obtained the magnitudes 
of all members are scaled from the stress dia- 
gram and recorded with their proper sense (ten- 
sion and compression) on the truss members as 
illustrated in Fig. A2.27. 

It is always a good policy, before starting 
a stress polygon to be sure that the external 
load system is in equilibrium by taking moments 
algebraically about some point to see if they 
are zero. 

In drawing a stress diagram, consistency 
must be followed In drawing the magnitude-direc- 
tions for each Joint by either proceeding clock- 
wise about all Joints or counter-clockwise, 
otherwise a confusion in the designating of the 
members will result. 

A2.6 The Use of Auxiliary or Phantom Members 

Figs. A2.28 and A2.29 Illustrate the member 
arrangement of two common trusses. Fig. A2.28 
represents the conventional Fink roof truss. In 
drawing the stress diagram for this truss, we 
start at Joint L 0 and follow with joints Ui and 
La.. This is possible because only two unknows 
exist at each Joint. However, in proceeding to 
either Joint U« or L , we find 3 unknowns, 
thus the stress diagram for these Joints can not 
be drawn. To get around this difficulty members 
de and ef are replaced temporarily by the phant- 
om member connecting the Joints L»and U e (shown 
dashed In Fig. A2.28. The member stresses at 
Joint U» can now be found by drawing the stress 




diagram of Joint U a . Next the stress diagram of 
Joint U* can be drawn since only two unknown 
members stresses exist and thus the stress in 
member U a U 4 1b obtained. This stress in U* U 4 
is the true stress since the insertion of the 
phantom member will not change the load in this 
member. This is evident if a section 1-1 is 
drawn as indicated in Fig. A2.28. To find the 
load in u* U 4 analytically, we take moments 
about L a the intersection of the other two memb- 
ers cut by the section 1-1. in this moment 


equation the loads in the web members de and ef 
or the phantom member will not enter, thus the 
web member arrangement can not effect the load 
in U® U 4 . Having found the true load in U a U 4 
the phantom member is removed, and stress dia- 
grams of Joints u 9 and U a and L a can be drawn 
since only two unknowns will exist at any one 
Joint. 

Fig. A2.29 Illustrates a typical fuselage 
tubular truss condition. In order to obtain 
Bpace to remove large items thru the side of 
the fuselage such as fuel tanks or in some 
cases to install a passenger door the web member 
arrangement as illustrated in panels A and B 
may be necessary. If the stress diagram for 
this truss is started difficulty is soon en- 
countered in the form of 3 unknowns at Joints Li, 
Ui etc. Thus an auxiliary construction making 
useof one of the phantom members as shown must 
be used. For example, members be, bd and cd are 
replaced by the phantom diagonal Ui L« . With 
this arrangement stress diagrams can be drawn 
for Joints L 0 , Li and Ui , In the solution of 
Joint u , the stress In Ui U a will be the true 
stress regardless of the change In the web 
members. This Is evident by cutting a truss 
section 1-1. To find the load in the member U x 
U* we take moments about L* and the load in U x 
U« will be the same for either web arrangement. 
Thus after the load in member U* U a is found 
using the phantom web member, the original web 
members are replaced and now Joint Ui can be 
solved since only two unknowns exist. 

Example Problem of Use of Phantom Members. 

Fig. A2.30 shows a truss in which the web 
members In two of the panels have been so ar- 
ranged as to give greater open space compared 
to the general truss where single diagonal panel 
members are used. Let it be required to draw 
the stress diagram for the truss when subjected 
to the given loading. 

Solution. 

The first step Is to calculate the truss 
reactions at points L x and L 8 . This is general- 
ly done analytically and the results are as 
shown on Fig. A2.30. Fig. A2.31 shows the com- 
plete stress diagram for the truss. Since all 
loads and reactions are vertical they are laid 
off to scale as a single vertical line starting 
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beginning point 2. Joint L 0 is first eonsid- 
ered since 3 unknown member loads exist at all 
other Joints. Starting at point 2 on stress 
diagram, the force 2-3 is already laid off. 

From point 3, a ray parallel to member 3a of 
Fig. A2.30 is drawn. From point 2, a ray is 
drawn parallel to member a-2. The intersec- 
tion of these two rays locates point a and de- 
termines the magnitudes of the members a-2 and 
o— a « 

In going to either truss Joint Li or Ux we 
find that three unknown member loads exist, 
thus Joints can not be solved since two un- 
knowns is the maximum number. To get around 
this difficulty, the truss members b-d, b-c and 
c-d are replaced by the auxiliary or phantom 
diagonal member d-d* shown dashed In Fig. A2.30. 
With this modification, we have only two unknown 
member stresses at Joint Li, namely ad’ and l-d\ 
The stress polygon for this Joint is now laid 
off in Fig. A2.31 starting at point 1, The mag- 
nitudes of 1-2 and 2-a are already drawn from 
previous construction. From point a, a ray is 
drawn parallel to member ad* and from point 1, 
a ray parallel to member d-1 is drawn, the In- 
tersection of which locates point d. Now con- 
sidering Joint UijCfa, a-3 and 3-4 are knowns, 
leaving 4-d and d-d* as unknowns. Starting 
stress polygon for this Joint at point d' , the 
three known loads are already drawn^from previ- 
ous construction. The polygon for the Joint is 
closed by drawing rays parallel to members 4-d 
and d-d f from points 4 and d’ respectively, the 
Intersection of which locates point d. The 
length of the line 4-d in Fig. A2.31 is the 
true magnitude of the load in truss member 4-d 
since the replacing of the three web members by 


the phantom diagonal will not change the final 
load in member 4-d as explained In the previous 
article. 

We now remove the phantom member and re- 
place the original three web members. Now at 
Joint Ui, are known a-3, 3-4 and 4-d leaving on- 
ly two unknowns d-b and b-a. A new stress poly- 
gon is drawn for this Joint by starting at point 
b in Fig. A2.31. We find rays representing mem- 
bers b-a, a-3, 3-4 and 4-d already drawn. The 
polygon for the Joint is closed by drawing rays 
from d and a parallel to members d-b and b-a 
respectively, the intersection of which locates 
point b. 

The balance of the stress diagram is con- 
structed considering the remaining Joints in the 
following order: L x> 0, U«, L«, m, U a and L a . 

No difficulty is encountered because only two un- 
knowns or less are found at any of the remaining 
Joints. 

If the stress diagram were constructed 
starting at right end of truss, then a phantom 
diagonal in the right end panel would be neces- 
sary in making a solution. 

Phantom Members for Trusses With Loads Applied 
At Internal Panel Joints 

Fig. A2.32 shows a truss with a load applied 
at the Internal panel Joint 0. To avoid confu- 
sion in lettering, a simple solution is to move 
the load at 0 along its line of action until it 
lies outside the truss and Is then treated as an 
external load and lettered accordingly as shown 
in Fig. A2.33. The line of action of the force 
Is replaced by a phantom member extending from 
point o r to point 0 (Fig. A2.33). This phantom 
member Is lettered and is treated as an actual 
member In the stress diagram. The load in the 
phantom member will be found to equal the applied 
load at 0 and will not Influence the loads in any 
of the other truss members. 



Pig. A2-32 


r r 



Problems 

(1) Solve graphically for the axial loads in 
the members of the truss in Figs. A2.14, A2.16, 
and A2.18. 

(2) Draw the stress diagram for the truss 
and loading of Fig. A2.34. 
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(3) Draw the stress diagram Tor the truss 
and loading of Fig. A2.36. 


(5) Draw the stress diagram for the Fink 
truss and loading of Fig. A2.36a 


Fig. A2«36o 

(6) Draw the stress diagram for the truss 
and loading of Fig. A2.36b. Solve analytically 
for the stresses in members a, b, c, d, and e. 
















ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


AS. 11 


AS. 7 Aamly«l4 of Tru»* Syvtoma for Sxternftlly Braced 
Monoplane* and Biplanes 

The metal covered cantilever wing with Its 
over-all better aerodynamic efficiency together 
with Its sufficient torsional rigidity has grad- 
ually replaced the externally braced monoplane 
and biplane In the last 10 years. However, for 
small commercial planes and such military air- 
planes as trainers, the externally braced wing 
is still being used In airplane structural de- 
sign. 

Fig. A2.37 (on opposite page) shows the 
structural layout of a conventional externally 
braced biplane. The upper wing consists of two 
sections, an outer panel and a center panel, and 
the lower wing consists of a single panel. A 
drag truss consisting of the wing beams, drag 
struts, and drag wires is incorporated in each 
wing panel. These trusses will resist loads 
parallel to the wing chord direction, see Fig. 
A2.38 and 39 for typical drag truss construc- 
tion. To resist loads in a direction normal to 
the drag trusses, the wings are tied together 
with lift wires, landing wires and Interplane 
and cabane struts. The lift wires act when the 
resultant load on the wings Is up and the land- 
ing wires act when the wing load is down as In a 
landing condition or a flight negative accelera- 
ted condition. In general the front beams of 
the upper outer panel and the lower panel to- 
gether with the front lift wires, the front cab- 
ane strut and the front interplane strut form 
the front lift truss* the rear wing beams, wires 
and struts the rear lift truss. In addition to 
the lift and drag trusses there are two "stag- 
ger" or "incidence" trusses, one in the plane of 
the interplane struts and one In the plane of 
the cabane struts. The Interplane struts tend 
to equalize the deflection of the front arid rear 
lift trusses. Fig. A2.40 Illustrates various 
types of Interplane strut arrangements. The 
cabane wires, generally referred to as "rolling" 
wires are primarily for resisting unsymmetrlcal 



To illustrate the stress solution for wing 
cellule structures several example problems will 
be carried thru for only one loading condition. 
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Typos of interplane struts. 
Fig. A 2-40 

A2. 8 Illustrative Problems 


Example #1 

Fig. A2.41 shows the structural dimensional 
diagram of a externally braced monoplane wing. 

The axial load in the members that form the lift 
and drag trusses will be determined. A simpli- 
fied air loading will be used, as the purpose of 
this chapter is to give student practice in solv- 
ing trusses. Questions regarding the calculation 
of the magnitudes and the distribution of air 
loads will be considered in other chapters. 



Assumed Air Loading: 

(1) A constant spanwise lift load of 45#/in. 
from hinge to strut point and then tapering to 
22.5#/ln. at wing tip. 

(2) A forward uniform distributed drag lbad 
of 6#/in. 

Solution 

Calculation of running loads on front and 
rear beams due to lift: For our particular load- 
ing the center of pressure will be assumed as 
shown in Fig. A2.42, hence running load on front 
beam - 48 x 24.21/36 * 30.26#/tn. And for the 
rear beam the running load equals 45 - 30.26 - 
14.74#/in. 
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Front Beam 



Joint 1 (Equations of equilibrium) 




Drag Truss Reaction 
on Pin (D-assune 
Drag Truss parallel 
to Drag direction. 
Error is negligible 


Taking moments about point (2) 

114.SRx - 114 .5 x 30.26 x 114.5/2 - 15.13 x 
70.5 X 149.75 -15.3 3 x 35.25 x 138 = 0. 

nence 

R i - 3770# 

Take XV = 0 //he re V direction Is taken normal to 
beam 

XV ^ - R a - 3770 + 30.26 X 114.5 + 


hence ?, t 1295# 

(The student should always check results by 
taking moments about point (1) to see if XMx = 0) 


XV - 3770 X .9986 - .0523 FB - .4501 Sp - 0 -(1) 
XS - 3770 X .0523 - .9986 FB - .8878 Sf = 0-(2) 
2D = - .0854 Sp + D x ^ 0 (3) 

Solving equations 1, 2 and 3, we obtain 
FB = -8513# (compression) 

Sp - 9333# (tension) 

D x = 798# (aft) 

Joint (3) (Equations of equilibrium) 



r 

[drag truss 

reaction on 

"* 9 pin <3fl 

V-O pt+r*9 

r 4r 


Rear Beam 



The rear beam has the same span dimensions but 
the loading Is 14.74#/ln. Hence beam reactions 
R* and R* will be 14.74/30.26 - .4875 times those 
for front beam. 

hence R,= .4875 X 3770 - 1838# 

R 4 = .4875 x 1295 - 631# 

Solution of axial loads In lift tru^s members at 
strut point Joints (1) and (3): 

Table A2.1 gives the V, D and 3 projections 
of the lift truss members as determined from the 
Information on Fig. A2.41. The true lengths L 
and the component ratios then follow by simple 
calculation. 


XV - 1838 X .9986 - .0523 RB - .4486 Sr = 0 -(4) 
XS = -1838 x .0523 - .9986 RB - .8930 Sr - 0 -(5) 
XD-Da + 0- 0 (6) 

Solving equations 4, 5 and 6, we obtain 
RB = -4189# (compression) 

S R = 4579# (tension) 

Da - o 


Fig. A2.43 shows the reactions of the lift 
struts on the drag truss at Joints (1) and (3) as 
found above. 



Load. 


It was assumed that the air load components 
In the drag direction were 6#/in. of wing acting 
forward. 
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The distributed load of 6#/ln. Is replaced by 
concentrated loads at the panel points as shown 
in Fig. A2.44, Each panel point takes one half 
the distributed load to the adjacent panel 
point, except for the two outboard panel points 
which are affected by the overhang tip portion. 

Thus the outboard panel point concentration 
of 254# is determined by taking moments about 
(3) of the drag load outboard of (3) as follows: 

P = 70.5 X 6 x 35.25/58.5 = 254# 

To simplify the drag truss solution, the drag 
strut and drag wires in the inboard drag truss 
panel have been modified to intersect at hinge 
points (2) and (4). In the design of the beam 
and fittings at this point, the effect of the 
actual conditions of eccentricity should of 
course be considered. 

Combined Loads on Drag Truss 

Adding the two load systems of Figs. A2.43 
and A2.44, the total drag truss loading is ob- 
tained as shown in Fig. A2.45. The resulting 
member axial stresses are then solved for by the 
method of index stresses (Ref. Art. A2.4). The 
values are indicated on the truss diagram. It 
is customary to make one of the fittings attach- 
ing wing to fuselage Incapable of transferring 
drag reaction to fuselage, so that the entire 
drag reaction from wing panel on fuselage is 
definitely confined to one point. In tills ex- 
ample point (2) has been assumed as point where 
drag Is resisted. Those drag wires which would 
be in compression are assumed out of action. 

bXM- — ix ■ — +- - IX- H 

'Jr.jr ^srr — 



Fuselage Reactions 

As a check on the work as well as to obtain 
reference loads on fuselage from wing structure, 
the fuselage reactions will be checked against 
the externally applied air loads. Table A2.2 
gives the calculations in table form. 


Table A2.2 


Point 

Member 

Load 

V 

D 

8 


FB 

-13803 

- 726 

0 

-13670 

2 

Drag 

Reaction 

- 1906 

0 

-1908 

0 


^(Reaction) 

- 1295 

1294 

0 

67 


RB 

1191 

62 

0 

1190 

4 

R4 (Reaction) 

- 631 

630 

0 

- 33 

5 

r S 

9333 

4205 

796 

8290 

6 

R s 

4579 

2055 

0 

4090 

Totals | 

7520 

-1110 

- 400 


Applied Air Loads: 

V component = (3770 + 1295 ♦ 1830 ♦ 631) 
.9986 = 753# (error 3#) 

D component = -385 x 6 = 1110# (error = 0) 

S component = -(3770 + 1295 + 1838 + 631) 
.0523 * - 394# (error 6#) 

Example #2. 3 Bay Externally Braced Monoplane 

Wing. 

Fig. A2.46 shows a high wing externally 
braced wing structure. The wing outer panel has 
been made Identical to the wing panel of example 
problem 1. This outer panel attached to the cen- 
ter panel by single pin fittings at points (2) 
and (4). Placing pins at these points make the 
structure statically determinate, whereas if the 
beams were made continuous through all 3 panels, 
the reactions of the lift and cabane struts on 
the wing beams would be statically Indeterminate 
since we would have a 3-span continuous beam 
resting on settling supports due to strut de- 
formation. The fitting pin at points (2) and 
(4) can be made eccentric with the neutral axis 
of the beams, hence very little is gained by mak- 
ing beams continuous for the purpose of decreas- 
ing the lateral beam bending moments. For assem- 
bly, stowage and shipping It Is convenient to 
build such a wing In 3 portions. If a multiple 
bolt fitting is used at points (2) and (4) to ob- 
tain a continuous beam, not much is gained be- 
cause the design requirements of the various 
governmental agencies specify that the wing beams 
must also be analyzed on the assumption that a 
multiple bolt fitting provides only 50% of the 
full continuity. 

The air loads on the outer panel are taken 
Identical to those in example problem 1. Like- 
wise the dihedral and direction of the lift 
struts Sf and Sr have been made the same as in 
example problem 1. Therefore the analysis for 
the loads in the outer panel drag and lift trus- 
ses is identical to that In problem 1. The so- 
lution will be continued assuming the running 
lift load on center panel of 4S#/in. and a for- 
ward drag load of 6#/ln. 
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hence 
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Lengths l» Directional Components of Cabane Struts 


Member 

Sy». 

V 

D 

— 

S 

L 

V/L 

D/L 

S/L 

Front Cabane 

C y 

30 

10 

27 

41.59 

.721 

.240 

.648 

Diagonal Cabane 
Strut 

C D 

30 

30 

27 

50. 17 

.597 

.597 

.538 

Rear Cabane 
Strut 

Cr 

2D. 5 

6 

27 

40.42 

.731 

. 1485 

.668 

L =/v 2 + D 2 4 S 2 * 


CRB = - 1510# (compression) 
ZD = Da - 2260 x *1485 = 0 
hence 


D a = 336# drag truss reaction 
Center Front Beam 






*>*90*0 


gxrrn 

3=3=3 = 5 = 3=31 

1.,, J™ _ u 

'fcj 

1 +Q,X*S** 

Fig. A 2-48 





Fig. A2.48 shows the V loads on the center front 
beam and the resulting V component of the cabane 
reaction at Joint (7). 

Solution of Force System at Joint 7 

I* 5 ** H 


« — > 7 




ZV = 2535 - .721 Cp - .597 C D = 0 
Z8 - - CFB - .648 Cp - .538 C D = 0 
ZD = - .240 C F + .597 Cd = 0 


Solution of Center Panel 


Solving the three equations, we obtain 


Center Rear Beam 


U2* 







y V*t4 M 

— — - - -j- ; 


90 




Fig. A 2*47 


to 


Fig. A2.47 shows the lateral loads on the center 
rear beam. The loads consist of the distributed 
air load and the vertical component of the for- 
ces exerted by outer panel on center panel at 
pin point (4). From Table A2.2 of example prob- 
lem 1, this resultant V reaction equals 630 + 

62 = 692#. 

The vertical component of the cabane reac- 
tion at Joint (8) equalsone half the total beam 
load due to symmetry of loading or 65 x 14.74 + 
692 = 1650#. 

Solution of Force System at Joint 8 



2 V = 1650 - .731 Cr = 0 

hence 

Cr = 1650/. 731 = 2260# (tension) 

2 8*- CRB - 2260 X *668 - 0 


CFB = -2281 (compression 
Cp = 2635 
Cp = 1058 

Solution for Loads in Drag Truss Members 

Fig. A2.49 shows all the loads applied to 
the center panel drag truss. The S and D reac- 
tions from the outer panel at Joints (2) and (4) 



are taken from Table A2.2 of problem 1. The drag 
load of 336# at (8) is due to the rear cabane 
strut, as is likewise the beam axial load of - 
1510 at (8). The axial beam load of - 2281# at 
(7) is due to reaction of front cabane truss. 

The panel point loads are due to the given run- 
ning drag load of 6#/in. acting forward. 

The reaction which holds all these drag truss 
loads in equilibrium is supplied by the cabane 
truss at point (7) since the front and diagonal 
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cabane struts intersect to form a rigid triangle. 
Thus the drag reaction Rr equals one half the 
total drag loads or 2634#, 

Solving the truss for the loading of Fig. 
A2.49 we obtain the member axial loads of Fig. 
A2.50. 



Loads in Cabane Struts Due to Drag Reaction at 
Point 7 



2D = -2634 - .240 Cp + .597 C D ^ 0 
2V = -.721 Cp - .597 Cp = 0 
Solving for Cp and Cp, we obtain 
Cp 5 - 2740# (compression) 

C D - 3310 (tension) 

adding these loads to those previously calculat- 
ed for lift loads: 

Cp * - 2740 + 2635 = - 105 

Cp = 1058 ♦ 3310 = 4368# 

Cr * 2260# 

Fuselage Reactions 

As a check on the work the fuselage reac- 
tions will be checked against the applied loads. 
Table A2.3 gives the V, D and 8 components of 
the fuselage reactions. 


Table A2, 3 


Point 

Ifesber 

Load 

V 

D 

S 

9 

Front Strut 

c r 

-105 

-76 

-25 

-68 

10 

Rear Strut Cr 

Dia. Strut Co 

2260 

4368 

1650 

2610 

335 

-2610 

1510 

2356 

5 

Front Lift Strut 

3F 

9333 

4205 

798 

8290 

6 

Rear Lift Strut 

SR 

4579 

... , , 

2055 

0 

4090 

Totals 

10444 j 

-1502 

16178 


Applied Air Loads 

V component = 7523 (outer panel) ♦ 65 x 45 
* 10446 (check) 

D component = -1110 (outer panel) - 65 x 
6 - -1500 (error 2#) 

The total side load on a vertical plane thru 
centerline of airplane should equal the S com- 
ponent of the applied loads. The applied side 
loads - - 394# (see problem 1). The air load 


on center panel is vertical and thus has zero s 
component. 

From Table A2.3 for fuselage reactions we 
have 2S - 16178. From Fig. A2.50 the load in 
the front beam at i of airplane equals - 17308 
and 568 for rear beam. The horizontal component 
of the diagonal drag strut at joints 11 equals 
216 X 45/57.6 = 169#. 

Then total S components * 16178 - 17308 + 
568 + 169 = - 393# which checks the side compon- 
ent of the applied air loads. 


Example Problem #3 Externally Braced Biplane. 



Fig, A2.51 shows a typical biplane wing 
structure. The upper wing panel is Identical to 
the wing In example problem 1, A lower wing 
panel connected to the upper wing by the Inter- 
plane struts IF, ID, and IR has been added. The 
lift struts have been replaced by the lift wires 
W-l and W-2. A single landing wire W-3 Is also 
added . 

The lift and drag load on the upper wing is 
the same as In example problem 1. The air loads 
on the lower panel will be assumed as follows. 

Running lift load ~ 25#/ln. of wing span. 

Running drag load - -3#/ln. of wing span. 

Solution 

Table A2.4 gives the lengths and component 
ratios of the lift truss members. 


Tabic A2.4 


Meaner 

Syab. 

V 

D 

s 

L 

V/L 

D/L 

S/L 

Upper Fr. B. 

UF 

5,99 

0 

114.34 

114.50 

.0523 

0 

.9986 

Upper Rear 8. 

UR 

5.99 

0 

114.34 

114.50 

.0523 

0 

.9986 

Lower FR. B. 

LF 

0 

0 

102.5 

102.5 

0 

0 

1.00 

Lover Rear B. 

LR 

0 

0 

102. 5 

102.5 

0 

0 

1.00 

Fr. Lift Wire 


57.99 

11 

114.34 

128.79 

.4501 

.0854 

.8876 

Rear Lift Wire 

»2 

57.48 

0 

114.34 

128.00 

.4466 

0 

.8930 

Fr. Int. Strut 

IF 

58.37 

n 

12 

60.60 

.9620 

.1620 

.1980 

Dia, Int. Strut 

ID 

57.87 

25 

12 

64.16 

.9015 

.3896 

.1870 

Rear Int. Strut ! 

I* . 

58.161 

0 

12 

59,40 

.,96 ip. 

0 

.3017 

L ♦ a 










Beam Lift Load Reactions. 

The beam reactions on the upper panel beams 
at points (1) (2) (3) and (4) due to distributed 
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lift load are Identical to those of problem 1, 
thus the calculations vail not be repeated here. 
The results are; 

Rx = 3770# , R a * 1838 

R . = 1295# , R 4 - 631 

Lower Panel Beams: 



The running spanwlse lift load on lower wing is 
given as 25#/in. Hence running load on front 
wing beams equals 25 x 15.94/25 = 15.94#/in. 
Rear beam = 25 - 15.94 - 9.06#/ln. 

Front Beams: 



Taking moments about R 

102.5 R, - 102.5* x 15.94 - 7.97 x 57.5 x 131.25 
2 

- 7.97 x 28.75 X 121.67 = 0 hence R t - 1C78#. 

2V ‘ - 1678 - R. + 102.5 X 15.94+ 7.97 x 57.5 + 
7.97 x 28.75 0. hence R. = 644# 

Rear Beam: 


4 


TTT-rf 


Ut a T.ei */*" 


TXT 


ypz.s 


- s?. > — 
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Is In action. For this condition strut ID Is 
necessary to tie rear beam loads to the single 
front lift truss. For negative accelerated 
conditions, the wing structure Is statically de- 
terminate, because no more than 3 unknown memb- 
er axial loads exist at any one joint of the 
lift trusses. For normal flight conditions (W-l 
and W-2 In action), we can solve only Joint 8 by 
statics. In proceeding to the other Joints we 
find more than 3 unknown members whereas only 3 
equations of statics for a non-coplanar concur- 
rent force system are available. Thus to solve 
this wing structure It Is necessary to consider 
the relative regldities of the lift and drag 
trusses, but before this can be done the required 
member cross-sectional areas must be known, which 
In turn are determined by the true loads on the 
members. The design process is therefore In gen- 
eral a trial and error method. To make the wing 
structure statically determinate one member is 
removed which is referred to as the rebundant 
member and loads In all members are calculated 
under this assumption. Preliminary member sizes 
are then determined on the basis of these loads. 
With the member sizes known the load In the re- 
bundant member can be found by a consideration of 
member axial deformations. In biplanes with a 
strut for the diagonal interplane strut It Is 
customary to assume either the front or the dia- 
gonal strut as the redundant member. If diagonal 
wires are used, the wires are usually taken as 
the redundant members. 

In this example problem the diagonal Inter- 
plane strut ID will be assumed as the redundant 
member. The axial loads for the given air load- 
ing will therefore be determined In all members 
of the lift and drag trusses assuming member ID 
removed. Example problem #2 of chapter A8 gives 
the detailed solution for the load In the redund- 
ant member as well as the true load in all the 
members for the same airplane wing cellule and 
lending as used in this example. 


R e = R t (9.06/15.94) = 953# 

Rio= R. (9.06/15.94) = 366# 

Solution for Axial Loads in Lift Truss Members. 

Referring to Fig. A2.51 we find the front 
lift truss composed of the upper and lower front 
beams, lift wire W-l and front incidence strut 
IF and the rear lift trues composed of the upper 
and lower rear beams, rear lift wire W-2 and 
rear strut IR are tied together by the diagonal 
interplane strut lb. This strut tends to equal- 
ize the deflections of the front and rear lift 
truss by transferring load from the heavily 
loaded side to the lightly loaded truss. The 
wing structure would be stable with out this 
diagonal strut, thus Incorporating such a strut 
makes the wing structure statically indetermi- 
nate. 

For landing conditions or negative acceler- 
ated flight conditions, wires w-l and w-2 are 
out of action and a single lift truss wire W-3 


Solution For Loads In Lift Trusses. Member ID Out. 
Joint (Q) Equations of Equilibrium 



V-3 V - O 


(The drag trus© will be assumed horizontal. 
The error is negligible.) 

ZV = 953 + .981 IR - 0, hence IR = -970# 

28 = - LR - 970 X .2017 = 0, hence LR = -196# 
2D«-D*+0 = 0, hence D* - 0, (D* ~ drag truss 

reaction) 


Joint 




Equations of Equilibrium. 
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2V = 1836 X .9986 - ,0523 UR - .4486 W* ♦ 970 x 
.981 = 0 

28 = *1838 X .0623 * .9986 UR - .893 Vim + 970 X 
.2017 « 0 

2D = -D 8 + 0 = 0, (D»= Drag truss reaction) 

Solving the three equations we obtain, 

UR = *6160 
W« = 6930 
D» = 0 



2V = 1678 + .962 IF = 0, hence IF = -1740 
28 = -LF - 1740 x .198 » 0, hence LF = -344 
2D - D* *»■ 1740 X .182 = 0, Dt = -317 



2V = 3770 X .9986 4 1740 X .962 - .0523 UF - 
.4601 Wi = 0 

28 = -3770 X .0523 + 1740 X .198 - .9986 UF - 
.8878 Wi = 0 

2D - *1740 X .182 - .0854 Wi + Dx = 0 (Di = 
drag truss reaction) 

Solving the three equations we obtain, 

UF = -11780 
Wi = 13480 
Dx - 1464 

Figs, A2.62, 53 show the loads that are applied 
to the drag truss at Joints 1, 3, 7, and 8, by 
the lift truss members as determined in the 
Joint solutions. 


given as -3#/ln. Fig. A2.55 gives the results of 
replacing the distributed load by a resultant 
drag truss panel point loading. The loads from 
Fig. A2.53 also have been added. 


u* a C *"/'*/ 



3rr 


Solution for Loads in Upper and Lower Drag Truss 
Members . 

Figs. A2.56 and A2.57 give the resulting 
member stresses for the loadings of Figs. A2.54 
and A2.55. The student should verify these 
stresses by writing the index stresses as in 
previous solutions. The drag reaction on fuselage 
has been assumed at the front beam points on both pan- 
els. Those drag wires which would be in com- 
pression in resisting the applied loads are as- 
sumed out of action. 




Distributed Drag Loads On Drag Trusses 

The air drag loads on the upper panel drag 
truss are Identical to those In example problem 
1 since the drag load of *6#/ln. is the same. 
Fig. A2.64 repeats the results of Fig. A2.44 
plus those of Fig. A2.62. 

The running drag load on lower wing was 


Fuselage Reactions as A Check On Calculations. 

Table A2.5 gives the V D and 8 components of the 
fuselage reactions. 


Table A2.5 
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Applied Air Loads. 

V component = (3770 + 1295 + 1838 + 631) ,9986 ♦ 
1678 + 644 + 953 + 366 - 11164 
(check) 

D component - -185 x 6 -160 x 3 - -1590 (check) 

S component = -(3770 + 1295 + 1838 + 631) .0523 = 
-394 (error - - 9#) 

PROBLEMS 

(1) Fig. A2.58 shows the wing structure of a 
externally braced monoplane. Determine the axial 
loads In all members of the lift and drag trusses 
for the following loads. 

FLAM VIEW 


Wing Drag Trusn ^ 

Mr ci 



Front beam lift load - 40#/ln. (upward) 
Hear beam lift load ~ 25#/ In. (upward) 
Wing drag load - -10#/in. of wing forward) 


(2) For the biplane of Fig. A2.59 determine 
the axial loads in all members of the lift and 
drag trusses, assuming the diagonal Interplane 
strut (ID) removed. The running beam and drag 
loads are as follows: 


Am * mt 



Upper wing - Front Beam » 35#/in. (upward) 

Hear Beam = 30#/in. (upward) 
Lower wing - Front Beam = 30#/ln. (upward) 

Hear Beam =27#/ln. (upward) 

Drag Loads: 

Upper Wing = 8#/ln. aft. 

Lower Wing = 7#/in. aft. 

(3) The inverted flight beam and drag loads 
for the wing structure of Fig* A2.59 are as fol- 
lows: 

Upper Wing: 

Front beam lift load = -20#/in. (downward) 
Rear beam lift load = -15#/ln. (downward) 
Drag load * -5#/ln. of wing (forward) 

Lower Wing: 

Front beam lift load - -18#/in. (downward) 
Rear beam lift load = -14#/in. (downward) 
Drag * -4#/in. of wing (forward) 

Determine the axial loads In all members. 
(Note:- lift wires w x and w a are out of ac- 
tion and w a is acting, thus member ID does 
not need to be removed to make structure 
statically determinate.) 

(4) For the airplane in Fig. A2.58 assume 
the airloads on the left wing structure equal to 
80 percent of that on the right side which would 
simulate a rolling condition. Determine the re- 
sultant loads on the cabane struts Cp, Cp and Cr. 



Fig. AM9« 


(6) Calculate the stresses for the loaded 
truss in Fig. A2.18a. 



(7) calculate the stresses* in the members 
of the truss In Fig* A2.185. 
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(10) Fig. A2.18e shows a pin jointed truss 

(a) Is the truss statically determi- 
nate? 

(b) If member AE is removed Is struc- 
ture stable and statically deter- 
minate? 

(c) If both members AE and AF are re- 
moved will structure collapse. Is 
It statically determinate? 



Fig. A2-1II 

(11) Is the structure In Fig. A2.18f stati- 
cally determinate relative to member stresses? 







CHAPTER A3 

PROPERTIES OF SECTIONS - CENTROIDS 
MOMENTS OF INERTIA ETC 


A3.1 introduction In engineering calculations, 
two terms, center of gravity and moment of iner- 
tia, are constantly being used. Thus, a brief 
review of these terms is in order. 

A3. 2 Control os , Center of Gravity. The cen- 

troid of a line, area, volume, or mass is that 
point at which the whole line, area, volume, or 
mass may be conceived to be concentrated and have 
the same moment with respect to an axis as when 
distributed in its true or natural way. This 
general relationship can be expressed by the 
principle of moments, as follows: 

Lines:- xL = 2Lx, hence x = ZLx = /xdL 

L L 

Areas:- xA - Zax, hence x = Zax = /xdA 

A A 

Volumes:- xV = 2VX, hence x = 2VX = /xdV 

V V 

Masses:- XM « 2xm, hence x - 2mx = /xdM 

M M 

If a geometrical figure is symmetrical with re- 
spect to a line or plane, the centroid of the 
figure lies in the given line or plane. This is 
obvious from the fact that the moments of the 
parts of the figure on the opposite sides of the 
line or plane are numerically equal but of op- 
posite sign. If a figure is symmetrical to two 
lines or planes, the centroid of the figure lies 
at the intersection of the two lines or the two 
planes, and likewise, if the figure has 3 planes 
of symmetry, the centroid lies at the intersec- 
tion of the 3 planes. 

A3. 3 Moaent of inertia The term moment of in- 
ertia is applied in mechanics to a number of 
matnematical expressions which represents sec- 
ond moments of areas, volumes and masses, such 

/ r“dV, f r*dy, etc. 


Then 

I x =/y*dA, I y =/x*dA, I z =/r»<U 

where I x , Iy and I z are moments of inertia of the 
area about the axes xx, yy and zz respectively. 



A3. 5 Polar Moment of Inertia . In Fig. A3.1, the 
moment of inertia I z =/r3dLA about the Z axis is 
referred to as the polar moment of inertia and 
can be defined as the moment of Inertia of an 
area with respect to a point In its surface. 

Since r* * x* + y* (Fig. A3.1) 

Iz =/(y* + x») dA - I x + Iy or; the polar moment 
of inertia is equal to the sum of the moments of 
Inertia with respect to any two axes in the plane 
of the area, at right angles to each other and 
passing thru the point of intersection of the po- 
lar axis with the plane. 


A3..6 Radius of Gyration The radius of gyration 
of a solid Is the distance from the inertia axis 
to that point in the solid at which. If Its en- 
tire mass could be concentrated, its moment of 
Inertia would remain the same. 


Thu s,f r*dM =^*M, where P is the radius of 


gyration 

Since, 


/* 


'dM 


I, 


then X or 



By analogy, in the case of an area. 


I 



A3*4 Moaoat of Iaortla of ma Aron . As applied 
to an area, the term moment of Inertia has no 
physical significance, but represents a quantity 
entering into a large number of engineering 
problems or calculations. However, it may be 
considered as a factor which indicates the in- 
fluence of the area Itself in determining the 
total rotating moment of uniformly varying for- 
ces applied over an area. 

Let Fig. A3.1 be any plane area referred to 
three coordinate axes, ox, oy and oz; ox and oy 
being the plane of area. 

Let d A represent an elementary area, with 
coordinates x, y, and r as shown. 


A3 . 7 Parallel Axle Theorem In Fig. A3 .2 let Iy 

be the moment of inertia of the area referred to 
the centroidal axis y-y, and let the moment of 
inertia about axis y x yx be required. y x y x is 
parallel to yy. Consider the elementary area dA 
with distance x + d from y x y x . 

Then, % =/( d + *)*<«■ 

= /x*< 1A + Z&fxOX + d •fdk 
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TABLE 1 

Section Properties of Areas 


I ~ I + Md" 
the body. 


where M refers to the mass of 


fiance. 


Area = bd 
y = d 
2 


T, y 

Fig A3 2 

The first term,,/x a dA, represents the mo- 
ment of inertia of the body about its centroidal 
axis y~y and will be given the symbol I. The 
second term is zero because/xdA is zero since 
yy is the centroidal axis of the body. The 
last term, d*y dA = Ad* or, area of body times 
the square of the distance between axes yy and 
y iYi • 

Thus in general, 

I - I + Ad • 

This expression states that the amount of 
inertia of an area with respect to any axis In 
the plane of the area is equal to the moment of 
inertia of the area with respect to a parallel 
centroidal axis plus the product of the area and 
the square of the distance between the two axes. 

Parallel Axis Theorem For Masses. If Instead of 
area the mass of the body is considered, the 
parallel axis can be written: 



Trionglt, 




A3. 7a Maas Moments of Inertia The product Of 

the mass of a particle and the square of its 
distance from a line or plane is referred to as 
the moment of inertia of the mass of the parti- 
cle with respect to the line or plane. Hence, 

I = EMr*. If the summation can be express- 
ed by a definite Integral, the expression may be 
written I ~ / r* dM 

Moments of Inertia of Airplanes. In both flying 
and landing conditions the airplane may be sub- 
jected to angular accelerations. To determine 
the magnitude of the accelerations as well as 
the distribution and magnitude of the mass iner- 
tia resisting forces, the moment of inertia of 
the airplane about the three coordinate axes is 
generally required in making a stress analysis 
of a particular airplane. 

The mass moments of inertia of the airplane 
about the coordinate X, Y and Z axes through the 
center of gravity of the airplane can be expres- 
sed as follows: 

I x = 2wy a ♦ 2 wz* ♦ 2AI X 

Iy " Ewx* ♦ 2wz* ♦ ZAIy 

I z = 2wx a + 2wy* ♦ 2AI Z 


I lm . 1 s bd /IB 

I — " 

f x _ x = .289 d 


Area = bh 
2 

y = h/3 

I — = bh® 


I— = bh! 


Area = bh 
2 

x = 2/3 h 

1 

j- L 4^ 

.204 h 



-| j Ang/e 




Area = t(b ♦ c) 

x = b 8 4 ct y = d* + at 
2(b + c) 2(b + c) 

I x = l [t(d-y)® + by®-a(y-t)®J 

s 

Iy = l[t(b-x) s + dx® - c(x-t)»] 
tan 20 = 2 I xv , where l X y - abcdt 


I x»i = lx sin* 0 + Iy nos *0 + I X y 
sin 20 

I,_ f I x cotf*0+ Iy sin* 0 ■■ I X y 
sin 20 
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TABLE 1 - Continued 



Area = n (a x b x - a*b«) 
Iv = n (a/b; - a**b*) 


Ctrcufar 

Fillet 


U -sec A on 

rx r 

ifes 


Area A = 2dt x + at 
y = d a t t ♦ .5t*a 


I x = 2tid a + at 3 - Ay 


Area » .215 a 
x = .223 a 


Area = x x y x 

x = 3 Xi 
4 


Pambohc _ 

F'ilet y = .3 y x 


Area = x x y x /4 

x = 4 x x 
5 






5 er*i*cimJar 



Area = nr* 

2 

y = .424 r 
'* I x = .1098 r* 
P x = .264 r 


Area = n (R * - r •) 

2 

y =4 (R *+ Rr + r*) , approx. y=2r 
3n R + r it 

X Iv=.1098(R 4 -r«)- .283R«r* (R-r) 

R + r 

I x (approx ) = .3t(r + R) * when t • ■ 
T r 

Is small 

Area = nab 
I x = n a»b 


Hollow Cm Cyt I 


Vol . = n L(r! • - r,*) 

\ x - x = fKr, 8 * r/)/2 
1,., = M(r l »+ r.“ + L* /3)/4 
For thin hollow clrc. cyl. 


Pr<*m 


' ^ x - x = Mr 1 


V°l. « abL, M = W 

l x - x - M (a* «■ b“ )/12 

14 (iSji I.-. = ML*/12 

1 I.-,=MLV 3 


Solid Sphere 


Vol. = (4nr»)/3 

I * 

about axis 

2M rV5 


Thin Hollow Sphere 


Vol . = 4 n 


r, » of sphere* 


(X* -r. • ) 

I * 

about dia. 

2 MTi • 
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TABLE 2 - Continued 


M = w = mass per unit volume 
i» g of body. 

^ S ~ ~l j | >- I xx =ran ’ Ra ‘f Ri + (5a V4) ] 

Xyy = 1 m n® Ra® (4R* + 3a*) 

a 2 


TABLE 3 

Section Properties of Lines 
(t Is small In comparison to radius 


TABLE 4 

Centroids of Traplzoidal Areas 




Circular Arc 



Sami ‘Circle Arc 



Area = 2 n rt 


I . _ = 2 n r®t 
—f polar 

p x - .707r 

P polar = r 


A = n rt 
y = .6366 r 
2 l x „ x = n r a t 
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A3. 8 




where I x , I y , and I z are generally referred to Example Problem 2. Determine the moment of iner- 
as the rolling, pitching and yawing moments of tla about the horizontal centroldal axis for the 
Inertia of the airplane, area shown In Fig. A3. 4 


w = weight of the Items In the airplane 

x, y and z equal the distances from the 
axes thru the center of gravity of the airplane 
and the weights w. The last term In each equa- 
tion is the summation of the moments of inertia 
of the various Items about their own X, Y and Z 
centroldal axes. 

If w Is expressed In pounds and the distan- 
ces In inches, the moment of Inertia is express- 
ed in units of pound-inches squared, which can 
be converted into slug feet squared by multiply- 
ing by 1/32,16 x 144. 

Example Problem 1, Determine the gross weight of 
gravity of the airplane shown in Fig. A3. 3. The 
airplane weight has been broken down into the 10 
Items or weight groups, with their individual 
c.g. locations denoted by the symbol +. 

Solution. The airplane center of gravity will be 
located with respect to two rectangular axes. In 
this example, a vertical axis thru the center- 
line of the propeller will be selected as a ref- 
erence axis for horizontal distances, and the 
thrust line as a reference axis for vertical dis- 
tances. The general expressions to be solved 
are:- 

x = Zwx = distance to airplane c.g. from 
Zw ref. axis 2-2 

y = Zwjy = distance to airplane c.g. from 
Zw ref. axis X-X 

Table 4 gives the necessary calculations, 
whence 

x = 417180 = 133.3" aft oft propeller 

■ 5155 “ 



Solution. We first find the moment of Inertia 
about a horizontal reference axis. In this so- 
lution, this arbitrary axis has been taken as 
axis x'x' thru the base as shown. Having this 
moment of inertia, a transfer to the centroldal 
axis can be made. Table 5 gives the detailed 
calculations for the moment of Inertia about 
axis x'x’. For simplicity, the cross-section 
has been divided Into the five parts, namely, A, 
B’,C,D, and E. 

I C x ls moment of Inertia about centroldal 
x axis of the particular part being considered. 
Distance from axis x'x' to centroldal horizontal 
axis = y = ZAv = 17.97 = 2.91" 

ZA 6.182 

By parallel axis theorem, we transfer the 
moment of inertia from axis x'x' to centroldal 
ax 1 s xx • 

Ixx^Vx' -Ay*=79. 47-6. 18x2. 91* - 
27.2 In 4 



Determine the moment of in- 


ertia of the stringer cross section shown in 


Fig. A3. 5 about the horizontal centroldal axis. 


Solution. A horizontal reference axle x r x* ls 
assumed as shown. The moment of inertia Is 
first calculated about this axis and then 
transferred to the centroldal axis xx. See 
Table 6. 
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Table 5 


1 non JO* 

S 

«c 

* 

* 

< 

N 

►> 

< 

Ic 

c x 

• ROMnt of lnartla of 

portion about controldal 

x axis. 

— s 

* 

1 

H 

V 

M 

! 

M 

K 


0.60 

5.6 

2.76 

15.13 

1/12 x .5 x 13 . ,04 

15.17 

Al 

0.50 

6.5 

2.75 

15.13 

" - .04 

15.17 

B 

1.00 

5.25 

5.25 

27.50 

1/12 x 2 x .53 . .02 

27.52 

C 

2.12 

2.875 

6.10 

17.56 

1/12 x .5 x 4.25 3 . 3.19 

20.75 

0 

0.281 

1.00 

0.28 

0.28 

bh 3 /36 - .75 4 /36 - 0.01 

0.29 

D* 

0.281 

1.00 

0.28 

0.28 

" - 0.01 

0.29 

B 

1.50 

0.375 

0.56 

0.21 

1/12 x 2 x . 75 3 » 0.07 

0.28 

Sua6. 182 

17.97 



79.47 in 4 


Portion 3 + 3 f (ref. Table 1) 

y = .375 Mx ( .0841 + .0725 + .0625) = .375 + 

3n r§4 

.172= .547" 

approx, y = .375 + 2 r x = .375 ♦ .172 = 547" 
n 

I cx = £ .1098( .0841 + .0625) + ,04x .54- 

.283 X .0841 x .0625 X .041 = .002375 
.54 J 

approx. I cx = .3x .04x .27 ®= .002365 In? 

Problem #4. Determine the moment of Inertia of 
the flywheel In Fig. A3. 5a about axis of rotation. 
The material Is aluminum alloy casting (weight = 

.1 lb. per cu. inch.) 


Table 6 


Port ion 

Area 

y 




Ix'x' - lc x + *y 2 

1 ♦ 1* 

.06 

0 

0 

0 

.00281 

.00281 

2 

.0654 

.706 

.04617 

.0326 

.00168 

.03428 

3 3* 

.0679 

-.547 

-.0371 

a 0203 

. . w _l 

.000475 

. 02078 

Sua 

. 1933 


.009 


' 

.05787 


y = £Av = .009 = .0465" 

Ik .1933 

X xx = ^x' x* • Ay* “ .05707 - .1933 x 
(.0465)* = .05745 in*. 

Radius of gyration f° x-x = "\ /. 05745 = .55" 

VTT53 ST 



sec. a* . 


m> 


Lplz: 

fhjp 

vm 






Solution: The spokes may be treated as slender 
round rods and the rim and hub as hollow cylind- 
ers. (Refer to Table 2) 


Detailed explanation of Table 6:- 
Portlon 1 ♦ 1* 

Icx = 1 


12 


( s2 4f s ‘) 


X 2 


= .00281 In 4 . 

Portion 2 (ref. table 1) 

y * .375 + _4_ R» ♦ Rr + r» = .375 + _4_ 

3n R ♦ r 3n 

(.5*+ .5x .54+ .54") = .375 ♦ 331 = .706' 

— r;r"“S4i — 

By approx, method see Table 1. 

y ■ .375 + 2 Ti = .375 ♦ 2 X ( .52) - .705" 


n 


n 


I cx = .1098 x (R * *r* ) t (R + r) - .283 R * » r t 


R ♦ r 

« .1098( .2916 ♦ .25) x .04x1.04- 


Rlm . 

weight w = n(R* - r*) x 3x .1 

= n(5* -4*) .3 = 8.48 lb. 

I = .5W(R* + r*) = .5x8.48 (5* + 4*) = 
173.7 lb. in* 

Hub . 

W = n(l*- .5* ) x 3x .1 = .707# 

I = .5x .707 (1* + .5*) = .44 lb. In! 

Spokes, 

Length of spoke = 3" 

Weight of spoke =3 x .25* x .1 = 
.588# 

I of one spoke = WL*/12 + Wr^ .588 x 
3*/12 + .588 x 2.5* = 
4.10 lb. in* 

I for 4 spokes = 4x4.10 = 16.40 

Total I of wheel = 16.40 ♦ .44 + 173.7 = 190.54 
lb. in* 

I = 190.54/32.16 x 144 = .0411 Slug ft! 


.283 X .2916 x .25 x .04 

05 


Example Problem #5. Moment Of Inertia of an 
Airplane . 


■ .002475- .000793= .001682 In*. 

Approx. I cx = *3tri* = ,3x .04x,§2* * .001688 In*. 


To calculate the moment of Inertia of an 
airplane about the coordinate axes through the 
gross weight center or gravity, a break down of 
the airplane weight and Its distribution Is 







ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


Mi 1 


necessary, which Is available in the weight and 
balance estimate of the airplane. 

Table 6a shows the complete calculation of 
the moments of inertia of an airplane. This 
table is reproduced from N.A.O.A. Technical note 
#675, "Estimation of moments of inertia of air- 
planes from Design Data." 


axes, the product of inertia of the weight about 
the reference axes is necessary. Column (14) 
gives the values about the reference axes. To 
transfer the product of inertia to the c.g. axes 
of the airplane, we maKe use of the parallel 
axis theorem. Thus 

2wxz c . g# =SwxZ( Ref# gocQs) -2wxz = 48,857,689 - 


Explanation of Table 

Fig. A3. 5b shows the reference of planes 
and axes which were selected. After the moments 
of inertia have been determined relative to 
these axes the values about parallel axes 
through the center of gravity of the airplane 
are found by use of the parallel axis theorem. 

Column (1) of Table 6a gives breakdown of air- 
plane units or items. 

Column (2) gives the weight of each item. 

Columns (3), (4) and (5) give the distance of 
the c.g. of the items from the references planes 
or axes. 

Columns (6) and (7) give the first moments of 
the item weights about the Y* and X 1 reference 
axes. 

Columns (8), (9) and (10) give the moment of 
inertia of the item weights about the reference 
axes. 

Columns (11), (12) and (13) give the moments of 
inertia of each item about its own centroidal 
axis parallel to the reference axes. Such items 
as the fuselage skeleton, wing panels and engine 
have relatively large values for their centroid- 
al moments of inertia. 


The last values in columns (3) and (5) give 
the distances from the reference planes to the 
center of gravity of the airplane. 


x c.g. 


2wx 

W 


617.024 (col. 6) =115.9 in. 

5325.3 (cSTTTJT 


^c.g. 


»2wz= 414.848 (col . 7) =77.8 in. 

W 5S2ST5 


The last values in columns (8), (9) and 
(10) were obtained by use of the parallel axis 
theorem, as follows:- 

2wx* about c.g. of airplane = 97,891,595 - 5325.3 
X 115.9* = 26,691,595. 


2WZ* = 33,252,035 - 5325.3 x 77.8* = 992,035 

The third from the last value in columns 
(11), (12) and (13) give the moments of inertia 
of the airplane about the x, y and z axes 
through the c.g. of airplane. The values are 
obtained as follows: 


ly * 2WX* + 2WZ* 4- ZAIy = 26,691,595 + 999,035 + 
3,120,384 = 30,804,014 lb. in* 

Ix B 2wy* +2wa i «-2AIx = 10,287,522 + 992,023 + 
2,899,470 « 14,179,027 lb. in.« 

I«*2wy* + 2WZ* + 2AI Z = 10,287,522 + 26,691,595 + 
6,167,186 = 42,136,303 lb. In." 

In order to determine the principal inertia 


5325.3x115.9 x 77.8 = 839,253 lb. in.» 

To reduce all values to slug ft* multiply 1 

3§7T? 

x — . 

144 

Hence I x = 3061, I y = 6680, I z = 9096, I xz = 181 

Having the inertia properties about the co- 
ordinate c.g. axes, the moments of inertia bout 
the principal axes are determined in a manner as 
explained for areas. (See A3. 13). 

The angle 0 between the X and Z axes and the 
principal axes is given by, 

tan 2 0= 2 Ixz = 2 x 181 « .05998 hence 0 = 

8588=8881 

1° 43" 




CENTROIDS, CENTER OF GRAVITY. MOMENTS OF INERTIA 


Tnbl# 6a 

COMPUTATIONS OF MOMENTS OF INERTIA 


Item 


X 

y 

s 

Center section 

108.8 

102 

- 

57 

nose assembly 





Center section 

204.6 

121 

- 

57 

beam, etc 





Center section 

84.2 

148 

- 

55 

ribs, etc. 





Flap 

22.0 

180 

- 

53 

Outer panel nose 

104.6 

105 

166 

65 

Outer panel beam 

155.6 

130 

156 

65 

Outer panel rlbe 

89.8 

139 

156 

64 

Ailerons 

31.4 

173 

156 

62 

Horizontal tail 

87.1 

367 

- 

96.7 


Vertical tail 

Fuselage skele- 
ton 

Engine mount 
Turtlebaok 
(fairing) 
Firewall 
Steps 

K.A.C A. cowling 
Cabin and 
windshield 
Foot troughs 
Floor, rear 
Wing fillets 
Bottom cowling 
and elds frames 
Arresting door 
Tail-woeel pan, 
etc ■ 

Side doors 
Baggage door 
Fabric and dope 
Tall oone 
Cowling, sta- 
tions 1-2 

Chassis ( re- 
traced) 

Retracting meoh- 
anlem 

Wheals, etc. 

Tall wheel 

Engine 

Engine acces- 
sories 

Engine controls 
Propeller 
Starting system 
Lubrloating sys- 
tem 

Fuel system 
Instruments 
Surface con- 
trols 

Furnishings 

Bieotrloal 
equipment 
Hoist sling 

A I HP USE BHPTY 

Pilot 

Observer 

Fuel 

Oil 

Very Pistol 
Smoke candles 
Float lights 
Radio 

Chart board, etc 
Drift alght 
First aid 
Life raft 

USEFUL LOAD 

TOTALS 

CORRECTION 


232.4 115 
28.6 110 


200.0 105 

800.0 205 

780.0 132 

75.0 71 
3.9 195 

4.0 184 

9.0 190 
142.7 178 

3.7 80 

1.6 222 

4.0 165 

34.0 136 

1467.9 140.5 
5325.3 

5325.3 115.9 


ID 

7. 

wx 

m 

11,096 

6,202 

24,757 

11,662 

12,462 

4,631 

3,960 

1,166 

10,963 

6,799 

16,672 

10,114 

12,482 

5,747 

5,401 

1,947 

31,966 

8,423 

11,053 

3,935 

55,264 

25,434 

2,430 

3,340 

13,319 

3,880 

770 

880 

340 

140 

3,500 

5,600 

9,709 

7,183 

154 

136 

1,995 

637 

2,627 

1,073 

3,780 

2,025 

369 

82 

1,460 

336 

2,431 

1,394 

397 

113 

3,303 

1,040 

2,868 

683 

1,320 

1,140 

26,726 

11,862 

3,146 

1,916 

18,831 

5,096 

9,360 

1,934 

34,817 

83,980 

4,711 

7,620 

1,133 

836 

2,065 

17,760 

2,073 

3,145 

1,794 

2,132 

10,496 

6,560 

3,876 

3,496 

13,040 

5,787 

24,960 

12,800 

13,890 

8,157 

690 

813 

412,196 

389,138 

21,000 

18,000 

41,000 

17,800 

102,960 

66,690 

5,325 

6,376 

761 

893 

736 

384 

1,710 

648 

85,401 

13,130 

296 

348 

35S 

134 

860 

288 

4,634 

3,434 

804,828 

186,484 

817,024 

414,848 

1 r 


712,600 


9. 

10. 

n. 

12. 

13. 

-» 8 

we 2 

AI X 

AI y 

A1 r 

- 

353,491 

261,389 

- 

961,289 

- 

664,745 

491,345 

- 

491,245 

- 

354,705 

208,164 

33,680 

235,844 

3,545,546 

3,786,682 

2,185,373 

784,150 

61,798 

441,935 

657,410 

367,821 

180,702 

48,898 

184,514 

374,478 

158,407 

66,390 

17,601 

48,598 

184,814 

274,478 

176,008 

55,390 


11,856 

418,950 

373,034 

529,200 

104,853 

532,900 

347,833 

49,005 

838,708 


346,060 


116,699 

19,201 

116,032 

183,766 


814,463 

490,628 

8,060,154 

269,200 

310,400 


448,000 

775,656 

9,248 

41,382 

62,834 

161,875 


114,308 

7,144 

83,200 

62,108 

108,300 


677,678 

17,876 

265,366 


10,283, 44S 


148,298 

135,424 


33,660 

78,854 

108,900 


4,079 

10,387,622 


178,378 

110,300 10,174 

69,394 1,578,594 


18,940 15,470 

2,394 106,400 


176,378 

31 


14 . 


wxs 


632,863 

1,411,126 

666,386 

809,680 

713,893 

1,213,660 

798,861 

334,880 

091,06| 

1,381,609 


1.570,000 4,476,266 

6,184 194,400 
56,848 986,520 


15,470 

106,794 


604,478 

126,385 

286.376 

142.376 

8,713,600 

624,143 

63,536 

1,420,300 

367,326 

174,624 

624,300 

321,632 

410,842 

1.034.000 
660,693 

62,434 

28^363,756 

1.820.000 
1,584,200 
5,701,996 

541,875 

21,938 

36,684 

46,656 

1,031,008 

32,693 

11,290 

12,996 

346,834 

10,989,899 

33*252,036 


253,858 

9,060 


177,600 

146 

1,374 

22,066 

3,432 

123,962 


864 

2,681,572 

33,800 

33,800 

141,180 

3,676 


306 

817,898 

3,299,470 


20,008 

60,800 

130,400 


353,858 

9,060 


25,666 

63,238 

254,368 

508,160 


3,890,404 4,980,906 


88,800 

28,800 

173,380 


6,000 

6,000 

167,660 

3,675 


289,960 

3,180,384 


306 

1T6,6T6 

6,157,1*6 


10,287,622 126,691,995 126,681,595 


280,000 

1,048,573 

10,478 

131,670 

152,366 

283,600 

23,260 

122,640 

199,343 

18,711 

284,160 

862,763 

125,400 


1,363,026 

210,783 

718.536 

692,640 

2,769,360 

391,030 

86,108 

165,168 

176,120 

147,108 

839,680 

356,882 

685,840 

1,996,800 

1,044,088 

70,3*0 

31,090,714 

1.890.000 

3.849.000 
6,803,060 

452,626 

57,038 

70,668 

123,180 

8,109,051 

27,884 

29,857 

37,620 

467,0*4 

17,766,675 

48,657,866 


L.W« 0 ,g 4 2 


I 51.# 


I 8.784 

| fa.il 

It 


• »:#y 


¥ V«.V f J . 


(Tabl. to Tram X.A.C.A. Ttoh. Hot. #578) 
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The principal moments of inertia are given by 
following equation, 

I X p*I x cos" 0 + l z sln*0 - I xz eln 2 0. (See 
Art. A3. 11) 

I yp* x y 

I z * I x Bln* 0 + I z cos* 0 + I xz sin 2 0 
Substituting 

I xp = 3061 x (0.9996)* + 9096 x (0.0300)* - 181 x 
.0599 « 3066 

I zp = 3061x (0.0300)* + 9096 x (0.9996 Y + 181 x 
.0599 = 9102 

Iyp = 6680 



Fi«. A3-6 Fig. A 3-7 


(1) Determine the moment of inertia about 
the horizontal centroldal axis for the beam 
section shown in Fig. A3. 6, 

(2) For the section as shown in Fig. A3. 7 
calculate the moment of inertia about the cen- 
troidal Z and X axes. 



(3) Determine the moment of inertia about 
the horizontal centroldal axis for the section 
shown in Fig. A3. 8. 

(4) In the beam cross-section of Fig. A3. 9 
assume that the four corner members are the only 
effective material. Calculate the centroldal 
moments of inertia about the vertical and hori- 
zontal axes. 

A 3 .a Product ot Inertia 

In various engineering problems, particu- 
larly those involving the calculation of the 
moments of Inertia of unsymmetrlcal sections, 
the expression / xy dA is used. This expression 
is referred to as the product of Inertia of the 
area with respect to the rectangular axes x and 
y. The term, product of inertia of an area, 


will be given the symbol Ixy, hence 

I xy = / xydA (1) 

The unit, like that of moment of Inertia, is ex- 
pressed as inches or feet to the 4th power. 

Since x and y may be either positive or negative, 
the term 1^ may be zero or either positive or 
negative. 

Product of Inertia of a Solid. The product of 
inertia of a solid is the sum of the products 
obtained by multiplying the weight of each small 
portion in which it may be assumed to be divided 
by the product of its distances from two of the 
three coordinate planes through a given point. 

Thus with respect to planes X and Y 

I xy = / xy dW 

I xz - / xz dW 

Iyj o / yn dW 

A3. 9 Product of Iuortla for Axes of SyMMrtry. 

If an area Is symmetrical about two rec- 
tangular axes, the product of inertia about these 
axfcs is zero. This follows from the fact that 
symmetrical axes are centroldal x and y axes. 

If an area is symmetrical about only one of 
two rectangular axes, the product of inertia, 
/xydA, is zero because for each product xydA for 
an element on one side of the axis of symmetry, 
there is an equal product of opposite sign for 
the corresponding element dA on the opposite Bide 
of the axis, thus making the expression /ydA 
equal to zero. 

A3. 10 Parallel Axis Theorem 

The theorem states that, "the product of 
inertia of an area with respect to any pair of 
co-planar rectangular axes is equal to the prod- 
uct of inertia of the area with respect to a pair 
of parallel centroldal axes plus the product of 
the area and the distances of the centroid of the 
total area from the given pair. of axes". Or, ex- 
pressed as an equation, 

*xy = *xy * (2) 

This equation is readily derivable by re- 
ferring to Fig. A3. 10. YY and XX are centroldal 
axes for a given area. YY and XX are parallel 
axes passing through point 0. 

The product of inertia about axes YY and XX 
is I xy = /(x + x)(y + y) dA 
= /xydA + xy/&A + x/ ydA + y/ xdA 

The last two integrals are each equal to 
zero, since /ydA and /xdA refer to centroldal 
axes. Hence, I xy - /xydA + xy /dA, which can be 
written in the form of equation (2). 


A3, 10 
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A3. 11 Eonentfl of Inertia with Reaped of Inclined 
Axes 

Unsymmetrical beam sections are very com- 
mon in aircraft structure, because the airfoil 
shape is generally unsymmetrical. Thus, the 
general procedure with such sections is to first 
find the moment of inertia about some set of 
rectangular axes and then transfer to other in- 
clined axes. Tnus, in Fig. A3. 11 the moment of 
inertia of the area with respect to axis X x X x is, 

~/y x * dA* /(y cos 0-xsin0)*dA 
* cos* 0/* y*dA + sin* 0yx*dA — 2 sin 0 cos 0 
/ xydA 

= I x cos* 0 + Iy sin* 0-2 Ixy sin 0 cos 0 (3) 

and likewise in a similar manner, the following 
equation can be derived: 

I y * I x sin*0 + Iy cos * 0 ^ 2 Ixy sin 0 cos 
0 (4) 



By adding equations (3) and (4), we obtain I Xx + 
!yi* lx + Iy ~ (5) 

or the sum of the moments of Inertia of an area 
with respect to all pairs of rectangular axes, 
thru a common point of intersection, is constant. 

A3. 12 Location of Axwo for which Product of Inertia 
la Zero, 

In Fig. A3. 11 

Iy v =A,y, <U=/(xcos0 + ysln0)(ycos0- 
^ x s\n 0)dA 

“ (cos* 0- sin* 0 / xydA + cos 0 sin 0 / 
(y*-x») dA 

= I X y cos 2 0 + 1 (I x - I y ) sin 2 0 
2 

Therefore, Ix x y x is zero when 



A3. 13 Principal Axes. 

In problems involving unsymmetrical bending, 
the moment of an area is frequently used with re- 
spect to a certain axis called the principal 
axis. A principal axis of an area is an axis 
about which the moment of inertia of the area is 
either greater or less than for any other axis 
passing thru the centroid of the area. 

Axes for which the product of inertia is 
zero are principal axes. 

Since the product of inertia is zero about 
symmetrical axes, it follows that symmetrical 
axes are principal axes. 

The angle between a set of rectangular 
centroidal axes and the principal axes is given 
by equation (6). 

Example Problem 4. 

Determine the moment of Inertia of the ang- 
le as shown in Fig. A3. 12 about the principal 
axes passing through the centroid. Solution: 
Reference axes X and Y are assumed as shown in 
Fig. A3, 12 and the moment of inertia is first 
calculated about these axes. Table 8 gives the 
calculations. The angle is divided into the 
two portions (1) and (2). 


m M 

mm 

mm 



Part 

i 

«■ 


■1 

Ax 

m 

Ax a 

Axy 

r 'x 

s 

nn 

u 

• 37ft 

.70 

.120 

.0460 

.261 

.0056 

.211 

.0301 



.0077 .281 

2 

.000 

.120 

X. 20 

.620 

.0620 

.7000 

.0078 

.0781 

EBBUMI 

fSSSSXSSSI 

.0470 .010 


WLUM 






13X1X1 

WBlSZM 


■ ■ 

WLJLIMMLJMI 



























ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


A3. 11 


*I CX and I C y = moment of inertia of each portion 
about their own X and Y centroid- 
al axes. 

Location of centroidal axes:~ 
y ® ZAy * ,6719 = .,767" 

if 

X a 2 Ax a .3435 = .392" 

Ik T575“ 

Transfer moment of inertia and product of iner- 
tia from reference X and Y axes to parallel 
centroidal axes:- 

I x = I x -Ay* = .955- .875 x .767" = .440 

Iy = I y -Ax* = .291 - .875 x .392" = .157 

Ixy 55 2Axy ~ Axy - .1132 — .875 x .767 x .392 = 

- .150 

Calculate angle between centroidal X and Y axes 
and principal axes through centroidal as fol- 
lows 

tan 2 0 = 2 I xv =2(-.150 =-.30 =1.06 

| y -I x .157-. 440 -.283 

2 0 = 4^° - 40’ 0 = 23° - 20’ 

Calculate moments of inertia about centroidal 
principal axes as follows 

T xp = lx cos 8 0 + Iy sin 8 0 - 2l xy sin 0 cos 0 

= .44 x ,9l5 8 + .157 X .3965" -2(-. 150) x 
.3965 x .918 = 504 in? 

Typ = I x sin 8 0+Iy cos 8 0 + 21 xy sin 0 cos 0 

= .44 X .3965 + .157 x .918° ♦ 2(-. 150) x 
.3965 x .918 = .092 in. 4 



Example Problem 5. 

Fig. A3. 13 shows a typical distributed 
flange - 2 cell - wing beam section. The upper 
and lower surface is stiffened by Z and bulb 
angle sections. Determine the moment of inertia 
of the section about the principal axes. 
Solution: 

The properties of the cross-section depend 
upon the effective material which can develop 
resisting axial stresses. The question of ef- 
fective material is taken up in later chapter. 
Table 9 shows* the calculations for the moment of 
inertia about the assumed rectangular reference 
axes XX and YY (see Fig. A3. 13). The cross- 


section has been broken down into 16 stringers 
as listed In column 1. For the top surface, a 
width of 30 thicknesses of the .032 skin is as- 
sumed to act with the stringers and a width of 
25 thicknesses of the .04 skin (see Col. 3). On 
the lower surface, the skin half way to adjacent 
stringers Is assumed acting with each stringer, 
or the entire skin is effective. Column 4 gives 
the combined area of each stringer unit and Is 
considered as concentrated at the centroid of 
the stringer and effective Bkin. All distances, 
x and y, columns 5 and 8, have been scaled from 
a large drawing. 



Tabln 9 


UL 

2 

_i 1- 

5 

6 

7 

8 

9 

10 

u 

Portion 

u 

h 
£ < 
M 

Art 

* 

*■> a 

v. to 

u 

?« 

< 

ot 

y 

Ay 

Ay 2 

X 

Ax 

Ax 3 

Ixy 

-Axy 
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Location of centroidal axes with respect to ref. 
axes, - 

y = ZAy = - 1.465 = - .396" 

ZA 

X = ZAx = - 58.238 = - 15.74" 

ZA 3.70 

X x = 187.04 - 3.70X .396" = 186.5 In. 4 

T y = 1348.36 - 3.70x15774"= .431.7 In. 4 

I xy = -13.35- (3.70 X .396x15.74) = 36.41 ln.« 

tan 2 0 = 2 I X y = 2 (-36.41) = - .29696 
I y _X x 431.7-186.5 

2 0= 160-32.5', 0 = 80-16.25' 

f X p = ix COB* 0 Iy Sin* 0-2 I™ 8in 0 C08 0 
= 186.46 X .9896" ♦ 431.7 x .1438" -2 
036.41 x .9896 x (-. 14381] = 181.2 In.* 





CHAPTER A4 

STRESS-STRAIN RELATIONSHIPS-COMBINED STRESSES 


A4, X Introduction. Stress Symbols 

To properly design members which are sub- 
jected to loads which produce normal and shear- 
ing stresses It is usually necessary to deter- 
mine the maximum value of the normal and shear 
stresses. This chapter will deal only briefly 
with this subject. The student should refer to 
any good textbook on mechanics for comprehensive 
treatment on this subject. 

It Is conventional practice to use Greek 
letters to represent stresses. The direction or 
plane of the stress is then noted by subscripts. 

The letter sigma (r-) represents a normal 
stress. 

The letter tau (-f) represents a shear 
stress. 

A4.2 Shearing Stresses on Planes at Right Angles. 


A4.3 Simple Shear Produces Tensile and Compre- 
hensive Stresses, 



Fig. A4.3 shows an elementary block of unit 
thickness subjected to the pure shearing stresses 
. Fig. A4.4 shows a free body after the block 
has been cut along a diagonal section. 

For equilibrium the sum of the forces along 
the x-x axis equals zero. 




2ir x = - jrl + 2 cos 4^0) s o 

cos 4b 

hence, <r - 2(T*1 >' 0 S 4b°) cos 45° - Y - - (2) 

1 

Therefore when a point in a body is subject- 
ed to pure shear stresses of intensity Y, normal 
stresses of the same Intensity as the shear 
stresses are produced on a plane at 45° with the 
shearing planes. 


Fig. A4.1 shows a circular solid shaft 
subjected to a torsional moment. The portion 
(A) of the shaft exerts a shearing stress Y z on 
section (1-1) and portion (B) exerts a resisting 
shearing stress Y z on section (2-2). Fig. A4.2 
illustrates a differential cube cut from shaft 
between sections (1-1) and (2-2). For equili- 
brium a resisting couple must exist on top and 
bottom face of cube. Taking moments about lower 
left edge of cube: 

Y x dxdy. dz - Y z dzdy. dx ~ 0 
hence, Yx ” Tz ---------------(1) 

Thus If a shearing unit stress occurs on 
one plane at a point in a body, a shearing unit 
stress of same intensity exists on planes at 
right angles to the first plane. 


A4,4 Principal Stresses 

For a body subjected to any combination of 
stresses 3 mutually perpendicular planes can be 
found on which the shear stresses are zero. The 
normal stresses on these planes of zero shear 
stress are referred to as principal stresses. 

A4.5 Shearing Stresses Resulting Prom Principal 

Stresses. 

In Fig. A4.5 the differential block Is sub- 
jected to tensile principal stresses and*-£ 
with zero principal stress <r-y. The block is cut 
along a diagonal section giving the free body 
of Fig. A 4.6. The stresses on the diagonal sec- 
tion have been resolved into stress components 
parallel and normal to the section as shown. For 
equilibrium the summation of the stresses along 
the axes (1-1) and (2-2) must equal zero. 


A4.1 



A4.2 


STRESS RELATIONSHIPS - COMBINED STRESSES 





0 

- *f dudy - c* x dzdy Gin 9 ♦ «r z riydx cos 9 = 0 

But = cos 9 and ^£^2 = sin 9 

dudy dudy 

hence, Y = *- z ^ ln Q r ;os 9 -^x r;ofJ 9 sin 9 
or, - = («” z - «ry ) sin 9 cos 9 

T = l/2(^ z -*x) 9 whore «- z is maxi- 

mum principal stress and«~ x is minimum principal 
stress. 

8ince sin 2 9 Is maximum when 9 r 4b 0 , 

*f ~ 1/2 -•“min) ~ “ 

Stated In words, the maximum value of the shear- 
ing unit stress at a point in a stressed body 
is one-half the algebraic differences of the 
maximum and minimum principal unit stresses. 

A4.6 Combined Stress Equation*. 

Fig. A4.7 shows a differential block sub- 
jected to normal stresses on two planes at right 
angles to each other and with shearing forces on 
the same planes. The maximum normal and shear- 
ing unit stresses will be determined. 

Fig. A4.S shows a free body diagram of a 
portion cut by a diagonal plane at angle 9 as 
shown. 


For equilibrium the sum of the forces in the z 
and x directions must equal zero. 

ZF X r o 

*- n dudy cos G + T dudy sin 9 - <*~ x dzdy -< xz dxdy 
- 0 (4) 


2F Z = 0 

** n dudy sin 9 - dudy cos 9 - «r z dydx - 7 ^ 2 dzdy 
~ 0 (b) 

By dividing each equation by du and noting that 

a§§J = cos 6 and Jjgg = sin 6, we obtain: 

(*" n - r x ) cos 9+ (T -7xz) sln 6 = 0 (6) 

(«'n _ *'z) Bln ®-(*f-txz) oos ©-0 (V) 

The maximum normal stress c- n will be maximum 
when 9 equals such anf'le 9' as to make Y - zoro. 

Thus If T= 0 and 9 = 9' In equations (C) and 


(v), we obtain, 

(*n - *x ) 008 ®' ~%lz Rln 9' -(ti) 

(•"n-Yz) sin 9* -Txz cos 9’ - 0 - — - - — (9) 


In equations (8) and (9) represents the 
principal stress. Dividing one equation by 
another to eliminate 9* , 

r JLZ*k n JMu- 

fxz «”n - •'z 
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A4. 3 


r*n - *n + «x«J = *xz a 

°n = ^XgJ 5 . 2°* z ) ? * 7xz * (10) 

In equation (10) tensile normal stress is 
plus and compression minus. For maximum <r n use 
plus sign before radical and minus sign for 
minimum o~ n . 


0 G are the principal stresses •max. and r min. 

respectively and EC is the maximum shear stress 
tmax.* The principal stresses occur on planes 

that are parallel to CF and CG. (See Figs* c and 
d). The maximum shear stress occurs on two sec- 
tions parallel to CH and Cl where HEI is perpen- 
dicular to OB. If <*x should equal zero then 0 
would coincide with A. 


To find the plane of the principal stresses, 
the value of O' may be solved for from equations 
(8) and (9), which gives: 

tan 2 ©' = 2 (11) 

Ox “ 

9* is measured from the plane of the larg- 
est normal stress r x or The direction of 
rotation of 9 f from this plane is best determin- 
ed by inspection. Thus if only the shearing 
stresses Yxz were acting, the maximum principal 
stress would be one of the 45° planes, the par- 
ticular 45° plane being easily determined by in- 
spection of the sense of the shear stresses. 
Furthermore if only the largest normal stress 
were acting it would be the maximum principal 
stress and 9' would equal zero. Thus if both cr 
and act, the plane of the principal stress 
will be between the plane on which exacts and 
the 45° plane. As stated before refers to 
either or tr z which ever is the largest. 

Maximum Value of Shearing Stress. (Tmax.) 

The maximum value of from equation (3) 
equals, 

tVax. = 1/2 ( c h( max .) "^(mln.)) (12) 

Substituting the maximum and minimum values of 
from (10) in (11), we obtain maximum shear- 
ing stress as follows: 

<i3 > 

A4.7 Mohr's Circle for Determination of Principal 

Stresses. 

It is sometimes convenient to solve 
graphically for the principal stresses and the 
maximum shear stress. Mohr's circle furnishes 
a graphical solution. (Fig. A4.9a). In the 
Mohr method, two rectangular axes x and z are 
chosen to represent the normal and shearing 
stresses respectively. Taking point 0 as the 
origin lay off to scale the normal stresses *x 
and equal to OB and OA respectively. If ten- 
sion, they are laid off to right of point 0 and 
to the left if compression. From B the shear 
stress ixz is laid off parallel to Oz and with 
the sense of the shear stress on the face DC of 
Fig. A4*9b), thus locating point C. With point 
E the midpoint ofAB as the center and with radi- 
us EC describe acircle cutting OB at F and 0. 

AD will equal BC and will represent the shear on 
face AB of Fig. b* It can be proven that OF and 


Z 



A4.8 Components of Stress From Principal Stresses by 

Mohr's Circle. 

In certain problems the principal stresses 
may be known as in Fig. A4.10 and it is desired 
to find the stress components on other planes 
designated by angle 9. In Fig. A4. 11 the axes 
x and z represent the normal and shear stresses 
respectively. The principal stresses are laid 
off to scale on ox giving points D and E respec- 
tively. Construct a circle with A the midpoint 
of DE and with diameter ED. Draw angle CAB equal 
to 29. It can be proven that OB represents the 
normal stress on the plane defc of Fig. A4.10, 
and CB represents the shear stress T on this 
plane . 
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Algebraic Solution : 

r n c t JL ♦ ^xz‘ 

Substituting Values, 

«■„ s 10000^0 i 80002 -6000 . 7070 

hence, *n( max ) = 5000 + 7070 = 12070 psi 
rh (mln ) = 6000 - 7070 = -2070 pal 

r .ax.’ 1/2 (r»(« U ..)-' S (»>n.)) <B *'- »• 121 

= 1/2 (12070 - (-2070)] = 7070 psi 


Y can also be computed by equation (13), 
max . 


whence 

+max. ■ -\K 


looooj^oj; 6000 . = 


l 7070 psi 


V^mSOOO 



<%*tOOQQ 


Fig. A4-12 




c5oo0 



The maximum normal and shear stresses will be 
determined for the block loaded as shown in 
Fig. A4 . 12 . 

The graphical solution making use of Mohr's 
circle Is shown in Fig. A4.13. From reference 
axes x and z thru point 0, the given normal 
stress = 10000 is laid off to scale on ox 
and toward the right giving point D. From B the 
shear stress *xz = 5000 is laid off parallel to 
oz to locate point C. With E the midpoint of 
OB as the center of the circle and with radius 
EC a circle is drawn which cuts the Ox axis at 
F and o. The maximum and minimum principal 
stresses are then equal to OF and o 0 which 
equals 12070 and -2070 respectively. The maxi- 
mum shear stress equals EC or 7070. 


tan 26' = s 2 

•x " ®z 


2 x 5000 _ , 

10600 - 0 ~ 


hence, 6' =22.5°. 



■ , " a tOOO 0 


L 



Example Problem #2 

The maximum normal and shear stresses will 
be determined for the block loaded as shown in 
Fig. A4.14. 
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Fig. A4.15 shows the graphical soluting us- 
ing Mohr’s circle. From point 0,c rx “ 10000 and 
« -20000 are laid off equal to OB and OA re- 
spectively. Yx z eQual to 12000 is Had off para- 
llel to OZ at A locating C. With E the midpoint 
of AB as the center of a circle of radius EC a 
circle is drawn which cuts the ox axis at F and 
D. The maximum normal and shear stresses are 
Indicated on the figure. 

Algebraic Solution 




= 10000-20000 , ^0000- (-20000) 12000” 

— - 5000 + 19200 

hence, r ri( max ) r -5000 - 19200 = - 24200 psl 
^(mln ) = -5000 * 19200 3 14200 


tan 29* 


2 x 12000 


- 20000 ) - .8 


O' - 18° - .50* 




I (r^zio+o 









1 — 

Fifl A4 -' 6 


PF5* 


r%“ z#< 


(1) Determine both analytically and graphi- 
cally the magnitudes of principal stresses and 


the direction of the plane on which each acts. 
Also determine the maximum shearing stress. See 
Fig. A4. 16(a) for load system on block. 

(2) Same as problem (1) but for stress sys- 
tern of Fig. A4. 16(b) 

A4. 9 Stress Equilibrium - Varying Stress 

Intensities. 

The previous discussion and the equations 
which were developed assumed a uniform distribu- 
tion of stress over the given element. Since 
bending and torsion usually produce normal and 
shear stresses which are not uniform over an 
element the stress equations previously derived 
do not strictly apply. 

Fig. A4.17 shows an element on which the 
stresses vary from one edge of the element to 
the other for a two dimensional case. The 
stresses on the element must be in equilibrium. 



For equilibrium in the X direction, ZF X = 0, 
which gives: 

^Tyr V dxjdz -*5cdz + ( V xz + ^ z dzjdx -f xz dx = 0 

which will reduce to, 

*35 + $*252 = 0 ( 14 ) 

^X OZ 

Likewise ZF z = 0, which gives, 

(^r z + dz^dx - o~ z dx + ^f xz + dx^dz - T xz dz = 0 
which gives, 

*Zkz + *S = o (is) 

^X *z 

Similar equations can be derived for the 3 dimen- 
sional case of stresses. 






CHAPTER A5 

TORSIONAL STRESSES AND DEFLECTIONS 


Aft.i introduction. Problems involving torsion 
of tubular shapes are common in aircraft con- 
struction. For example, the metal covered wing 
and fuselage structure are basically thin walled 
tubular structures, and are subjected to large 
torsional forces in normal flight and landing 
loads. This chapter reviews the theory of tor- 
sional stresses, particularly the stresses in 
thln-wall cellular tubes. 

AS. 2 Torsion Formula - For Cylindrical Solid and 
Hollow Shafts and Tubes 

The following conditions are assumed in 
the derivation of the formula :- 

(1) The shaft is a circular, solid or hollow, 
cylinder. 

(2) The unit shearing stress does not exceed the 
shearing proportional limit of the material. 

(3) The loads lie in a plane or planes perpen- 
dicular to the axis of the cylinder or shaft. 




Fig. A5.1 shows a straight cylindrical bar 
subjected to two equal but opposite torsional 
couples. The bar twists and each section is 
subjected to a shearing stress. Assuming the 
left end as stationary relative to the rest of 
the bar a line AB on the surface will move to 
AB f under these shearing stresses and this ro- 
tation at any section will be proportional to 
the distance from the fixed support. It is as- 
sumed that any radial line undergoes angular 
displacement only, or OB remains straight when 
moving to OB* . 

The unit shearing strain In a distance 
L s £n = BB* -rO . Let 0 c modulus or rigidity. 

«. -f- 


Let f s equal the unit stress Intensity at the ex- 
treme fiber. f 8 = t s O = rOG (A) 

L 

In Fig. A5.2, let f s „ represent the unit shearing 
stress on a circular r strlp dA at a distance p 
from 0. 


f se= r 


, .reo . e©0 

f s r “L L~ 


The moment of the shearing stress on the circular 
strip dA about the axis of the bar Is equal to, 

dM = f^fdA « and the total intern- 

r G P* 0 dA 

al resisting moment M = / 


For equilibrium, the Internal resisting moment 
equals the external torsional moment or T, and 
since G_9 is a constant, 

L 


T=M = G9 f f "dA 
L J 


L 


(B) 


where Ip = polar of inertia of the bar cross- 
section = /{"dA and equals twice that taken about 
a diameter. 

From (A), GO _ fg 
L ~ r 

T = fs Ip (C) 

r 


A5.4 Torsional Deflection of Cylindrical Shaft 

Solving for 0 from (B): 

9 = TL where 9 is measured in radians (D) 

GIp 


Aft. 5 Transwiseion of Power by a Cylindrical 
Shaft 


The work done by a twisting couple T in mov- 
ing thru an angular displacement is equal to the 
product of the magnitude of the couple and the 
angular displacement in radians. If the angular 
displacement is one revolution, the work done 
equals 2nT. If T is expressed In inch-pounds 
and N is the angular velocity in revolutions per 
minute, then the horsepower transmitted by a ro- 
tating shaft may be written, 


H.P. 


2 n N T 

" 355355 


(E) 


where 396000 represents Inch pounds of work of 
one horsepower for one minute. Equation (E) 
may be written 

m H.P. X 396000 . 63025 H.P. /, 

T §Tn ii (1 


Aft. 1 
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Aft. 6 Bxaapld Problem 

(1) Fig. A5.4 shows a conventional control 
stick- torque tube operating unit. For a side 
load o f 150 lbs. on stick grip, determine the 
shearing stress on aileron torque tube and the 
angle of twist between points A and B. 

Solution: 

Torsional moment on tube AB due to side 
stick force of 150# * 150 x 26 = 3900 In. lb. The 
resistance to this torque Is provided by the 



aileron operating system attached to aileron 
horn and equals 3900 = 356#. The polar moment 
11 


of Inertia of a 1-1/2 - .058 tube = .1368 in. 
hence, maximum shearing stress = f s = Tr - 

39 °1368 76 = 21400 #/in^ The angular twist be- 

tween points A and B = 0 = TL = 3900 x 28 

01 p 3, 800, 000 x .1368 
= .21 radians = .21x57.3 = 12 degrees. 


(2) Fig. A5.5 Illustrates an aileron con- 
trol surface, consisting of a circular torque 
tube (1-1/4- .049 in size) supported on three 
hinge brackets and with the control rod fitting 
attached to the torque tube above the center 
support bracket. Find the maximum torsional 
shearing stress in the tube if the air load on 
the aileron Is as indicated In Fig. A5.5, and 
also compute the angle of twist of tube between 
.horn section and end of aileron. 



Solution 

The airload on the surface tends to rotate 
the aileron around the torque tube, but movement 
Is prevented or created by a control rod attach- 
ed to the torque tube over the center supporting 


bracket. Total air load on a strip of aileron 
one inch wide = 40(15 x 1/144) = 4.16 lb. Let W = 
intensity per inch of aileron span at the leading 
edge point of the aileron, (see pressure diagram. 
3W + W x 12 = 4.16. 

2 

Hence 9W = 4.16, or W = .463 lb. Total load P x 
forward of the fc of the torque tube - .463 x 3 « 
1.389# and p* or load aft of the hinge line = 

.463 X 12 = 2.778 lb. 

HT 



Torsional moment per running Inch of torque 
tube: = - 1.389 x 1.5 + 2.778 x 4 = 9.0 in. lb. 
Hence, the maximum torque, which occurs at the 
center of the aileron, equals 9.0 x 29 = 261 in. 
lb. 

The polar moment of Inertia for a 1-1/4" 
diameter - .049" thick tube is .06678 in. 4 = Ip 
.’.fa (max.) = Tr = 261 x .625 = 2450 lb/sq. in. 

Ip .66676 

Since the tube section is constant and the torque 
varies directly as the distance from the end of 
the ailerons, the angle of twist © can be comput- 
ed by using the average torque as acting on entire 
length of the tube to one side of horn or a dis- 
tant L = 29", hence 

TL 261 x 29 _ _ J 

8 = = 2 1 3800,000 x .06678 X 57,3 = ,86 degree 

Aft. 7 Torsional Stresses for Single Cell Thin-Walled 
Closed Sections 

The thin-wall closed tubular or box struc- 
ture Is quite common In aircraft construction. 
Close approximation to the shear stress distribu- 
tion Is given by Prandtl's formula (Eq.3), the 
derivation of which follows :- 

Fig. A5.6 illustrates a thin-walled tube 
acted upon by an external torque T. The extern- 
al torque is held In equilibrium by the internal 
shear stresses at the cut section as shown. It 
is assumed that the section is free to warp, 
thus there are no longitudinal stresses in the 
direction which tend to resist any warping of the 
section. Furthermore, the general shape of any 
cross section is assumed to remain the same as 
It warps. 

To satisfy the equation of equilibrium at 
the cut section, namely 2 F x * 0, 2 F y ® 0 and 
2 M « 0, it is evident that the shear flow 
must be constant around the contour of the 

tube; or q = tf 8 -(1) 

where t is the wall thickness and f 8 * unit shear 
stress and q is positive when acting in a clock- 
wise direction around cell. The moment of the 
internal shear system about any point such as 0 
must equal the external torque T. Consider the 
shear force dq on a small portion dp of the wall 
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Substituting the value of f 8 from Eq. (3) In (4) 

T* 

W = SA^Ot 

The total work for the entire cross-section an d 
length of the tube, then, equals 

W = where p Is the perlmenter of the 

section. But, work is also = TO, where 0 = ang- 


at a distance r from the moment center 0. Re- 
solve the force dq into components perpendicular 
and parallel to the arm r. The moment of dq 
about 0 then equals. 

dM - r dq cos a 

But dq = f s t dp 

Hence dM = (r f s t cos a) dp 

But from Fig. A5.7 

dp = r 00 

cos a 

Hence dM = r*f 8 t d 0 (2) 

In Fig. A5.7, the area dA of the triangle form- 
ed by the radii to the portion dp equals 
r(rd 0) = r a d 0 « dA, or r*d 0 = 2 dA 

5 2 

Substituting the value of r d 0 in (2), we 
obtain, 

dM 35 f 8 t 2 dA, or M =2 f 8 t / dA = 2f e tA, (A = 
enclosed area formed by £ of contour walls). 

For equilibrium 2M = 0, hence M-T = 0 or M = T, 
therefore, 

T = 2f s tA or 

*s = JL (3) 

2At 


le of twist, 

hence TO = T*Lp , from which 
2 8A*tQ 


0 


TL 
4A a t6 


The term 4A*t is generally referred to 
P 


as the torsion constant since it is a function only 
of the geometrical shape. For a section where t 
varies for different parts of the section, this 
expression then becomes 4A* 


Hence, © = TL ^lF 



(5) 


4A*G 


If L is taken as unity, 
dp 


© 


T/f 

4A a G 


■( 6 ) 


which may be written as follows, if the value 
of 2Aq is substituted for T (Eq. 3) 

n i dp 

Q = ^ T 


2AG 


-(7) 


or q = T (3) 

2 A 

Equation (3) has been found to check experiment- 
al results reasonably well if the wall thick- 
nesses are small and sharp comerB are avoided. 

A5.8 Twist of Thln-lnllsd-Slngls Csll-Clossd 
Sections 

Consider a unit Bquare cut from the wall of 
Fig. A6.6, adjacent to the cut section. Let 
Fig. A5.8 represent the small wall portion. 

Shear force on the edge of the square: 
q - r,t x i - f 8 t 

The shear deformation of the square: 

f f 

* 6 «* -jfixla-jjB, where 0 le the modulus of 
rigidity work done by the shear force: 




A5.9 Expression for Torslonsl Monsnt In Terns of 

Internsl Sheer Flow Systens for Multiple Cell 
Closed Sections 

Fig. A5.9 shows the internal shear flow pat- 
tern for a 2-cell thin-walled tube, when the tube 
is subjected to an external torque. q x , q* and 
qa represent the shear load per inch on the three 
different portions of the cell walls. 

For equilibrium of shear forces at the Junc- 
tion point of the interior web with the outside 
wall, we know that 


q != o. +q« (8) 



AS. 4 
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Choose any moment axis, as point 0 in Fig. A5.9. 
From Fig. A5.7 we found that the moment of a 
shear force of constant intensity acting along a 
certain length dp of the cell wall about a 
point 0 wasequal to twice the area of the geo- 
metrical shape formed by radii from the moment 
center to the extremity of the wall portion d^ 
times the intensity per inch of the shear force 
on this particular portion. 

Therefore, in Fig. A5.9, the moment of the 
shear system about point 0 = T 0 = 2q x (A x + A ab ) 
* 2 q a A. a - 2 Q®A ab a 2q A + 2q x A ab ♦ 2q.A.a 
-2q a A. b - (9) 


For equilibrium, the torsional moment of 
the internal shear system must equal the extern- 
al torque on the tube at this particular section. 
Thus, from the conclusions of article A5.9, we 
can write: 

T = 2q 1 A l + 2q„A. + 2q 8 A 8 (11) 

For elastic continuity, the twist of each cell 
must be equal, or Ox = 9» =0®, etc. 

From equation (7), the angular twist of a cell is 

0 = q fi y 

2 AG or 


But from (8) q a = q x - q a 
Substituting the value of q in (9) 

To s 2Q X A x + 2q x A ab + 2q j# A*a 2q x A ab + 2q a A ab 


2G9 = q / dp 


T 


A 


( 1 *) 


But A® - A*^ + Aa b 

Hence, T 0 = 2q x A a ♦ 2q a A* (10) 

where Ai = area of cell (1) and A* = area of 
cell (2) 


Thus, for each cell of a multiple cell structure 
an expression 



can be written and equated to the 


Therefore, the moment of the internal shear sys- 
tem of a multiple cell tube carrying pure tor- 
sional shear stresses is equal to the sum of 
twice the enclosed area of each cell times the 
shear load per inch which exists in the outside 
wall of that cell. (Note: The web mn is re- 
ferred to as an inside wall of either cell). 


A5.10 Distribution of Torsional Shear Stresses In 
a Multiple-Cell Thin-Walled Closed Section. 
Angle of Twist 



Fig. A5.10 shows in general the internal 
shear flow pattern on a 3-cell tube produced by 
a pure torque load on the tube. The cells are 
numbered (1) (2) and (3), and the area outside 
the tube is designated as cell (0). Thus, to 
designate the outside wall of cell (1), we re- 
fer to it as lying between cells 1-0; for the 
outside wall of cell 2, as 2-0; for the web be- 
tween cells (1) and (2) as 1-2, etc. 

q x = shear load per inch = f 3x t x in the 
outside wall of cell (1), where f 8x equals the 
unit stress and t x = wall thickness. Likewise, 
q a = f 8a t* and q* = f s t® = shear load per inch 
in outside walls of cells (2) and (3) respective- 
ly. For equilibrium of shear forces at the 
Junction points of interior webs with the out- 
side walls, we have (q x - q*) equal to the shear 
load per infch In the web 1-2 and (q* - q*) for 
web 2-3. 


constant value 2G9. Let ax 0 , represent a line 
integral / dp for cell wall 1-0, and a x « , a«o, 

a a ® and a® 0 the line integrals f> dp for the 

other outside wall and interior web portions of 
the 3-cell tube. Let clockwlee direction of wall 
shear stresses in any cell be positive in sign. 
Now, substituting in Eq. (12), we have: 

cell (1) q x a xo + (qx - q® ) a i«]“ 20G ~ ~ (13) 

cell ( 2 ) i (q» - qx )a x ® + q*a ao ♦ (q® - 0® 20© 

cell (3) j^£(q® *~Qs ) a »® + Q® a ® o J = 2G9 - - - (15) 

Equations (11, 13, 14 and 15) are sufficient to 
determine the true values of q x , q«, q® and 9 

Thus, to determine the torsional stress dis- 
tribution in a multiple cell structure, we write 
equation (12) for each cell and these equations 
together with the general torque equation, simi- 
lar to equation (11), provides sufficient condi- 
tions for the solution of the shear stresses and 
the angle of twist. 


A5,‘ll Stress Distribution and Angle of Twist for 2- 
oell Thin Wall Closed Section. 


For a two cell tube, the equations can be 
simplified to give the values of q x , q a and Q 
directly. For tubes with more than two cells, 
the equations become to complicated, and thus the 
equations should be solved simultaneously. Equa- 
tions for two-cell tube (Fig. A5.ll):- 


q x 


1 

2 


(a»oAi .+ a **A) 
a ao A** + a **A* + a® J.A®*, 


- (16) 
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i CM U *" *// 


ao iAa ♦ aiaA 


a ao A x + a x *A * aoxA a 
a, 0 Ai* + a ia A* + a 0l A,* 

+ ^la^ao + aao^ox 


T (17) 


**° £+25'2.s' 




^ ^ fj 

C€LL ® v « H 


j .a+o / £*re««J\ 
TT 1 / Tottyve 
<S ft &S4SO 

*72 Can (§) 

IlJJ /* 25 30 * 


F*9 A 5-1 2 


where A = Ai ♦ A a 


Example Problems of Torsional Stresses In Multiple- 
Cel 1 -Thin-Walled Tubes. 


AS. 12 Example 1 - Torsional Stresses In Un-syn- 
metrlcal Two-Cell -Tube. 

Fig. A5.12 shows a typical 2-cell tubular 
section as formed by a conventional airfoil 
shape, and having one Interior web. An external 
applied torque T of 83450"# Is assumed acting as 
shown. The Internal shear resisting pattern Is 
required. 

Calculation of Cell Constants 

Cell areas:- Ax = 105. 8D" A a = 387.4D" 

A = 493. 2D" 

Line Integrals a = / d£ :- 
t 

Q 26.9 „ 1Ar ,. . 13.4 _ „, r 

10 ' 7025 ' 10/5 ’ l * ' T04 " 330 

Q 25.25 15.1 25.3 . v7«rc 

a *° - Tor + Tor + :o32' 1735 

Solution by Equating Angular Twist of each cell. 
General equation 2GG = q / dp. Clockwise 

T 

A 

flow of q Is positive. 

Cell #1 Subt. In general equation 

206 = jg^-g £-q x x 1075 + (-qi «• q.) 33&J =■ 


- 13.33 q* + 3.165 q a 


Cell #2 
2Q0 - 53; 


= 5*— r-(q,-qi)33S- 17 35qJ= •865q l - 5.34q. 

387 * 4 L J (211 


Equating (20) and (21) 

-14.195 qi ♦ 8.505 q a = 0 (2S 

The summation of the external and Internal re- 
sisting torque must equal zero. 


83450 - 2 x 105 . 8q x - 2 X 387 .4q # = 0 (23) 

Solving equations (22) and (23) qx = 55.6#/in. 

q a =92.5#/ln. Since results come out posi- 
tive, the assumed direction of counter-clockwise 
was correct for qx and q a or true signs are q* = 

- 55.6 and q a = - 92.5. 

q xm = - 55.6 + 92.5 = 36. 9#/in. (as viewed from 
Cell 1) 

Fig. A5.13 shows the resulting shear pattern. 
The angular twist of the complete cell can be 
found by substituting values of q x and q a In 
equations (20) and (21), since twist of each cell 
must be the same and equal to twist of tube as a 
whole. Solution by substituting in equations of 
Art. A5.ll 

i [""a a o A x + a x a A "1 

Qi 8 T 

La ao Ai a + ai a A a + aioAaj 

1 ["1735 x 105.8 + 335 x 493.2 l m _ 

2 ImS x 105.8s + ^35 x49^.2»;T6V£ x'3ST4*J T = 

.000665 T - • 000665 x 83450 = 55.6#/ln. 

I ^lo^a 4 a xa A "I 

q 9 = g T 

KoAx^^a^^a/ J 

„ 1 Tl075 X 387.4 ^ 335 X 493.2 1 m 

” 2 1^17^5 X 105.8 s 7 335 X 493. 2 a + 1075 X 387. 4*J 1 

» .001107 T = .001107 x 83450 = 92.5#/ln. 

A5.13 Example Problem 2 

Determine the torsional shear stresses in 
the symmetrical 2 cell section of Fig. A5.14 
when subjected to a torque T. Neglect any re- 
sistance of stringers in resisting torsional 
moment, ^ s 

Solution:- ^ As ‘ u (ft 1 £? 

Calculation of r " u p T l W‘ T " ,r 0’ n i rill il 
terms | IV * 

Area of cells:- /o* y ^ Al 0^ 

Ax = 100 A a * 100 | f i| cw# ][ IlK* 

A = Ax ♦ A« « 200 J. 

Line integrals a = ^.WjL to’ ^ 
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axo ”155 * 153 = 

an » igg - 333 • 3 

n a 20 . 10 B Q1A rj 

aao ToS + TM 916 - 7 



Solution :- 

Calculation of cell constants 
Cell areas :- 

Ai * 39,3 A« * 100 A. *100 

Line Integrals a = jf 

ai ° g £x X .65 ' 5 ~ 629 a ‘ ,= S = 200 a, ° e .^ =667 
a * 8= .T33 = 333 a * 0= .^' f S = 917 

Equating the external torque to the Internal re- 
sisting torque :- 

2QiAi + 2q a A* + 2q»A» + T = 0 

Substituting: 

78.6qx ♦ 200q a + 200q a - 100,000 = 0 (24) 

Writing the expression for the angular twist of 
each cell:- 


Solutlon of Equations from Article A6.5:- 

T 


1 j"a 80 Ax + a xa A 1 

L a *oAx* + a 1Jt A* + a X0 A 8 a J 

.1 f 916 .7 x 100 + 333,3 x 200 
" 2 L 916.7 x 100* + 333.3 X 200* + 866.7 x 100 a J 

* .002540T 


a X oA a + a x «A 

! 3 

_a ao Ax * + &i»A«^ AoiAa’J 


_1 T866.7X 100 + 333.3x200 
= 2 [916.7 x 100" + 333.3 x 200“ + 866.7 X 100 

* .002456T 


■] 


J =4 


[ a a o A i a + ax*A 8 ♦ a X oA a 8 "j 

ax 0 ax® *► ax*a ao + a;, 0 a 10 J 

" + 333.3 x 200* + 866.7x100“ 1 

.3 + assrs F5TS77 + SlOx aee^J 


_ „ , 916.7 x 100 

= 4 ISSSTJTSSS 


= 89.76 
T 


9 “j^xS^- 01116 !* 1 ^ length 


A5.14 Example 3 * Three-cell -tube 

Fig. AS. 15 shows a thin-walled tubular 
section composed of three cells. The Internal 
shear flow pattern will be determined in resist- 
ing the external torque of 100, 000*# as shown. 



•03 03 

ttf . A5-1S 


Cell (1) 
20© 


ing: 

= j^q, + 200qi - 200q^J (25) 

= — - Qi ) ais + q«a.<^ (q. - q. ) asj, 

' lng: r 

20© = I 200q« - 200q x ♦ 667q a + 333q a - 333q&f 

100 L (26 y 


Substituting: 
20 © 

Cell (2) 

20 © 

Substituting: 


Cell (3) 

20© r j— £(q a - q» ) a*® + q a a a cj 
Substituting: 

206 = ~ [333q s - 333q« + 917q»J (27) 

Solving equations (24) to (27), we obtain, 
qx = 143.4#/ln. 
q. = 234.1#/ln. 
q s = 208.8#/ln. 
q« - qi = 90.7#/ln. 
q, - q, = 25.3#/ln. 



Fig. A5.16 shows the resulting Internal shear 
flow pattern. The angle of twist, If desired, 
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can be found by substituting values of shear 
stresses In any of the equations (25) to (27). 

A6.15 ProblMM 



(1) In Fig. A5.17 pully (1) is the driving 
pulley and (2) and (3) are the driven pulleys. 
The shaft rotates at constant speed, The dif- 
ference in belt pull on two sides of a pulley 
are shown on the figure. Calculate the maximum 
torsional shearing stress in the 1-3/4 inch 
shaft between pulleys (1) and (2) and between 

(2) and (3). 

(2) A 1/2 HP. motor operating at 1000 RFW 
rotates a 3/4- .035 aluminum alloy torque tube 
30 IncheB long which drives the gear mechanism 
for operating a wing flap. Determine the maxi- 
mum torsional stress in the torque shaft under 
full power and RFM. Find the angular deflection 
of shaft In the 30 inch length. Polar moment of 
Inertia of tube = .01 in. Modulus of rigidity 

0 = 3000,000 psi. 





(3) In the cellular section of Fig. A5.18 
determine the torsional shear flow in resisting 
the external torque of 70000 In. lb. Web and 
wall thickness are given on the figure. Assume 
the tube is 100 in. long and find the torsional 
deflection. Material is aluminum alloy. (0 = 
3800,000 psi.) 

(4) In Fig. AS. 18 remove the interior .035 
web and compute torsional shear flow and de- 
flections. 


Tm /a^A 



U h* 4* 


(5) In the 3-cell structure of Fig. A5.19 
determine the internal resisting shear flow due 
to external torque of 100,000 in. lb. For a 
length of 100 inches calculate twist of cellular 
structure if 0 is assumed 3,800,000 psi. 

(6) Remove the .05 interior web of Fig. 
A5.19 and calculate shear flow and twist. 

(7) Remove both interior webs .of Fig. A5.19 
and calculate shear flow and twist. 
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A15.I6 Torsional Shear Flow by Method of Successive 
Corrections. 

The method of successive corrections as 
explained and illustrated in Chapter All avoids 
the solution of a series of equations as pre- 
sented in this chapter and therefore for cases 
of two or more cells the method in chapter All 
Is more rapid in obtaining the desired shear 
flow results. 






CHAPTER A 6 

SHEAR AND BENDING FORCES 


A6.X Introduction. Ae In other fields of 
structural engineering, the beam is a very im- 
portant member In aircraft construction. In 
general, it no doubt can be truthfully said that 
the airplane structural designer goes into more 
detail In the analysis and design of beams than 
those engineers In other fields of structural 
engineering. This is due in part to two condi- 
tions, namely, that weight saving and aerodyna- 
mic cleanness Is of primary Importance In air- 
plane design, and secondly, the factor of safety 
in airplane design, because of the effect Of 
weight on performance, is generally not as high 
as in other fields of engineering structures. 

Before we can proportion a beam to resist 
external loads, a thorough knowledge of the 
manner in which external loads on a beam tend to 
defonn the beam is necessary. This chapter 
deals with the external influences for statical- 
ly determinate beams, while a following chapter 
deals with indeterminate beams. The study of 
the internal relationships which resist these 
external Influences Is likewise taken up in 
following chapters. 

A6.2 B«am Shear and Bending Forces. Fig. A6.1 

shows a simply supported beam carrying a single 
concentrated load. The beam as a whole is in 
equilibrium under the load of 100# and the two 
reactions of 75 and 25 lbs., therefore, any por- 
tion of the beam must be In equilibrium. Con- 
sider the beam to be cut at section a-a. 



Fig. A6.2 shows a free body sketch of the por- 
tion of the beam to the right of the section 
with only the external load and reaction shown. 
For equilibrium, the three equations ZV, ZH 


and ZM must equal zero, considering ZV » 0 In 
Fig. A6.3. 

ZV = 75 -100 = -25 lb (1) 

thus, under the forces shown, the force system 
Is unbalanced in the V direction, and therefore 
an Internal resisting force Vj. equal to 25# 
must have existed on section a-a to produce 
equilibrium of forces in the V direction. Fig. 
A6.3 shows the resisting shear force, Vi « 25#, 
which must exist for equilibrium. 

Considering ZM = 0 in Fig. A6.3, take mom- 
ents about some point 0 on section a-a, 

ZM 0 = - 75x15 + 100x5 = -625 in. lb. (2) 

or an unbalanced moment of -625# tends to rotate 
the portion of the beam about section a-a, A 
counteracting resisting moment M = 625# must ex- 
ist on section a-a to provide equilibrium. Fig. 
A6.4 shows the free body with the Vj and M* act- 
ing. 

Now ZH must equal zero. The external 
forces as well as the internal resisting shear 
Vj have no horizontal components. Therefore, 
the Internal forces producing the resisting mo- 
ment must be such as to have no horizontal 
unbalanced force, which means that the resisting 
moment M* in the form of a couple, as shown in 
Fig. A6.5, or, Mi = Cd or Td and T must equal C 
to make ZH = 0. 

The tendency of the loads and reactions 
acting on a beam to shear or move one portion 
of a beam up or down relative to the adjacent 
portion of the beam Is called the External Ver- 
tical Shear, or commonly referred to as the 
beam Vertical Shear and Is represented by the 
term V. 

From equation (1), the Vertical Shear at 
any section of a beam can be defined as the 
algebraic sum of all the forces and reactions 
acting to one side of the section at which the 
shear Is desired. If the portion of the beam 
to the left of the section tends to move up 
relative to the right portion, the sign of the 
Vertical Shear is taken as positive shear and 
negative if the tendency is opposite. Or in 
other words, if the algebraic sum of the for- 
ces Is up on the left or down on the right side, 
then the Vertical Shear Is positive, and nega- 
tive for down on the left and up on the right. 

From equation (2), the Bending Moment at 
any section of a beam can be defined as the al- 
gebraic sum of the moments of all the forces 
acting to either side of the section about the 
section. If this bending moment tends to pro- 
duce compression (shortening) of the upper fib- 
ers and tension (stretching) of the lower fibers 
of the beam, the bending moment is classed as a 
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positive bending moment, and negative for the 
reverse condition. 


A6.3 Shear and Moment Diagram*. In aircraft 

design, a large proportion of the beams are tap- 
ered In depth and section, and also carry a var- 
iable distributed load. Thus, to design or 
r, heck the various sections of such beams, It Is 
necessary to have a complete picture as to the 
value of the vertical shear and bending moment 
at all sections along the beam. If these values 
are plotted as ordinates from a base line, the 
resulting curves are referred to as Shear and 
Moment diagrams. A few example Shear and Mo- 
ment diagrams //111 be plotted, to refresh the 
students Knowledge regarding these diagrams. 

Example Problem 1 

Draw a shear and bending moment diagram for 
the beam shown In rig. A6.6. Neglect the weight 
of the beam. 

In general, the first step Is to determine 
the reactions. 

To find Rg, take moments about point A. 

ZM A = - 4 x 500 ♦ 1000 x 5 + 300 x 13 - 10 Rb - 0 

Rb r r ^o# 

ZV a - 500 ♦ R a - 1000 - 300 + 690 = 0 . * . R A =1110# 


fiOO* 

f 


4 '- 


£ 


/OOC* 


300 




5 ‘ 




A 6-6 


690 * 


ZV = - 500 4- llio - 610 (same as at section 3-3) 
Section 5-5, to right of 1000# load: 

ZV * - 500 + 1110 - 1000 = - 390# (down on left) 
Check this shear at section 5-5 by using the 
portion of the beam to the right of 5-5 as a 
free body. 

ZV = - 300 + 690 = 390#, which checks (sign or 
shear is minus, because ZV is up on right). 
Section 6-6, use the portion to right as a free 
body: 

ZV - - 300 + 690 = 390 (minus shear ) 

Section 7-7 

2V = - 300 (positive shear, down on right) 
Section 8-8 

ZV = - 300 (positive shear) 

Fig. A6.7 shows the plotted values on the shear 
diagram. 

Calculation of the Moment Diagram . 

Start at section l-l, and consider the 
forces to the left only: 

ZM = - 500 x 0 = 0 

Since sections 2-2 and 3-3 are only a differen- 
tial distance apart, assume a section Just above 
R a and consider the forces on the left side- only: 

ZM = - 500 x 4 = - 2000"# (Negative moment, be- 
cause of tension In the top fibers). Consider 
the section under the 1000# load: 

ZM to left « - 500 x 9 + 1110 x5 = 1050"# (posi- 
tive moment, compressing the top fibers). 

Check by considering the forces to the right: 

ZM right -- 300 x 8 - 690 x 5 - - 1050# 

Next, consider a section over Rg: 

ZM right “ 300 x3 = 900#. (Negative moment, 
tension In top fibers). 

At Section 8-8: 


Calculations for Shear Dlagram :- 

We start at the left end of the beam. Con- 
sidering a section Just to the right of the 
500# load, or section 1-1, and considering the 
portion to the left of the section, the Vertical 
Shear at 1-1 = ZV =- 500# (negative, down on left.) 



Next, consider section 2-2, Just to left of re- 
action r a- 

ZV = - 500# , or same as at section 1-1 
Next, consider section 3-3, Just to right of 

ZV = - 500 ♦ 1110 « 610# (positive, up on left 
side of section) 

Next, consider section 4-4, Just to left of 
1000# load. 


ZM right = 300 x 0 - 0 
Fig. A6.8 shows the plotted values. 

From the above results It may be noticed 
that when the bending moment Is obtained from 
the forces that lie to the left of any section, 
the bending moment Is positive when It is clock- 
wise. If obtained from the forces to the right, 
It is positive, when counter-clockwise. The 
student should sketch in the approximate shape 
of the deflected structure and determine the 
signs from whether tension or compression ex- 
ists In the upper and lower fibers. 

Example Problem 2 

Calculate and draw the shear and moment dia- 
grams for the beam and loading as shown In Fig. 

A6 • 9 . 

First, determine the reactions, R A and Rq:- 
ZMa = 36 X 10 X 18 ♦ 120 X 9 - 36Rg = 0. . ’ . R B « 

210# 

ZV - - 120 - 36 x 10 ♦ 210 ♦ R A = 0. . \ R A = 

270# 

Shear Dlagram :- 

The vertical shear Just to the right of the 
reaction at A is equal to 270# up, or positive. 
This is plotted as line AE in Fig. 6.10. The 
vertical shear at section C Just to the left of 
the load P, considering the forces to the left 
of the section = 270- 9x 10 180# up* or positive. 
The vertical shear for any section between A and 
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C at a distance x fro© a Is: 

V x = 270 - lQx, and hence, the shear decreas- 
es at a constant rate of 10#/in. fro© 270# at A 
to 180# at C. 

The vertical shear at section D, just to 
the right of load P, is 

Vd = 2V left * 270 - lOx 9 - 120 * 60# up, or 
positive. ♦ 



The vertical shear between points D and B, when 
x is the distance of any section between D and 
B fro© A: 

v db s270 ~ 120 ~ 10x (1) 

At point B, x = 36: 

V B = 270 -120 -10x36 = -210#, which 
checks the reaction R B . 

Since the Vertical Shear decreases at a 
rate of 10#/in. from D to B, It will be 6" from 
D to a point where the shear is zero, since the 
shear at D Is 60#. 

This point could also be located by equat- 
ing equation (1) to zero and solving for x as 
follows : 

0 = 270 - 120 - 10k, or x = 150 * 15" from A. 

To 

If the shear diagram has passed thru zero 
under the concentrated load, then the method of 
equating the shear equation to zero and solving 
for x could not be used, thus in general, it is 
best to draw a shear diagram to find when shear 
Is zero. Fig. A6.10 shows the plotted shear 
diagram. 


Moment Diagram 

At section A Just to the right of reaction 
R* the bending moment, considering the forces to 
the left, is zero, since the arm of Ra is zero. 

The bending moment at any section between 
A and C, at a distance x from the left reaction 
RA* 


WX* 

Mx*RAx”"5" 


( 2 ) 


In equation (2), x can not be greater than 

9. 

The equation Tor the bending moment between 
D and B (x greater than 9) la 

Kx-R* X-P (X-9)-W|; (3) 

* *| fW • 

•270X-120 (x^9) * i rt y - - - 


AS. 3 

= 1080 + 150 x-5x* - (4) 

At section C, x = 9", substitute In equation (4) 
Me * 1080 + 150 x 9 - 5 x 9* = 2025"# (positive , 
compression In top fibers) 

At the point of zero shear, x = 15" 

M = 1080 + 150X 15 - 5 X 15" = 2205"# 

Thus, by substituting In equation (2) and 
(4) the moment diagram as plotted in Fig. A6.ll 
Is obtained. 


A6.5 Section of Maximum Bending Moment 


The general expression for the bending mo- 
ment on the beam of example problem 2 is fro© 
equation (3) 

Mx=Ra x ~ P (x-9) - MX* 

2 

Now, the value of x that will make M x a 
maximum is the value that will make the first 
derivative of M* with respect to x equal to zero, 
or 


= Ra - P - wx — - 


- - (5) 


Therefore, the value of x that will make M* a 
maximum may be found from the equation 
Ra - P - wx = 0 


But, observation of this equation Indicates 
that the term Ra - P - wx is the shear for the sec- 
tion at a distance x from the left reaction. 
Therefore, where the shear is zero , the bending 
moment is maximum . Thus, the shear diagram which 
shows where the shear Is zero is a convenient 
medium for locating the points of maximum bending 
moment . 


A6. 6 Relation Between Sheer end Bending Moment 

Equation (5) can also be written 

dM = V, since the right hand portion of equa- 

Sx 

tion (5) is equal to the shear. 

Hence, dM = Vdx (6) 

Which means that the difference dM between 
the bending moments at two sections that are a 
distance dx apart, is equal to the area Vdx under 
the shear curve between the two sections. Thus, 
for two sections and x«, 



Thus, the area of the shear diagram between any 
two points equals the change in bending moment 
between these two points . 

To illustrate this relationship, consider 
the shear diagram in example problem 2 (Fig. 
A6.10). The change in bending moment between the 
left reaction I^a and the load is equal to the 
area of the shear diagram between these two 
points, or 

270 + 180 x 9 * 2026"#. Since the bending mo- 

ment at the left support is zero, this change 
therefore equals the true moment at a section 
under the load P. 
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Adding to this the area of the small tri- 
angle between point D and the point of zero 
shear, or 60 x 6 = 180, we obtain 2205"# as the 

T 

maximum moment • This can be checked by taking 
the area of the shear diagram between the point 
of zero shear and point B - 210 x 21 a 2205"# . 

2 


A6.7 Shears and Bending Moments for Cantilever Bean 
With Varying Load 

Cantilever wing and tail surfaces are 
usually tapered in plan form, thus, the span- 
wise running load will be variable. Fig. A6.12 
shows a cantilever beam loaded with a variable 
distributed load acting upward plus a single 
concentrated load acting down as shown. Table 1 



shows the calculations for determining the shear 
and bending moments at various stations along 
the beam. The first step as indicated In Column 
1 of Table 1 is to divide the load curve into 
small enough segments to give enough values of 
the shear and moment values, so that an accurate 
shear and moment curve can be drawn. Column 1 
shows the widths selected. Near the free end of 
the beam, due to the rapid change in the load 
intensity, the load segments have been decreased 
in width from 10 to 5 Inches. Columns 2,3,4 and 
5 are self explanatory and give the calculations 
for determining the weight of the loads on each 
of the selected segments. Column 6 gives the 
arm a, to the centroid of the load on a segment 
from the left edge of the segment. A slightly 


conservative arm would be to take the center 
line point of each load segment. The values 
given in the table are exact, use having been 
made of Table 2 of Chapter A3 which gives the 
centroids of trapezoidal areas. The values in 
column 11 equal the sum of columns 7 and 10, and 
the value of M in column 11 at the station pre- 
vious to that station being considered. This 
summation can be explained by referring to Fig. 
A6.13. Mp =1% + V a x + P a or in general, the 
bending moment at a particular station is equal 
to the bending moment at the previous station, 
plus the shear at the previous station times the 
distance between the two stations plus the mo- 
ment of any forces acting on the beam between 
the two stations. 

In column 1, it should be noticed that the 
concentrated load of 200# has been entered as a 
segment which extends from a differential dis- 
tance to the right of the force or - 60 station 
to a differential distance to the left of the 
forces or station + 60, thus, a concentrated 
load Is treated as a segment of zero width. 




4 
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A6.8 Problems 



l zoo 0 


(1) Draw vertical shear and bending moment 
diagrams for the cantilever beam shown in Fig. 
A6.14. Neglect the weight of the beam. 
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(£) Draw vertical shear and bending moment 
diagrams for the beam shown in Fig. A6.15. 
Neglect the weight of the beam. 



(3) Draw shear and bending moment diagrams 
for the beam shown in Fig. A3. 16. Neglect the 
weight of the beam. 
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(4) Draw the shear and bending moment dia- 
grams for the loaded biplane wing shown in Fig. 
A6.17. This beam is identical to the beam used 
in example 3 in Chapter Al and the reactions are 
taken from that solution. 



(5) Fig. A6.18 shows a cantilever beam 
loaded with a varying distributed upward load 
and a uniform distributed downward load and one 
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(7) Fig. A6.20 shows a plan view of a can- 
tilever wing. The relative spanwlse distribution 
of the lift air load is shown in Fig. A6.21. For 
a total lift load on wing panel normal to wing of 
12000#, calculate and plot the shear and bending 
moment diagrams. 

(8) Fig. A6.22 shows an externally braced 
monoplane wing. Take an average wing lift load 
of 90 lb./sq. ft. normal to wing with center of 
pressure at 27 percent of the chord from leading 
edge of wing and calculate and draw the front and 
rear beam primary shears and bending moment dia- 
grams. 



concentrated downward load. In table form, cal- 
culate the shear and bending moments at various 
stations along the spar. 

(6) Fig. A6.19 shows a plan view of a can- 
tilever wing. The spanwlse distribution of the 
normal lift load is constant. Taking the aver- 
age normal lift wing loading as 100 lb./sq. ft., 
write expressions for shear and bending moment 
on wing and plot shear and bending moment dla- 



(9) For the tapered externally braced mono- 
plane of Fig. A6.23 draw the primary shear and 
bending moment diagrams for the front and rear 
wing beams for an average wing loading of 100 lb. 
per sq. ft. and with center of pressure of lift 
at 30% of chord from leading edge. 



CHAPTER A 7 

DEFLECTIONS OF BEAMS AND TRUSSES 


A7.1 introduction. A consideration of deflec- 
tions or distortions plays an important part in 
the theory of structures because it provides the 
additional facts and means for determining such 
external reactions or internal forces on a 
structure which cannot be found completely with 
the laws of statics. For statically determinate 
structures, the magnitude and shape of the elas- 
tic curve is important In analysis of many air- 
craft structural problems, and questions of rig- 
idity, flutter etc., also involve a considera- 
tion of deflections. 

The subject of deflections can be treated by 
many variations of attack in writing the funda- 
mental relationships of equilibrium and conti- 
nuity. It is felt that the several methods re- 
viewed in this chapter cover the most useful 
methods for most common aircraft structures. 

A7.2 Deflection of Trusses by Virtual Work 
Method. 

INTRODUCTION. The principle of virtual work Is 
widely used In structural analysis as It is con- 
sidered one of the most powerful tools In this 
field. The method has been credited to various 
persons and the method has been called by names 
other than virtual work. It appears that the 
first Introduction In the United States was in a 
paper by Professor George F. Swain.® Many 
papers have been written regarding the method 
and some of them are presented In a highly math- 
ematical and rigorous form. The rather brief 
and elementary presentation which follows is be- 
lieved adequate for understanding the use of ,the 
method . 



Figure A7.1 shows a simple truss. Let it be 
required to find the vertical deflection of 
Joint C due to lengthening AL of member AB. Now 
assume for analysis purpose that before the 
member AB is lengthened a load is applied at 
Joint C in the direction of the desired deflec- 
tion. For simplicity this load has been taken 

$"0n the Application of the Principle of Virtual 
Velocities to the Determination of the Deflec- 
tion and Btresses of Frames *, by Oeorge F. 
Swain, Jr. of the Franklin Institute, Vol. 115, 
1883 


as one or unity. This assumed unit load at C 
will produce a certain axial load or stress u 
in member AB. Now let member AB be lengthened 
a distance AL, all other members of the truss 
being assumed as rigid. This AL lengthening of 
AB will cause Joint c to move a distance 6 in a 
vertical direction. Therefore our unit applied 
load at C will do external work equal to 1 x 6 
(force x distance) and the Internal stress u in 
member AB due to the unit load at C will move 
through a distance AL and does internal work 
equal to uAL, which becomes potential energy if 
the elastic limit of material is not exceeded. 
Since the truss comes to rest after member AB is 
lengthened AL, no kinetic energy is absorbed by 
the truss, and therefore the external work 1x6 
equals the Internal work uAL or, 6 = uAL and for 
length changes In any or all members 

Total 6 = ZuAL (1) 

It should be understood that this work equa- 
tion Is due to our assumed or imaginary force 
system, namely a unit load at Joint C, thus the 
name virtual work, as this method of derivation 
has nothing to do with internal work in the 
structure which Is produced by the forces causing 
the length changes in the members of the truss. 
The virtual work equation (Eq. 1) given above in- 
volves no work due to the reactions to our imag- 
inary unit load, therefore the reactions of the 
truss to our imaginary or hypothetical unit load 
must not move if they do no work. The reactions 
of this unit imaginary load thus fix the direc- 
tion and a point on the line of reference for the 
described displacement. For Illustration if we 
want the deflection of point 0 (Fig. A7.2) due 
to some force system ZP with reference to a line 
adjoining the true reactions A and B; then the 
reactions to our hypothetical unit load corres- 
ponds to these same supports. However, If the 
deflection of point 0 Is wanted, with respect to 
a line joining BG and the point B on this line, 
then the reactions to the unit load at 0 are at 
C and B (see Fig. A7.3). A second example Is 
illustrated by Figs. A7.4 and A7.5. If the de- 
flection of Joint A with respect to Joint B in 
the direction of the line AB Is required due to 
some external load system ZP, a unit hypothetical 
load is applied at A with the reaction at Joint 
B as shown In Fig. A7.5. A third example is il- 
lustrated in Figs. A7.6 and A7.7 where points A, 

B and c might represent points of attachment of 
aileron to wing beam and It is desired to know 
the deflection of point B relative to points A 
and C, due to load system ZP on wing beam, since 
this deflection influences the design of the 
aileron structure and supporting brackets. 

.1 



A7,3 


DEFLECTION OF BEAMS AND TRUSSES 


Fig. A7.7 shows the reactions A and c to the 
hypothetical unit load at B. 
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Fig A7-6 
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Fig. A 7-7 Reactions at A and C for Unit 
Load at B 

Since in general the members of a truss 
carry axial loads and the cross section is usu- 
ally constant, the term AL is equal to SL, where 

AE 


S - total axial load or stress on member, L = 
length, A = cross-sectional area and E modulus 
of elasticity. Hence the deflection formula for 
a truss ls:- 


6 



( 2 ) 


The principle of virtual work does not de- 
pend on a consideration of true internal work, 

The Internal distortions of the truss members 
may be elastic or plastic, or due to tempera- 
ture or play in Joints or faulty workmanship. 

A7.3 Example Problems 

Problem 1. 

Fig. A7.8 shows a 2 bay truss supported at 
C and D and with external loads applied at Joints 
A and E as shown. Required the vertical and 
horizontal deflection of Joint E under the given 
loading. The members are made from steel with 
modulus of elasticity E = 29 x 10*#/ln.® Cross- 
sectional areas of members are given In table 
A7.1 

Solution:- First compute the member stresses 
due to the given load system. Fig. A7.9 shows 
the results of these calculations, the stresses 
being written on each member. To find the ver- 
tical deflection of Joint E, apply a unit vertical 
load u v = l# acting down as shown in Fig. A7.10 
and calculate stresses In all members due to this 
unit load with reactions at C and D. The results 
are tabulated on the truss in Fig. A7.10. In 
like manner for horizontal deflection of Joint E 
apply a unit horizontal load u^ = 1# at E as 
Shown in Fig. A7.ll and compute member stresses 
due to this loading. The results are shown in 
Fig. A7.ll. 

The remainder of the solution consists in 
substituting in equation = STsuL . Table A7.1 

w AE 

shows the detailed calculations. 


Summarizing, to find the deflection of any Joint 
of a truss in any given direction under any set 
of load conditions, proceed as follows :- 

(1) Compute the axial stresses "S" in the memb- 
ers of the given truss due to the given loading 
calling tensile stress plus and compressive 
stress minus. 

(2) Place an auxiliary hypothetical unit load at 
the panel point where the deflection is required 
and acting in the direction of the desired de- 
flection. 

(3) compute the stresses "u" in each member of 
the truss due to this unit hypothetical load, 
remembering that the reactions to this unit load 
fix the line of reference for the desired de- 
flection. 

(4) Compute for each member of the truss, the 
length L and the cross-sectional area "A". 

(5) The desired deflection is given by the ex- 
pression 5 * S^SuL . If the result comes out 

CIS 

negative, it indicates that the true movement of 
the Joint is opposite In sense to that assumed 
for the unit hypothetical load. 

In order to determine the deflection of the 
Joint completely, the method must be carried out 
twice for directions at right angles to each 
other. 


m 
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Ar«a 

JL 

S 
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Sq. la. 





AB 

AK 

AB 

40 

.0§4~ 

.060014? 

-1666 

0 

' 0 

’ er~ 

~“6 

AC 

30 

.052 

.0000196 

0 

0 

0 

0 

0 

BC 

50 

.12 

.0000144 

2916 

l.j7 

.625 

.0700 

.0262 


~ss~ 

• 106 

[700000175 

-5200 

71755 

-nwrr 

rosso 

“70T23 

BK 

42.6 

.106 

.0000136 

1420 

1.42 

.534 

.0276 

.0105 

CD 

40 

.12 

.0000115 

-1332 | 

-1.33 

.500 

.0204 

-.0077 

1 

42.6 


^0000122 

“1420; 

-L 4? 

,534 

.0246 

-.0092 

-- - 
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The summation of column 8 equals .1758" = ver- 
tical deflection of Joint E. 

The summation of column 9 equals .0321" = hori- 
zontal deflection of Joint E. Both values come 
out plus, thus deflection of E is In the direc- 
tion as assumed for the unit hypothetical loads. 

If the values had come out minus then deflection 
would have been opposite to that assumed for the 
unit load. 

Example Problem #2 . 

Given the cantilever truss as shown in Fig. A7.12. 
Determine the vertical deflection of Joint G due 
to the trues loading as shown. 

Solution:- compute the member axial stresses 
due to the given external loading. These result- 
ing stresses are shown marked on truss members 
of Fig. A7.12. 

Place a unit vertical load acting downward 
at Joint 0 as shown, in Fig. A7.13 and find 
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stresses In members due to this unit load. The 
results are noted on the members of Fig. A7.13. 
Table A7.2 gives the detailed calculations for 
term 2SUL/AE. 





Table A7.2 


Member 

Length 

in. 

area 

sq. in. 

L 

A E 

3 

u 

f&ul) 1 

10005 

K.29xl0 6 

l AE ' 10 ,000 

AB 

30 

.165 

.0626 

10500 

1.5 

.0985 

BC 

30 

.106 

.0973 

2250 

0 

0 

CU 

30 

.106 

.0973 

2250 

0 

0 

If 

30 

.185 

.0590 

-5250 

-0.75 

.0232 

~FG 

r w ' ' 

rfg 

,75im 


-0.75 ' 

r .0232 

GH 

30 

.12 

.0860 

0 

0 

0 

BS 

50 

.35 

.0482 

-8750 

-1.25 

.0527 

m 

50 | 

t 12 

.1435 

5000 

1.25 

.0895 

DC 

50 

. f85 

.093if 

-irnSn 


0 

BF 

40 

. 106 

.130 

2000 

0 

0 

CG 

40 

.106 

.130 

-1000 

0 

0 

m 

40 

.106 

.130 

2000 

0 

0 







m 2 6 * 2B7 » 




FI®. A7-13 




Amt 

FI®. A7-13 


Table A 7. 3 



Exam 

pie Problem 3 

Examble 

Problem 4 

i 

2 

3 

^ 4 

a 

6 

t 

Member 

t 

A E 

S 

u 

SuL 

AB 

u 


ioooO" 

AB 

BC 

CO 

EF 

FG 

GH 

BE 

BG 

DG 

BF 

CG 

DH 

.0626 
.0973 
.0973 
.0590 
.0590 
.0860 
.0482 
. 1435 
.0930 
.130 
.130 
.130 

10300 

2250 

2250 

-5250 

-5250 

0 

-8750 

5000 

-3750 

2000 

-1000 

2000 

0 

-.375 

-.375 

0 

s 

0 

.625 

.625 

-.50 

o 

-.50 

0 

-.0082 

-.0082 

0 

0 

0 

0 

.0448 

-.0218 

-.0130 

0 

-.0130 

-.0198 

0 

-.60 

0 

0 

-.60 

0 

0 

1.0 

0 

-.80 

-.80 

0 

0 

-.0131 

0 

0 

.0186 

0 

0 

.0717 

0 

-.0208 

.0104 

0 

. 0668" 

Deflection of 

joint G 

relative 

to line 

. • .Deflection 

FH equals .0198" upward since SuL 

of C toward F 

comes 

out negative. 

AE 

£ .0668" 


Therefore deflection of Joint 0 Is .287" down- 
ward. 

Example Problem #3 . For the same truss and 
loading as shown in Fig. A7.12 determine the de- 
flection of Joint 0 normal to a line Joining 
points F and H. 

The only change in the solution from that 
in Example #2 Is the calculation of the u stres- 
ses. Since deflections are wanted relative to 
line FH, the truss reactions to the unit hypo- 
thetical load at point 0 are placed at Joints F 
and H (See Fig. A7.14) and stresses due to this 
system are calculated. The resulting values 
are shown adjacent to members on Fig. A7.14. 
Table A7.3 shows the remaining calculations for 
obtaining the desired deflection. 


Example Problem #4 » 

For the same truss and loading shown in Fig. 
A7.12 determine the movement of joint C relative 
to Joint F along a diagonal line CF. As in ex- 
ample #3 the only change in the solution Is the 
calculation of the u stresses. Fig. A7.15 shows 
the unit load applied at Joint C and the reaction 
is placed at F in the direction FC. For this 
loading the u stresses are calculated. The re- 
sulting stresses are shown on Fig. A7.15. Columns 
6 and 7 of Table A7.3 show the remaining calcula- 
tions. 

A7.4 Angular Displacement of Troon Members by Virtual 

Work 

In some problems it may be of importance to 
know the angular displacement of a given line or 
member in a certain frame work. The principle of 
virtual work is readily applied to a derivation 
of an expression for such displacement. Consider 
the truss in Fig. A7.16 or A7.17 and let it be 
required to determine the angular displacement of 
member AB due to a shortening AL of member AC. 





A7.4 


DEFLECTION OF BEAMS AND TRUSSES 





Before the shortening of member AC takes 
place assume a unit hypothetical couple acting 
at the ends of the member AB. This unit couple 
will produce an axial stress u In the member AC, 
Now assume that member AC Is shortened an amount 
AL, all other members being assumed rigid. This 
shortening AL of AC will cause the member AB to 
rotate thru a small angle 0. Then equating the 
external and Internal work of the hypothetical 
force system, we obtain, 

1 x 6 = u AL (Since Fd = unit moment = 1) 


Summarizing to find the angular displacement of a 
member of a truss 

(1) Compute the axial stresses "S" in the 
truss members due to the given loading, calling 
tensile stresses plus. 

(2) Apply a unit hypothetical couple to the 
ends of the member of the truss whose displace- 
ment is wanted, 

(3) Compute the stresses "u w in each member 
of the truss due to unit hypothetical couple, re- 
membering that the reactions to this unit couple 
fix the line of reference for the desired angular 
deflection. 

(4) Compute length "L" and area "A" of each 
member . 

(5) The desired angular deflection is given 
by the expression 6 -^SuL . If the result comes 

cL AE 

out negative, the rotation of the desired member 
is opposite to that assumed for the unit couple. 

A7.5 Example Problems 


Hence for length changes In any or all truss 
members total / (angular dlspl.) = 2u AL and If 
AL = SL, we obtain 
AE 

0 * \SuL -(3) 

CAE 

If the angular displacement of member AB Is 
wanted with respect to member EB due to some ex- 
ternal load system 2P (Fig. A7.18) the reactions 
to the hypothetical unit couple will be at the 
ends of member EB since It is the reference line 
for the desired deflection (See Fig. A7.19), the 
dashed part of the truss would not enter Into 
the calculations. 


Problem #5 





Find the angular rotation of member BE for truss 
of Fig. A7.20 (same truss and loading as In Prob- 
lem #1 (Fig. A7.8) 

Solution:- Compute member axial stresses due to 
given loading. The results are given on Fig. 
A7.20. Apply a unit couple to member BE and com- 
pute member axial stresses due to this couple 
loading. (See Fig. A7.21 for applied unit couple 
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and the stresses produced by the couple). Table 
AT *4 gives the remainder of the calculations. 


Table A7.4 


Member 

Length 

In. 

Am 

®q, in. 

L/AB 

6.29x10* 

S 

u 

SuL/AE 

AB 

40 

.094 

.0000147 

-1000 

0 

0 

AC 

30 

,052 

. 0000198 

0 

0 

0 

BC 

SO 

.12 

. 0000144 

2918 

.0418 

.00178 

w — 

30' 

.156 

. 00000975 

r^SSOT 

-76125 

.000274 

BE 

42.6 

. 106 

; .0000138 

1420 

. 0268 

.000525 

CD 

40 

. 12 

.0000115 

-1332 

-.0334 

.000512 

DE 

42.6 

.12 

| .0000122 

-1420 

-.0356 

.000617 

- a 

"756368*“ 


Angular deflection 6 of member BE •- .003688 x 
57.3 - .21° In a clockwise direction since re- 
sult Is positive. 

Example Problem #6 . Find the angular deflection 
of member BE of Fig. A7.20 with respect to 
member BD. 

Solution:- Since angular deflection Is wanted 
relative to member BD, the reactions to the unit 
applied hypothetical couple on member BE are 
placed at Joints B and D as shown In Fig. A7.22. 
The stresses In the members due to this hypo- 
thetical system are also shown in Fig. A7.22. 
Table A7.5 gives the detailed calculations for 
determining the required angular deflection. 



Table A7.5 









Member 

Length 

Area 

L/AE 



SuL 


in. 

»q. in. 

Ear 29x10* 

s 

u 

AS 

AB 

40 

.094 

.0000147 

-1000 

0 

0 

AC 

30 

.052 

.0000198 

0 

0 

0 

BC 

50 

.12 

.0000144 

2918 

0 

0 

BD 

30 

.106 

.00000975 

-2250 

.0125 

-.000274 

Bi 

TO 

.156 

.0556138 

"1426 

. 0266 

.000525 

CD 

40 

.12 

.0000115 

-1332 

0 

0 

DB 

426 

.12 

1 .0000122 

-1420 

-0356 

.000617 



Z 

. 000870 


angular deflection 0 of member BE with re- 
spect to member BD a .0089 x 57.3 = .05° In 
clockwise direction. 

A7.e 0«fl«etlOA of Him by Virtual Work 

The method of virtual work Is likewise 
eaelly applied In deriving an expression for the 
deflection of beams. In pin connected trusses 
the stress was uniform over the cross-section 
and uniform thru-out the length of the member, 
whereas for beams the fiber stress varies as 
the bending moment which generally varies along 
the span and furthermore the stresses on a 
cross-sect ion are not uniform. 

The fundamental theory of bending assumes 


A7.S 

that plane sections remain plane after bending 
or the fiber strains vary directly as the dis- 
tance from the neutral axis. Let it be required 
to determine the vertical deflection of point 0 
(Fig. A7.23), due to bending of a small element 
dx of the beam thru an angle d©. Before the 
bending of this element takes place assume a unit 
hypothetical vertical load applied at 0. This 
imaginary load will cause a bending moment m 
on the element dx. Now assume that the element 
dx Is bent as shown thru an angle d©, the re- 
mainder of the beam being rigid. This bending 
of dx causes the point 0 to move a vertical dis- 
tance 0. The external work due to the hypotheti- 
cal unit load =1x6 and the Internal work of 
the hypothetical moment m due to this unit load ~ 
md©. Equating the Internal and external virtual 
work 6 « md©. 
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From Fig. A7.23 cd© - f dx, but f = M£ 

E 1 

(flexure formula) 
hence 

d© = Mdx, where M - bending moment on dx due 
El 

to any loading. Making a summation for all ele- 
ments of the beam, we obtain 

TotalW L«g2 (4) 

where , 

M = bending moment at any section due to 
applied loads on beam. 

m = bending moment at any point due to a unit 
load applied at the point at which the deflection 
of the beam Is desired and acting In the direc- 
tion of the desired deflection. The reactions to 
the hypothetical unit applied force fixes the 
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line of reference for the deflection. For ex- 
ample if the vertical deflection of point o due 
to load system 2P is wanted relative to a line 
Joining the true reactions at A and B then the 
reactions to the unit hypothetical load at 0 are 
also at these same points A and B (Fig. A7.24a). 
If the deflection of point 0 is wanted with re- 
spect to line Joining A and C, then reactions to 
unit load are at A and C (Fig. *b) and similarly 
if deflection of 0 with respect to AD is re- 
quired place reactions to unit load at A and D. 

Tension in the bottom fibers of a beam is 
considered positive moment. If the results of 
Eq. (4) come out negative it means the deflec- 
tion is opposite that assumed for the unit hypo- 
thetical load. 

E - modulus of elasticity of the material. 

I - moment of inertia of beam cross-section. 


Solution:- 



f i# Virtual Loading \ £0 



Fig. A7-25 


bn = \ a B ttmdx 

C ) k IT 


A7.7 Angular Displacement of Beans due to 
Bending 


The angular displacement of a point on a 
beam or of a line between any two points on a 
beam is determined in a similar manner except 
the hypothetical unit load is replaced by a unit 
couple. The virtual work equation of the hypo- 
thetical load system than becomes 


_ „ rL Mmdx 
y 0 El 


(5) 


where a is the angular displacement of a given 
point or a line Joining two given points. 

M - bending moment at any point due to 
loads, temperature etc., m is the bending mo- 
ment at any point due to a unit couple applied 
at a point at which the angular displacement is 
wanted or at the ends of a line whose angular 
displacement is wanted, The reactions to this 
hypothetical unit couple fix the line of refer- 
ence for the angular displacement. 

Tension on the beam bottom fibers is posi- 
tive bending moment. The unit couple may be 
applied with either a clockwise or anti-clock- 
wise direction., if a m Eq. (5) comes out posi- 
tive, It means that the given load system pro- 
duces a rotation in the same direction as that 
assumed for the applied unit couple. 


Take origin at B 

M = 50 x 
m - .5 x 

Origin at A 

W = 50 x 
m=,5x 


If x < 20 
If x< 20 

If X< 20 
If x< 20 


6c 



(50x • ,5x)dx = 2 
El 


/ 


20 

o 


2b x 2 dx = 
El 


r -i 20 

22 bjcf = 133300 

L 3EI J El 


(Due to symmetry integrate for one half and 
multiply by 2) 


Find the deflection of c with respect to line 
Joining points D and E. 

Fig. A? .26 shows the virtual loading. 

Origin at B 

m = .5 (x - 10) * .5 x - 5 when x >10 and< 20 


hence, 6 C (de) = 2 | 50 x (.5x - 5)dx 

/ 10 El 

2 f25 x 3 250 x 2 *1 20 2 P/25 x 20 3 _ 250 x 20 2 ' 

= ei L 3 r— J 10 ' El L 3 ' 2 


A7.8 Kxaaplo Probloaa of Boaa Dofloctions by 
Virtual Work 

Problem #7 . 

Determine the vertical deflection at the 
midpoint C for beam and loading of Fig. A7.25. 
El is constant. 


- t 25 * Igf - 250 | 1 Q 2 )J = J- (66667 - 50000 - 
8333 + 12500) = 


id'~ ^ to io 


he » i 6 

A • 

f 1 

Fig. A7-5A 
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Sample Problem #6 . Find the vertical deflec- 
tion of point C for the cantilever beam of Fig. 
A7.27 carrying a concentrated load P at its end. 
Also find elope of elastic curve at C. 

Solution:- 

. _ fMmdx 

®c -)- gr 

With origin at B 

M = - Px (Fig. A7.27) 

For virtual loading (Fig. A7.28) 

m = 0, for x< b 
m ~ -1 (x - b), for x>b 

Hence Mtodx = - Px(-x + b)dx = (Px 2 - Pbx)dx 
Uh.nce 0 0 = | C*2 - MM* = " Tr]^ 


If b = zero, then 0 B = PL 3 /3EI 


&= _s r 

h - a. h , 





Fig. A7-27 

i A 

c 3 

fr^ 

I* 


Fig. A7-28 

&* — 

£p A 


FI..A7-2. COUple 


f'Mmdx 

a ° / IT 

For virtual loading see Fig. A7.29 
m = 0, xC b, m = - 1, x > b 
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Solution:- 

Origin at B:- 

M = 30 x . x = 15 x 2 
2 

»m***/* 

nrim:i mijiTn 
if S . .. 6*1 

F4g.A7.30 **■““* -*| 

/* 


J ~ 

Fig. A7.31 

Virtual Loading 

m = 0, x < 20 

m = -.5 (x - 20) = -.5x + 10, whenx -20 to 50 

m = -.5 (x - 20) ♦ 1 (x - 50) = .5x - 40, when 
x = 50 to 80 


6d (CE) = J 


Mmdx 

El 


✓ 50 

■if 

7 20 


-if: 

El L 

= A[ =n ’ 718 ' 


15 x 2 (-.5 x + 10)dx + 

( .5x - 40) dx 

S x 4 150 
4 ST 


,Q0 

BJ 15 x£ 

7 50 


3*1 50 i 

~7.5 X 4 

600 x 3 

80 

".20 

4 

- 3 j 

50 


750 + 6250000 + 300000 - 400000 ♦ 
76800000 - 102400000 - 11718750 + 25000 

17888000 
El 


,oooj= 


Hence Mmdx = (-Px.-l ) dx * Px dx 


<*C 


( Mmdx _ P ( ] 
7 ei _ Ei; b 


xdx 


PT ^ 

If b = 0, a B = ^ 


P 

2EI 


(L 2 - b 2 ) 


Example Problem #9 

For the uniformly loaded cantilever beam of 
Fig. A7.30, find the deflection of point D rela- 
tive to the line Joining points C and E on the 
elastic curve of the beam. This is representa- 
tive of a practical problem in aeronautics, in 
that AB might represent a rear wing beam and 
points C, 0, E, the attachment points of an 
aileron or a flap. The wing beam deflection 
bends the aileron or flap structure by applying 
a load at D thru aileron supporting bracket. To 
know this force the deflection of the wing beam 
at D relative to line CE must be known. 


Therefore deflection of point D relative to line 
Joining CE is down because result comes out nega- 
tive and therefore opposite to direction of vir- 
tual load. 


Example Problem #10 







Ip*, 

Fig. A7*3! 


Find the horizontal deflection of point C 
for the frame and loading of Fig. A7.32. Also 
angular deflection of C with respect to line CD. 
Solution:- Fig. b Shows the static moment curve 
for the given loading and Fig. c the moment dia- 
gram for the virtual loading of a unit horizontal 
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load applied at C and resisted at D. 

hence 



= flwLx 2 wx s ^ 


L 

o 


1 whL g 
1§ eT" 


To find angular deflection at C apply a unit 
imaginary couple at C with reactions at c and D. 
Fig. A7.33 show the virtual m diagram. 

_ . ( L nndx . 1 f L htlx me 2 ) xdx _ 1 f L 

°cj 0 nr-n) 0 (-ir--ir)z -hJ 0 

_ L 

K* 2 - . = _1_ fwx3 _ wx 4 ] 

V^r a7j El L 6 8LJ 0 

1_ WL? 

24 El 


A7.9 Linear Inflection of Beans Due to Shear by 

Virtual Work 

Generally speaking, shear deflections in 
beams are small compared to that due to bending 
except for comparatively short beams and there- 
fore are usually neglected in deflection calcu- 
lations. A close approximation is sometimes 
made by using a modulus of elasticity slightly., 
less than that for bending and using the bending 
deflection equations. 

The expression for shear deflection of a 
beam is derived from the same reasoning as in 
previous derivations. The virtual work equa- 
tion for the hypothetical unit load system for a 
shear detrusion dy (Fig. A7.34) considering only 
dx elastic is 1 x 6=vdy where v is shear on sec- 
tion due to unit hypothetical load at point 0, 
and dy Is the shear detrusion of the element dx 
due to any given load system or any other cause. 


where V is the shear at any section due to given 
loads, v » shear at any section due to unit 
hypothetical load at the point where the deflec- 
tion is wanted and acting in the desired direc- 
tion of the deflection. The reactions to the 
hypothetical unit load fix the line of reference 
for the deflection. 

A is the cross-sectional area and E s the 
modulus of rigidity. Equation (6) is slightly 
in error as the shearing stress is not uniform 
over the cross-section, e.g. being parabolic for 
a rectangular section. However, the average 
shearing stress gives close results. 

For a uniform load of w per unit length, 
the center deflection on a simply supported beam is 




wL^ 

8AE S 


For bending deflection for a simply support- 
ed beam uniformly loaded the center deflection is 

5 wL 4 
384 El 

Hence wL 2 

|ff = 24 ( J )2 , using E s = .4E 
S§4EI. r * radius of gyration 

For I beams and channels r is approximately 1 d 

d 

and for rectangular sections r = 

In aircraft structures a ratio of 2 I s seld- 

1 L 
om greater than jg . 

Thus the shearing deflection in percent of 
the bending deflection equals 4.1% for a d ratio 

L 

of _1_ for I-beam sections and 1.4 percent for 
12 

rectangular sections. 



dy ® T dx and T = , where A - cross sectlon- 

AE S 

al area of beam at section and E 8 = modulus of 
rigidity, and assuming that the shearing stress 
V is uniform over the cross-section. 

I 

Therefore 1 x 0 » Wdx . Then the total deflec- 


tion for the shear slips of all elements of the 
beam equals 

0 total =J jjjg (6) 


Example Problem 11. 



«». A 7-35 


Find the vertical deflection of free and A 
due to shear deformation for beam of Fig. A7.3S 
assuming shearing stress uniform over cross-sec- 


tion, and AE S constant. 

m. _ / WdX 
° A 1 


V = 100# for x = 0 to 10 

V = 150 for x ■ 10 to 20 
v * 1 for x * 0 to 20 
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hence 



A7.X0 Method of Virtual Work Applied to Torsion of 
Cylindrical Bars 

The angle of twist of a circular shaft due 
to a torsional moment may be found by similar 
reasoning as used in previous articles for find- 
ing deflection due to bending or shear forces. 
The resulting expressions are:- 



In equation (A) 

T = twisting moment at any section due to 
applied twisting forces. 

mt = torsional moment at any section due to 
a virtual unit 1 lb. force applied at 
the point where deflection is wanted 
and applied in the direction of the 
desired displacement. 

E s » shearing modulus of elasticity for the 
material . 

J = polar moment of inertia of the circular 
cross-section. 




Member AB M = 1000 x, (for x = 0 to 3) 
T = 0 

Member BC Mbc * 3000 sin 20° + 1000 x, 
(for x = 0 to 36) 

Tgc * 3000 cos 20° constant 
between B and C. 

Now apply a unit 1# force at A normal to xy 
plane as shown in Fig. A7.37 and find bending 
and torsional moments due to this 1# force. 

Member AB 

m = 1. x = x, (for x = 0 to 3) 
mt = 0 

Member BC 

m « 3 sin 20° + 1. x (for x = 0 to 36) 
mt~3 cos 20° constant between B and C. 
Subt. 


In equation (B) 

0 = angle in twist at any section due to 
the applied twisting moments in planes 
perpendicular to the shaft axis. Angle 
in radians. 

t = torsional moment at any section due to 
a unit virtual couple acting at section 
where angle of twist is desired and 
acting in the plane of the desired de- 
flection. 


A7.11 Example Problem 

Problem 12. 

Fig. A7.36 shows a cantilever landing gear 
strut-axle unit ABC lying in XY plane. A load 
of 1000# is applied to axle at point A normal 
to XY plane. Find the deflection of point A 
normal to XY plane. Assume strut and axle are 
tubular and of constant section. 

Solution:- The loading shown causes both bend- 
ing and twisting of the strut axle unit. First 
find bending and torsional moments on axle and 
strut due to 1000# load. 


Tmtdx 

E S J 


X ♦ 1026) 


. _ (Mmdx x fl 

0 -J-g r + J- 

/3 / 36 

= ff) 1000 x • x dx + gj J [(1000 

Jo 0 (36 

(x + 1.026)Jdx + (2820) (2.82)dx 

= — ^333 x 3] + £333 x 3 + 1026 x 2 + 1060 


(286200) 

Note: A practical landing gear strut would In- 
volve a tapered or reinforced section involving a 
variable I and J and the integration would have 
to be done graphically. 
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Example Problem 13 

In Fig. A7.38 a round rod in the shape of a 
90° arc of a circle with radius R, which Is 
large relative to radius of bar Is fixed at 
point B and subjected to a load Q at free end A 
normal to the xy plane. Find the deflection of 
A normal to xy plane. 



From Fig. A7.38 and A7.39 

M = QR sin 0 
m = R sin 0 
T 8 QR (1 - cos 0) 
mt s R (1 - cos 0) 

Substituting in the above equation. 

/n 

a - \ 2 QR 2 sin 2 0 Rd0 
» / 0 El 

n 

_ OR 3 [0 sin 2 0"] 2 QR 3 
~ W [2 " 4 J Q E S J 

Sin 2 0 J 2 _ nQR 3 ^ 3n- 8 

— I — J 0 Til — 4“ 


(2 QR2 (1-cos ^Rd0 
/ 0 EsJ 

[*- 


2 Sin 0 + | + 


(2®) 

E S J 





fmt &m m y Lmd <44>y Dmm*+b 


mm Q i+ ymm far CMif 

Lmmd feting 


R*i 


A7.12 reflection and Angular Change of Elastic 

Curve of Staple Beams by Method of “Elastic 
Weights*’, Mohr's Method. 

The method of virtual work as Illustrated 
In the previous articles is advantageous when 
the deflection of one or only a few points is 
desired. If the complete deflected elastic 
curve or the deflection of several points are 
required then other methods such as "Area Mom- 
ents" and elastic weights are generally more 
advantageous. This article will deal with the 
method of "Elastic Weights". 

For finding the deflection of a simply sup- 
ported beam relative to a line joining the sup- 
ports, the method of elastic weights, states 
"The deflection at any point "A" on the elastic 
curve of a simple beam is equal to the bending 
moment at point A due to the M diagram acting 

if 

as a distributed beam load". The M diagram is 

El 

due to given external loads or influences which 
produce bending on the beam. If El is constant 
the elastic weight loading Is identical to beam 
moment diagram. 


111 ¥ =\ 

iW i* 


Fig. a of Fig. A7.40 shows a simply support- 
ed beam supporting a system P t and P t . Fig. b 
shows the resulting M/EI diagram assuming assum- 
ing El constant. Now consider only the portion 
of the M diagram acting on a small element dx 
EI 

of the beam at point A, and let it be required 
to find the deflection of points b and c due to 
the bending of element dx. 

From the virtual work equation previously 
derived 

For point b 

_ Mdx mh 

- n^ ,,i P 
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For a unit load at point b, Fig. d shows the o 
diagram. The value of m at the midpoint of dx 
(point a) = L/8. Hence 

. „ Mdx L _ MLdx 

°*> * ir • e rsi 

For deflection of point c, draw m diagram for a 
unit load at c (see Fig* e). Value of m on ele- 
ment dx = JL_ 

16 


Hence 


Mdx 

ir 


L _ MLdx 

16 ” ISII 


Deflection at point a equals bending mom- 
ent due to M diagram as a load divided by El. 
(See lower Fig. of Fig. A1.41) 

EL 2 L \ 1 _ 11 PL 3 
§2 • 15/ SI ‘ 985 Ef 


. _ /PL 2 

“ a ~ 1 15 

. _ /PL 2 

“(le 


L 

4 


L 

2 


PL* 

16 


b\ 1 
5 / EI 


1 FL* 3 
4§ El 


The angular change of any point equals the 
shear due to M/EI diagram as a load. 


Oa 


/PL 2 

llS 


PL‘ 


)- = 
/El 


3 PL* 


64 /El 64 El 


in Fig. f 

supported 
at points 

Mb * 


consider Mdx as a load on a simply 
El 

beam and determine the bending moment 
b and c due to Mdx acting at point a. 

Mdx L _ MLdx EI 

m ’ 2 " "SET 


Mdx L _ MLdx 
c ” 4ll - 4 _ 16EI 


These values of the beam bending moments at 
points b and c are Identical to the deflections 
at b and c by the virtual work equations. The 
moment diagram m for a unit load at b and c 
(Figs* d and e) Is numerically precisely the same 
as the Influence line for moment at points b 
and c. 

Therefore deflections of a simple beam can 
be determined by considering the M_ curve as an 

EI 

Imaginary beam loading. The bending moment at 
any point due to this JM loading equals the de- 
EI 

flection of the beam under the given loads. 


/FL 2 PL 2 ) _ n (Slope is horlzont- 

a b ~ V 16 " IS / EI ~ 0 al or no change 

from original di- 
rection of beam 
axis*) 

Example Problem #14a . Determine the deflection 
of a simple beam loaded uniformly as shown in 
Fig. A7.42. The bending moment expression for 
a uniform load M = wlx - wx 2 or parabolic as 

TT TT 

shown in Fig. A7.42a. The deflection at mid- 
point equals the bending moment due to M dia- 
gram as a load. 




% 


rmmzfnm 


1 


I 

T 


Likewise it is easily proved that the angu- 
lar change at any section of a simply supported 
beam Is equal to the shear at that section due to 
the M_ diagram acting as a beam load . 

EI 


Fig. A7-42 


A7.13 Ixuple Problem* 

Example Problem #14 . Find the vertical 
deflection and slope of points a and b for beam 
and loading shown in Fig. A7.41. The lower Fig. 
shows the moment diagram for load P acting at 
center of a simple beam. 




5 

382 EI 


^center wL 3 - gj «L 3 ) gj r 0 

1 WL^ 

Slope at supports * the reaction * gj . 
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Example Problem #15 . 

Fig. A7.43 shows the plan view of one-half 
of a cantilever wing. The aileron is supported 
on brackets at points D, E and F with self-align- 
ing bearings. The brackets are attached to the 
wing rear beam at points A, B,and C. When the 
wing bends under the air load the aileron must 
likewise bend since it is connected to wing at 
three points. In the design of the aileron beam 
and similarly for cases of wibg flaps this de- 
flection produces critical bending moments. As- 
suming that the running load distributed to the 
rear beam as the wing bends as a unit is as shown 
in the Fig, , find the deflection of point B with 
respect to straight line Joining points A and C, 
which will be the deflection of E with respect to 



at point B will equal the deflection of B with 
respect to line Joining AC. 

The bending moment at C * 15 x 30 x 15 + 

10 x 15 x 10 ® 8250"# 

The shear load at C * (15 + 25) x 30 ■ 600# 

"~~2 

Bending moment expression between points C 
and A equals, M ■ 8250 + 600x + 12.5x2, where 
x - 0 to 100. 

Table A7.6 gives the detailed calculations 
for the strip elastic loads. The I values as- 
sumed are typical values for a aluminum alloy 
beam carrying the given load. The modulus of 
elasticity E = 10 x 10 6 is constant and thus can 
be omitted until the final calculations. The 
figure below the table shows the elastic loads 
on the imaginary beam. 


Table A7.6 


Strip 

Mo. 

ds 

In. 

M « 

moment 
at mid- 
point 

1 

at mid- 
point 

Elastic 

load 

¥ 

1 

10 

11563 

5.5 

21000 

2 

10 

20063 

6.5 

30900 

3 

10 

31063 

7.5 

41450 

4 

10 

44580 

8.5 

52300 

5 

10 

60580 

9.5 

63850 

s 

lb 

79050 

12.0 

85946 

7 1 

10 

100050 

16.0 

62530 

8 

10 

123650 

20.0 

61770 

0 

10 

140550 

24.0 

62320 

10 

10 

178150 

28.0 

63600 
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line Joining D and F if bracket deflection is 
neglected. The moment of inertia of the rear 
beam between A and C varies as indicated in 
the Table A7.6 

Solution:- Due to the beam variable moment of in- 
ertia the beam length between A and C will be 
divided into 10 equal strips of 10 inches each. 
The bending moment M at the midpoint of each will 
be calculated. The elastic weight for each strip 
will equal Mds, where ds = 10" and I the moment 

of inertia at midpoint of the strip. These elas- 
tic loads are then considered at loads on an im- 
aginary beam of length AC and simply supported at 
A and C. The bending moment on this imaginary 



to to to to 



T5 10 10 10 1C) 5 ’ 5 10 10 10 10 5f 
226570 B 299090 


Banding moment at point B due to above elastic 
loading = 7,100,000 deflection at B relative 
to line AC = 7,100,000 = .71 Inch 

MS;fi&7660 


Example Problem 15-A 

Fig. A7.43a shows a section of a cantilev- 
er wing sea plane. The wing beams are attached 
to the hull at points A and B. Due to wing 
loads the wing will deflect vertically relative 
to attachment points AB. Thus Installations 
such as piping, controls, etc., must be so lo- 
cated as not to Interfere with the wing deflec- 
tions between A and B. For Illustrative pur- 
poses a simplified loading has been assumed 
as shown In the figure. El has been assumed as 
constant whereas the practical case would in- 
volve variable I. For the given loading deter- 
mine the deflection of point C with respect to 
the support points A and B. Also determine the 
vertical deflection of the tip points D and E. 
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Solution:- Fig* A7.43b shows the bending moment 
diagram for the given wing loading. To find .the 
deflection of C normal to line joining AB we 
treat the moment diagram as a load on a imaginary 
beam of length AB and simply supported at A and B 
(See Fig. A7.43c.) The deflection of C Is equal 
numerically to the bending moment on this ficti- 
cious beam. 

Hence EI6 C * 25920 - 40 * 25920 x 20 


or 6 C 


518000 

El 


To find the tip deflection, we place the elastic 
loads (area of moment diagram) on an imaginary 
beam simply supported at the tip D and E (See 
Fig. A7.43d) , The bending moment on this Imagi- 
nary beam at points A or B will equal numerically 
the deflection of these points with respect to 
the tip points D and E and since points A and B 
actually do not move this deflection will be the 
movement of the tip points with respect to the 
beam support points. 

Bending moment at A = 193420 x 700 - 40000 x 

433 - 127500 X 124 = 102200000. Otlp * 

102,200,000 

• 


A7.14 Deflections of Beene by Mfment Are* Method 

For certain types of beam problems the meth- 
od of moment areas has advantages and this meth- 
od is frequently used in routine analysis. 

Angular Change Principle . Fig. A7.44 shows a 
cantilever beam. Let It be required to deter- 
mine the angular change of the elastic line be- 
tween the points A and B due to any given loading. 
From the equation of virtual work, we have 
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Gb 


i 


Mdx m 

IF m ' 


where m is the moment at any 
section, distant x from B due 
to unit hypothetical couple 
applied at B. But m * unity 
at all points between B and A. 


Therefore ag 


■/, 


Mdx 

IT 


■( 8 ) 


(•Moment area first developed by Prof . Oreene in 1874) 


MiM 
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Referring to Fig* A7.44-, this expression repre- 
sents the area of the M diagram between points 


Hence 


El 



PL 2 2 

~r • § 



a 


PL 3 

" 5eI 


B and A* Thus the first principle:- "The 
change in slope of the elastic line of a beam 
between any two points A and B Is numerically 
equal to the area of the M diagram between 

El 

these two points." 

Deflection Principle 

In Fig. A7.44 determine the deflection of 
point B normal to tangent of elastic curve at A. 
In Fig. A7.44 this deflection would be vertical 
since tangent to elastic line at A is horizontal. 


From virtual work expression 63 = ft 

0 El 

where m is the moment at any section A distance 
x from B due to a unit hypothetical vertical 
load acting at B. Hence m = l.x = x for any 
point between B and A. 

Hence 

x (9) 


s /i 


Mdx 

El 


Example Problem #17 

Fig. A7.46 illustrates the same simplified 
wing and loading as used in example problem 15a. 
Find the deflection of point C normal to line 
Joining the support points A and B. Also find 
the deflection of the tip points D and E relative 
to support points A and B. 



Expression (9) represents the 1st moment of the 
diagram about a vertical thru B. Thus the 
ED 

deflection principle of the moment area method 
can be stated as follows:- "The deflection of a 
point A on the elastic line of a beam in bending 
normal to the tangent of the elastic line at a 
point B is equal numerically to the statical mo- 
ment of the M area between points "A" and "B" 

El 

about point A". 

Illustrative Problems 

Example Problem #16 . Determine the slope 
and vertical deflection at the free end B of the 
cantilever beam shown in Fig. A7.45. El is con- 
stant . 




Solution:- The moment diagram for given load is 
triangular as shown in Fig. A7.45. Since the 
beam Is fixed at A, the elastic line at A is 
horizontal or slope is zero. Therefore true 
slope at B equals angular change between A and B 
which equals area of moment diagram between A 
and B divided by El. 


Hence 

6g = (-PL. L/2) gj 



The vertical deflection at B is equal to the 1st 
moment of the moment diagram about point B di- 
vided by El, since tangent to elastic curve at A 
is horizontal due to fixed support. 


Solutlon:- 

Due to symmetry of loading, the tangent to 
the deflected elastic line at the center line of 
airplane is horizontal. Therefore, we will find 
the deflection of points A or B away from the 
horizontal tangent of the deflected beam at point 
C which is equivalent to vertical deflection of 
C with respect to line AB. 

Thus to find vertical deflection of A with 
respect to horizontal tangent at C take moments 
of the diagram as a load between points A and 
El 

C about point A. 

Whence 


(area) (arm) 

33^5 (tangent at C ) = gj ( ) 40 x 20 = 

• (518400) = deflection of C normal to AB. 

To find the vertical deflection of the tip point 
D with respect to line AB, first find deflection 
of D with respect to horizontal tangent at c and 
subtract deflection of A with respect to tangent 
at C. 


(respect to tangent ate) = gj (40000 * 267 + 

127500 x 576 + 26920 X 720) = gj (102700,000) 

(See Fig. A7.46 for areas and anas of M/BI dia- 
gram). Subtracting the deflection of A with re- 
spect to c as found above we obtain 

jg§g (respect to line AB) » gj (102,700,000 - 

518400) = gj (108,180,000) 
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Fixed Bud Moments by Method of Area 
Momenta 


Ma * - Pab* and Mb = - Pba*/L* whore b* (L-a) 

17“ 


Prom the two principles of area moments as 
given in Art, A7.14, it is evident that the de- 
flection and slope of the elastic curve depend 
on the amount of bending moment area and its lo- 
cation or its center of gravity. 

Fig. A7.47 shows a beam fixed at the ends 
and carrying a single load P as shown. The bend- 
ing moment shown in (c) can be considered as 
made up of two parts, namely that for a load P 
acting on a simply supported beam which gives 
the triangular diagram with value Pa (L-a)/L 
for the moment at the load point, and secondly 
a trapizoidal moment diagram of negative sign 
with values of Ma and Mg and of such magnitude 
as to make the slope of the beam elastic curve 
zero or horizontal at the support points A and 
B, since the beam is considered fixed at A and B. 

The end moments Ma and Mb are statically 
indeterminate, however, with the use of the two 
moment area principles they are easily determin- 
ed. In Fig. b the slope of elastic curve at A 
and B is zero or horizontal, thus the change In 
slope between A and B is zero. By the 1st 



principle of area moments, this means that the 
algebraic sum of the moment areas between A and 
B equal zero. Hence in Fig. c 

i^L^l L. fe . il. -») . (t) 

In Fib. b the deflection of B away from a tang- 
ent to elastic curve at A is zero, and also de- 
flection of A away from tangent to elastic curve 
at B is zero. 

Thus by moment area principle, the moment 
of the moment diagrams of Fig. C about points A, 
or B is zero. 


Taking moments about point A:- 



MgLx| L= 0- -(B) (B) 

Solving equations A and B for Ma and Mg 


To find the fixed end moments for a beam with 
variable moment of inertia use the M/I diagrams 
in place of the moment diagrams. 

Example Problem #18 

Fig. A7.48 shows a fix-ended beam carrying 
two concentrated loads. Find the fixed-end 
moments Ma and Mg. 



Solution:- Fig. b shows the static moment diagram 
assuming the beam simply supported at A and B. 

For simplicity in finding areas and taking moments 
of the moment areas the moment diagram has been 
divided into the 4 simple shapes as shown. The 
centroid of each portion is shown together with 
the area which is shown as a concentrated load at 
the centroids. 

Fig. C shows the moment diagrams due to un- 
known moments Ma and Mg. The area of these tri- 
angles is shown as a concentrated load at the 
centroids. 

Since the change in slope of the elastic 
curve between A and B is zero, the area of these 
moment diagrams must equal zero, hence 

5265 + 14040 + 2160 + 6885 + 15M A + 15M B * 0 
or 

15Ma ♦ 15Mb ♦ 28350 = 0 - - -(1) 

The deflection of point A away from tangent to 
elastic curve at B is zero, therefore the first 
moment of the moment diagrams about point A 
equals zero. Hence, 

5265 X 6 + 15 X 14040 + 17 x 2160 + 24 X 6885 + 150Ma + 

300 Mb = 0 or 150 M A ♦ 300 Mb + 444600 - 0 (2) 

Solving equations (1) and (2), we obtain 
Ma a - 816 in. lb. 

Mb « - 1074 in. lbs. 

With the end moments known, the deflection or 
slope of any point on the elastic curve between 
A and B can be found by use of the 2 principles 
of area moments. 
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A7.10 Truss Deflection by Method of Xlsstlc 
Weights 

If the deflection of several or all the 
Joints of a trussed structure are required, the 
method of elastic weights may save considerable 
time over the method of virtual work used in 
previous articles of this chapter. The method 
in general consists of finding the magnitude and 
location of the elastic weight for each member 
of a truss due to a strain from a given truss 
loading or condition and applying these elastic 
weights as concentrated loads on an imaginary 
beam. The bending moment on this imaginary beam 
due to this elastic loading equals numerically 
the deflection of the given truss structure. 

Consider the truss of diagram (1) of Fig. 
A7.49. Diagram (2) shows the deflection curve 
for the truss for a AL shortening of member be, 
all other members considered rigid. This de- 
flection diagram can be determined by the vir- 
tual work ex pression C = UAL. Thus for deflec- 
tion of Joint 0, apply a uhlt vertical load act- 
ing down at Joint 0. The stress m In bar be due 
to this unit load = 2 . 2P = 4P . Therefore 
S T Sr 

d 0 = ALfc C . 4P . The deflection at other 
Sr lower chord Joints could 
be found In a similar 

manner by placing a unit load at these Joints. 
Diagram (2) shows the resulting deflection curve. 
This diagram is plainly the influence line for 
stress in bar be multiplied by AL^ C . 

Diagram (3) shows an Imaginary beam loaded 
with an elastic load ALbc acting along a verti- 

r 

cal line thru Joint 0, the moment center for ob- 
taining the stress in bar be. The beam reac- 
tions for this elastic loading are also given. 
Diagram (4) shows the beam bending moment dia- 
gram due to the elastic load at point 0. It is 
noticed that this moment diagram is identical to 
the deflection diagram for the truss as shown In 
diagram (2). 

The elastic weight of a member is therefore 
equal to the member deformation divided by the 
arm r to Its moment center. If this elastic 
load is applied to an imaginary beam correspond- 
ing to the truss lower chord, the bending moment 
on this imaginary beam will equal to the true 
truss deflection. 

Diagram 5, 6 and 7 of Fig. A7.49 gives a 
similar study and the results for a AL lengthen- 
ing of member CK. The stress moment center for 
this diagonal member lies at point O', which lies 
outside the truss. The elastic weight AL at 

n 

point 0* can be replaced by an equivalent system 
at points 0 and k on the imaginary beam as shown 
in Diagram (6), These elastic loads produce a 
bending moment diagram (Diagram 7) Identical to 
the deflection diagram of diagram (5)* 

Table A7.7 gives a summary of the equations 
for the elastic weights of truss chord and web 
members together with their location and sign. 
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Table A7.7 Equations for Elastic Weights 

£/astc Werohf &r Chord Momhmrs 

CJfoe ah) 


Upper Chard 


Lo*v«r Chord 




A*p**d*ut*r A*" to “ 

The moment center 0 of a chord member is the 
intersection of the other two members cut by the 
section used in determining the load in that memb- 
er by the method of moments 

The sign of the elastic weight w for a chord 
member is plus if it tends to produce downward de- 
flection of its point of application. Thus for a 
simple truss compression In top chord or tension 
in botton chord produces downward or positive 
elastic weight 






Table A7.7 
(continued) 
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WEB DIAGONAL MEMBERS 
(See Member ab) 



< a, 7 w,, -3-3£T- *Tr 




a 1 


For a truss diagonal member the elastic 
weights P & Q have opposite signs and are as- 
sumed to be directed toward each other or 
away according as the member is in compres- 
sion or tension. In fig. a, P is greater 
than Q and P is located at the end of the di- 
agonal nearest the moment center 0. Downward 
elastic weights are plus. 

TABLE A7.7 (CONTINUED) 

Truss Verticals 
(See Member ab) 



al 




Fig. A 7*50 

this step are given in the figure, the stresses 
being written adjacent to each member. The next 
step or steps is to compute the member elastic 
weights, their location and their sense or dir- 
ection. Tables A7.8 and A7.9 gives these calcu- 
lations. Table A7:8 


H 


Chord Member Elan tic Weights 


Length 

L 

Area 

A 

Load 

P 

PL • AL 

E*29xl0® 

, . -i 

Arm 

r 

1 

30 

.2172 

-5630 

-.0268 

24 

30 

.2172 

-7500 

-.0357 

24 

30 

.2172 

-5630 

-.0268 

24 


.1198 

3120 


KD 


« AL tlon 
r Joint 




Table A7.9 Web Member Elastic Weights. 


h 

5 

a 

Length ] 

L ! 

Area 

A 

Load 

P 

AL ■ 

ft n 

P . 

Al* 

r i 

v, 

rt 

►. 

a 

a 

< 

r 2 

Q - 

LJk 

r 2 

♦j 

« 

to 

a 

a 

< 

&A 

28.25 

.242 

-5880 

-.0236 12.75 

-.00185 

a 

12.75 

.00185 

A 

Ab 


.146 

4710 

.0314 

-.00246 

A 


.00246 

b 

bB 


.146 

-2355 

-.0157 - 

-.00123 

b 


.00123 

B 

Be 


.093 

1177 

.0123 

-.000965 

B 


. 000965 

c 

cC 


.093 

1177 

.0123 " 

-.000965 

C 


.000965 

c 

Cd 


.146 

-2355 

-.0157 " 

-.00123 

d 


.00123 

C 

Dd 


.146 

4710 

.0314 

-.00246 

D 


.00246 

d 

-fiSL 


.242 

-5580 

-.0236 ” 

-.00185 

e 

-LJ 

.00185 

D 




The elastic weight P acts at foot of verti- 
cal and downward If vertical is in tension. 

Q acts opposite to P at far end of chord memb- 
er cut by index section 1-1 used in finding 
stress in ab by method o f sections. 

A 7. 17 Solution of Example problems. 

The method of elastic weights as applied to 
truss deflection can be best explained by the 
solution of several simple typical trusses. 

Example Problem #21 

Fig. A7.50 shows a simply supported truss 
symmetrically loaded. Since the axial deforma- 
tions in all the members must be found, the 
first step is to find the loads in all the memb- 
ers due to the given loading. The results of 


Fig. A7.51 shows the elastic weights obtained 
from Tables 8 and 9 applied to an imaginary beam 
whose span equals that of the given truss. 

These elastic weights are the algebraic sum of 
the elastic weights acting at each truss Joint. 


8 8 8 


f A b B ? C d 

I* 8 spaces at 15" 

R a = .005412 


rig. A? .51 


R e = .005412 


The deflection at any Joint equals the bending 
moment on the Imaginary beam of Fig. AT. 51. 
Defl. at A = (.005412+ .00185)15= .007262x15 = 
.109" 

Defl. at b = .109+ (.007262- .000507)15= .109 + 
.006755X15= .209" 

Defl. at B = .209+ (.006755- .002347)15= .209 + 
.004408X15= .275" 
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Dafl. at C * .275^ (.004408- .0027)15= .301" 

The slope of the elastic curve at the truss Joint) 
points equals the vertical shear at these points 
for the beam of Fig. A7.51. 

Example Problem #22 . 

Find the vertical deflection of the Joints 
of the Pratt truss as shown In Fig. A7.52. The 
member deformatlonsAL for each member due to the 
given loading are written adjacent to each memb- 
er. Table A7.10 gives the calculation of member 
elastic weights. Fig. A7.53 shows the Imaginary 
beam loaded with the elastic weights from Table 


beam loaded with the elastic weights from Table 
A7.il. Table A7.12 gives the calculation for the 
Joint deflections. 



A7.10. The deflections are equal numerically to 
the bending moments on this beam. 

Ob = .01855 X 25 = ,465" 

Ob = .465 + .053 (AL in Bar Bb) = .518" 

0 C = *01855 X 50 - .00387 x 25 - .833" 

0 C = .833 4 .031 (AL of Cc) = .864 

0 D = .01855 X 75 - .00387 x 50 - .00623 X 

25 = 1.03" 



Table A7.10 


Elastic Weight Chord Members | 

Member 

A L 

r 

3- 

a 

a 

! 

Joint 

AB 

.061 

30 

.00203 

b 

BC 

.061 

30 

.00203 

b 

CD 

.066 

30 

.0022 

c 

be | 

-.083 

30 

.00277 

C 

Cd 

-.091 

30 

.00304 

D 




Elastic Weight 

o 

** 

* 

e 

or 

Members 

i 




P 



Q 


Member 

A L 

*“1 

P » A L 
r l 

Joint 

r 2 

« . 4L 

r a 

Joint 

Ab 

Bb 

.124 

.053 

19.2 

<30 


H 

P| 

§12nHB 

H 

bC 

.128 

19.2 

HBEBSI 




m 

ct 

EK&ll 

23 

SaUffi 


\*um 

rn'iwrw 


CD 
. Dd 

.080 

0 

19.2 

-.00417 

c 

19.2 

.00417 

D 



Table A7.ll 



Elastic Weight of 

Chord Members 

Member 

A L 

r 

w - A L 
r 

Joint 

AK 

.0825 

15.0 

.00550 

B 

BC 

-.055 

17.17 

.00320 

E 

EJ 

.096 

20.0 

.00480 

C 

CD 

-.069 

21.14 

.00322 

J 

jr 

n D55 

22758 

rosin 

D 

DE 

-.0736 

21.14 

.00348 

1 

IB 

.113 

20.0 

.00505 

E 

EE 

-.075 

17.17 

.00437 

B 

HG 

.108 

15.00 

.00720 

P 




Clastic Weight of Web Members 


Member 

A L 

**1 

P - AL 
r l 

Joint 

r 2 

Q 

T 2 

Joint 

AB 

-.0432 

9.60 

-.00450 

A 

9.60 

.00450 

B 

BE 

.072 

9.60 

-.00748 

B 

11.20 

.00643 

E 

EC 

-.0635 

9.27 

-.00685 

E 

10.60 

.00600 

C 

CJ 

.085 

10.60 

-.00802. 

C 

11.26 

.00755 

J 

JB 

.6138 

10. 33 

T 66134 


16. 63 

-.06126 

to 

ID 

. 0490 

10.33 

.00480 

1 

10.93 

-.00454 

D 

El 

.044 

10.60 

-.00415 

E 


E221 

X 

HE 

-.0254 

9,27 

-.00274 

B 


Km9 



FH 


U32 

CKifcHJI 

mm 


WWMM 

U: 

GF 

-.0585 

BEa 

-.00610 

Ml 

mm 

.00610 

WtM 


f. ? ? \ 

■j-4-4 


i 



Table A7.12 



Example Problem #25 

rind the vertical Joint deflections for the 
unsymmetrically loaded trues of Fig. A7.54. The 
AL deformations for all members are given on the 
Figure. Table A7.ll gives the calculation of 
the elastic weights, their signs and points of 
application. Fig. A7.55 shows the imaginary 


♦ error 

Example Problem #24 

~ Fig. A7.56 shows a simply supported truss 
with cantilever overhang on each end. This sim- 
plified trues le representative of a cantilever 
wing beam the fuselage attachment points being 
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47.1* 


at e and e". The AL deformation in each truss 
member due to the given external loading is giv- 
en on the figure. The complete truss elastic 
loading will be determined. With the elastic 
loading known the truss deflections from various 
reference lines are readily determined. 



Elastic Weight Loading F, 9- 47-57 


Table A7.13 


Elastic Weights of Chord Heaters 


Member 

AL 



— 

r 

w s AL 
r 

Apply at 
Joint 

ab 

.060 

20 

.0040 

A 

AB 

-.070 

20 

.0035 

b 

be 

.074 

20 

.0037 

B 

ac 

-.060 

kO 

.0030 

c 

cd 

.070 

20 

.0035 

C 

CD 


20 

,0026 

d 

de 

.074 

20 

.0037 

D 

DE 

-.056 

20 

.0026 

e 

el 

.072 

20 

.0036 

K 

KB 

-.046 

20 

.0024 

t 


Elastic Weights of Web Meabers 


Member 

AL 



r l 

r l 

apply 

at 

joint 

r 2 

Q - 41 

r 2 

apply 

at 

Joint 

aA 

-.031 

8.95 

-.00346 

a 

8.95 

. 00346 

m 

Ab 

.080 

8.95 

-.00895 

A 

8.95 

.00695 

mm 

to* 

-.063 

8.95 

-.00702 

b 

8.95 

.00702 

H 

Be 

.075 

6.95 

-.00838 

B 

8.95 

.00838 


cC 

i 

8 

8. 95 

00670 

c 

8.95 

.00670 

EM 

Cd 

.070 

6.65 

EKI&Ol 

_____ 

■T 1 TEI 

■romi 

mm 

dD 

-.065 

8.95 

-.00728 


B 1 M 

.00728 

EM 

De 

.076 

8.95 

00850 


B 1 M 

. 00650 

e 

eK 

.095 

12.0 

.00792 



-.00792 

E 

Ef 

.024 

12.0 

.0020 

KB 

m ji 

-.0020 

t 


Table A7.13 gives the calculations for the mag- 
nitude of the member elastic weights. The signs 


lever over-hang portion of the truss relative to 
support points e and e* . 

Since the cantilever portion is not fixed at 
e since the restraint is determined by the truss 
between e* and e, this fact must be taken into 
account in loading the cantilever portion. The 
reactions on the beam of Fig. A7,58 represent 
the slope at e due to the elastic loading between 
e and e* . This elastic reaction in acting in the 
reverse direction is therefore applied as a load 
to the imaginary beam between e and a as shown in 
Fig. A7.59. 



Fig. A7-58 


In finding deflections this overhang elas- 
tically loaded portion is considered as fixed at 
a and free at e. The bending moment at any point 
on this beam equals the magnitude of the vertical 
deflection at that point. 

Thus to find the deflection of the truss end 
(Joint a) we find the bending moment at point a 
of the imaginary beam of Fig. A7.59. 

Hence 

deflection at a * 2Ma (calling counterclock- 
wise positive). = (.01922 - .00312) 80 + .00248 x 
70 + .00333 X 60 + .00239 x 50 + .00468 x 40 + 
.00234 x 30 + .00543 x 20 - .00149 x 10 = 2.13" 
upward. Due to symmetry of truss and loading of 
the truss we know the slope of the elastic curve 
at the center line of the truss is horizontal or 
zero. Thus to find the deflection of any point 
with reference to Joint f we can make use of the 
deflection principle of the moment area method. 
Thus in Fig. A7.60 the vertical deflection of any 
point for example joint a, relative to joint f 
equals the moment of all elastic loads between 
a and f about a. 


and also the Joint locations for locating the 
elastic loads are also given, combining alge- 
braically the elastic weights for each joint from 
Table A7.13 the beam elastic loading as shown in 
Fig. A7.57 is obtained. 

Let it first be required to determine the 
vertical deflection of Joint f relative to the 


free 


mum. 


r Jpmr* ee ' ) Fig. A7-59 


truss support points at e and e’ . 

To determine the deflections of the truss 
between the supports e a d e* it is only neces- 
sary to consider the elastic weight loading be- 
tween these points. Fig. A7.58 shows the portion 
of the imaginary beam of Fig. A7.57 between these 
points. The deflection at f relative to line ee' 
is equal to the bending moment at f for the por- 
tion of the imaginary beam between Joints e and 
e 1 and singly supported at these points. 

Hence deflection at f * - .00312 x 30 + 
.00232 x 15 * *0686" (upward since minus is up). 

Find the vertical deflection of the canti- 


ZM a = 2.077" (student should make calcula- 
tions). Previously the deflection of f with re- 
spect to e was found to be -.0586". Thus de- 
flection of % with respect to point e = 2.077 ♦ 
,0586 = 2.135" which checks value found above. 
Let it be required to find the deflection of 
joint c relative to a line connecting Joints b 
and d. 


1 1 iUUiUi 
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For this problem we need only to consider 
the elastic loads between points b and d as 
loads on a simple beam supported at b and d 
(See Fig. A7.61) The deflection at C with re- 
spect to a line bd of the deflected truss 
equals the bending moment at point c for the 
loaded beam of Fig. A7.61. 
hence 

O c = .004743 X 20 - .00239 X 10 =.07 inches 


'r* 

P<«lm .0*47+5 


04 
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A 7. 18 Problem. 



(7) For the truss In Fig. A7.66 calculate 
the deflection of Joint C along the direction CE. 
E = 30,000,000 psi. 



(8) For the truss in Fig. A7.67, find the 
vertical and horizontal displacement of Joints C 
and d. Take area of all members carrying tension 
as 2 sq. in. each and those carrying compression 
as 5 sq. in. each. E = 30,000,000 psi. 

(S) For the truss in Fig. A7.G8, determine 
the horizontal displacement of points C and B\ 

E = 28,000,000 psi . 



(1) Find vertical and horizontal deflec- 
tion of Joint B for the structure in Fig. A7.62. 
Area of AB = 0.2 sq. in. and BC = 0.3. E = 

10,000,000 pel. 

(2) For the truss in Fig. A7.63, calculate 
the vertical deflection of joint c. Use AE 
for each member equal to 2 x 10 6 7 . 

(3) For the truss of Fig. A7.64 determine 
the horizontal deflection of Joint E. Area of 
each truss member = 1 sq. in., E = 10,000,000 
psi. 

(4) Determine the vertical deflection of 
Joint E of the truss in Fig. A7.64 

(5) Determine the deflection of Joint D 
normal to a line Joining Joint CE of the truss 
in Fig. A7.64. 



(6) Calculate the vertical displacement of 
Joint c for the truss in Fig. A7.65 due to the 
load at Joint B. Members a, b, c and h have 
areas of 20 sq. in. each. Members d, e, f, g 
and I have areas of 2 sq. in. each. E * 

30,000,000 -pel . 


(10) For the truss In Fig. A?. 69, find the 
vertical deflection of Joint D. Depth of truss = 
180". Width of each panel is 180". The area of 
each truss member is Indicated by the number on 
each bar in the figure. E = 30,000,000 psi. Al- 
so calculate the angular rotation of bar DE. 

(11) For the truss in Fig. A7.70, calculate 
the vertical and horizontal displacement of 
Joints A and B. Assume the cross-sectional area 
for members in tension as 1 sq. in. each and 
those in compression as 2 sq. in. E = 10,300,000 
psi . 

(12) For the truss in Fig. A7.70 calculate 
the angular rotation of member AB under the given 
truss loading. 
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(13) For the beam in Fig. A7.71 determine the 
deflection at points A and B using method of elas- 
tic weights. Also determine the slopes of the 
elastic curve at these points. Take E * 1,000,000 
psi and I = 1296 in." 

(14) For the beam in Fig. A7.72 find the de- 
flection at points A and E. Also the slope of the 
elastic curve at point C. Assume El equals to 

5,000,000 lb in. sq. 
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Fig. A7-S1 



(15) Fig. A7.73 Illustrates the airloads on 
a flap beams ABODE. The flap beams Is supported 
at B and D and a horn load of 500# Is applied at 
C. The beam Is made from a 1 11 -.049 aluminum 
alloy round tube. I * .01659 in 4 ; E = 10,300, 00( 
pel. Compute the deflection at points C and E 
and the slope of the elastic curve at point B. 



Fig. A7-74 A7-75 


(23) In Fig. A7.81 find the vertical move- 
ment and the angular rotation of point A. Take 
El = 12,000,000. 

(24) Determine the vertical deflection of 
point A for the structure In Fig. A7*82. El a 
14,000,000. 



(16) For the beam of Fig. A7.74 determine 
the deflections at points C and D In terms of El 
which Is constant. Also determine slopes of the 
elastic curve at these same points. 

(17) For the cantilever beam of Fig. A7.75 
determine the deflections and slopes of the 
elastic curve at points A and B. Take El as 
constant. Express results In terms of El. 




(18) For the loaded beam In Fig. A7.76 de- 
termine the value of the fixed end moments Ma 
and Mg. El Is constant. Also find the deflec- 
tion at points C and D In terms of El. 

(19) In Fig. A7.77 determine the magnitude 
of the fixed end moment Ma and the simple sup- 
port R b . 



(25) The cantilever beam of Fig. A7.83 Is 
loaded normal to the plane of the paper by the 
two loads of 100# each as shown. Find the de- 
flection of point A normal to the plane of the 
paper by the method of virtual work. The rec- 
tangular moment of Inertia for the tube Is 
0.0277 In 4 . E = 29,000,000. 

(26) The cantilever landing gear strut In 
Fig. A7.84 Is subjected to the load of 500# In 
the drag direction at point A and also a torsion- 
al moment of 2000 In. lb. at A as shown. De- 
termine the displacement of point A In the drag 
direction. The tube size for portion CB Is 2"- 
.083 and for portion BA, 2 n -.065 round tube. 
Material is steel with E = 29,000,000 psi. 


Fig. A7«78 Fig. A7-79 Fig. A7-S0 


(20) In Fig. A7.78 El is constant throughout. 
Calculate the vertical deflection and the angu- 
lar rotation of point A. 

(21) For the curved beam In Fig. A7.79 find 
the vertical deflection and the angular rota- 
tion of point A. Take El as constant. 

(22) For the loaded curved beam of Fig. 

A7.80, determine the vertical deflection and the 
angular rotation of the point A. Take El as 
constant. 
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Inflection As The Partial Derivative Of The 
Internal Work of Deformation* 


elementary mechanics 1 * £ 
R K1 


hence w * M*dx 

SHI 


Introduction* 

This method of calculating deflections of 
structures makes use of the consideration of 
Internal work of deformation or the elastic 
strain energy In a member or structure. 


The total elastic energy for the member which 
equals the external work, therefore equals 


U 


„ ,fl*6x 

" J 2 El 


(2) 


Internal Work; Strain Energy 

Work Is equal to the product of a force and 
a distance. For a constant force P moving 
through a distance 0 In the direction of the ap- 
plied force P, the work done will be P6. If the 
force Is not constant the work done will be 
given by the expression /pd6. 

Thus when a force is applied to a body It 
deforms the body In the direction of the applied 
force, or work Is done on the body equal to the 
force times the displacement In line with the 
force. If the elastic limit stress of the ma- 
terial In the body is not exceeded this work 
done on the body Is stored in the structure in 
the form of internal work or elastic energy. 

If the load or loads acting on the body are re- 
moved, this stored up elastic strain energy Is 
entirely recoverable. Thus In general one can 
say that the work done in deforming an elastic 
body equals the elastic energy stored in the 
body. 


A 7* 22 Hustle Energy In Torsion* 

Fig. A7.85 shows a short element dx of a 
or tube subjec- 

d© 


round bar or tube subjec- 
ted to a pure torsional 
moment T, which causes 
one end of the rod to 
twist through angle d© 
relative to the other 
end. 

Td© 

2 * 


% c 


d* 


Fig. A7-83 




W = 


but d© = Tdx 
GJ 


where G equals modulus of rigidi- 
ty, and J = polar moment of in- 
ertia of the rod cross-section. 


hence 


w = 


then the total work or total 


T*dx 
"S5J 

elastic energy for all elements of a rod equals 

T*dx 
2GKJ 


u = / 


( 3 ) 


A7.23 Elastic Energy in Dure Flexural Shear* 


AT. 20 Elastic Strain Energy For a Body Under Axial 
Tension or Compression* 


In stretching or shortening an element of 
length dx of a body under an axial tensile or 
compressive force P, the average applied force 
is P . Whence, 

2 

work=w = P6 , when 6 equals the deformation. 

F 

From elementary mechanics of materials, 6 equals 
Pdx/EA, hence 


w 


. P / PdXx 
‘ 2 


P*dx 

2~EA 


Then the total work for all elements dx of the 
body equals 


W 


«/ 


P’dx 

n 


But the external worlc equals the elastic energy. 
Let U represent total elastic energy. Then, 


U 


. / P*hx 

“ J ST 5 


( 1 ) 


A 7* 21 Elastic Bktsrgy in Bonding 

Fig* A? #84 shows a short element dx of a 
prismatic bar acted upon by a pure bending mom- 
ent H The element bends thru the angle d©. The 
external work equals the prod- 
uct of the average moment and 
the angle through which it ro- 
tates, or 

Md© 



In Fig. A7.86, consider the element of length 
dx is subjected to the shear force V which pro- 
duces a shearing strain or detrusion equal to 6. 
Then external work w = V6 


F 



But 6 = 0dx, and from element- 
ary mechanics 0 = V (where 

j 

l 

/ ^ 

AG 



A equals area on which V acts) 


U*i-J 


Then Fig. at-m 

V*dx 

w * , and therefore the total work or 

elastic energy for all elements equals 


U 


«/ 


V*dx 

Fag 


(4) 


Total Elastic Energy . 

Many cases arise in which structures are sub- 
jected to axial bending, torsion and shear forces 
at the same time, thus the total elastic energy 
can be summed up as follows 


.Tension . 
k qt Comp. ' 


(Bending) (Torsion) (Shear) 


U =/ 


P*dx 

FEa 


/ 


M*dx 

FH 


+ 1 F33 


.. / Vdx 

4 1 rax 


(5) 


but from 
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Castellano* s Tirst theorem states that the 
partial derivative of the elastic energy In a 
structure with respect to an applied force gives 

the deflection of the structure at the point of 
application of the applied force and In the, 
direction of the applied force. 

Consider a straight bar of length L sub- 
jected to a tensile axial load of P lbs. 

From Equation (1) 

it - / L = P^xlL - P " L 

y 0 2 EA 2 EA J 0 ~ 2 EA 

dP * 2 EA ~ AE* BUt AE = the elon S atlon 
of the bar or the movement of the load P In the 
direction of the load P. Therefore 


Equation (6) Is a statement of castlgliano’s 
first theorem. The above result was obtained 
from a consideration of a simple single bar In 
tension. The theorem will now be proved for a 
general case. Fig. A7.86a is considered to 
represent a beam or truss supported at A and B. 
Two external loads P x and P« are applied which 
produce the deflections 6 X and 6„ . The work 
done by the two loads which are applied gradual- 
ly from zero to full load will be equal to the 
Internal work or elastic energy and will equal, 

W = U = i Pi A + | P„ A (7) 



Now consider force R Is Increased by a 
differential amount dR which will produce a 
further deflection dfii under P x and dd* under 
the load P* . The elastic energy will then 
equal, 

U + dU = g Pi A 4 p x -dO* + 2 dP x •dO l 4 | p. A 
4 P.-dfi. (8) 

Note that the loads P* and P a act through 
the entire distances dCx and d6« respectively. 

♦Alberto castigliano (1847-1884) a well known 
Italian Engineer. 


Now subtract (7) from (8) and neglect the 
product of differentials, 

dU = P x -d + P,*dG, -(O) 

Now consider P x + dP x and P, were Increased 
gradually from zero to their full values, then 

u 4 du = | (Px 4 dPx) (Ox ♦ «x) + g p. (o. + ae.) 

» \ Pi -Ox 4 | Px-dSx 4 i dPx-O, 4 | dPx-dOx 

♦ 5 p *‘ 6a + § p « -ac ’* (10) 

Subtracting (7) from (10) and neglecting products 
of differentials, we obtain 

dU = g Pi-ddx 4 i dPx -6x + | P»-d6« (11) 

Now multiply (11) by 2 and subtract from 
(9), we obtain, 

dU = dPx • £>x , or 



Equation (12) is an expression of castlgliano'B 
first theorem. 


Angular Deflection or Rotation 

For angular deflections, Castlgliano's theor- 
em can be stated as follows 

The partial derivative of the elastic energy In a 
structure with respect to an applied moment gives 
the rotation of the structure at the point of 
application of the applied moment and In the di- 
rection of the applied moment . 


Thus 



(13) 


A7.25 General Deflection Equations. 

General equations expressing Castellano* s 
first theorem can now be written for structures 
subjected to axial, bending, torsion or shear 
forces. 


For the case of linear deflection at same 
point (r), we take the partial derivation of the 
elastic energy with respect to a force P r applied 
at point r and acting in the direction of the 
desired deflection. Thus referring to equation 
( 5 ) 



•f 


a 

W r 


/ 


V*dx 

5“qa 


(14) 


Since the intregatlon In the above terms is 
with respect to x, It is permissible to differ- 
entiate with respect to P r under the Integral 
sign before the integration takes place. Equa- 
tion (14) can therefore be modified as follows: 


/p 




dx . /V av 
S3 + /v SPr 


dx 

a i 


( 15 ) 
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For the case of angular deflection at a 
point (r) we take the partial derivation of the 
elastic energy with respect to a moment M r ap- 
plied at point (r). 


6x = 


1 

21 



Problem 1&. 


♦ P.b* 


,L b 

( 2 ' § 


>] 



+ / T 


3T dx 

«f r 0J 


♦/ v 


gv dx 
SR r GA 
- - (16) 


Fig. A7.88 shows a cantilever beam with a 
load P at the end. Determine the deflection at 
point (r). El is constant. 


A 7.26 Ixaaple Problem Solutions. 


Problem ji 


Fig. A7.87 shows a cantilever beam carrying 
two loads P x and P*. Determine the deflection 
at point (1) due to bending only. El is con- 
stant . 



4L H 6 H 


L 


FI®. A7-f7 

From equation (15) using only the second term 
which applies to bending. 


Ox 


/ M 


dx 
iPt EI 


(A) 



FI*. A7-tS 

Since the deflection at point (r) is requir- 
ed, there being no external load at point (r), an 
imaginary load P r will be assumed acting as in 
Fig. A7.89. 



Fig. A 74 * 


For portion (a) of beam, 

M * Pix, limits x = o to x = a 



For portion (b) of beam, 


The general expression for the deflection at 
point (r) equals 

6 r=/«|?g --(B) 

For beam portion (b) 


M = Pj.a + p x x + P.x, limits, x = 0 to x = b 

9Pi 

Substituting in equation (A), 

01 “if 4 a * PxX • x ) dx+ gf 4 b (Pi a + Pi x + p . x ) 

(a + x)dx 

= gj / 0 & PxX*dx ♦ g /* (P x a* + Pxxa + P.xa + P^a + 
PiX* + P.x* )dx 

■ m [¥]‘ . i * ap ♦ ap ‘ afs ♦ 

Rx* P.x*1 b 
_jT + -gH 

■A 

nr " + ^T") 

Taking a = L - b, the above equation can be 
simplified to the following equations 


M = Px 

gr = 0 hence M = 0 

For beam portion (a) 

M = Pb + Px + P r x, from x = o to x = a 

^ = x, Substituting in equation (B) 

6 r = 0 + g (Pb + px Pjjc) xdx 


But P r was imaginary so it will be dropped 
from the above equation, hence 


8r 3 gj /q ( pb + Px)xdx « gj /* (Pbx + Px*)dx 


1 f Pbx* Px 8 1 a _ 
+ 0 “ 


Pba • + Pa* j 


H ( “5" T T 


Since a « L-b, we can simplify, 


O! 


(2L* - 3L* b + b») 


Problem #S 

For the beam In Fig. A7.88, determine the 
angular rotation of the free end of the beam. 
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From equation (16) 


a _ r M 9fl <3x 
01 


In Fig. a we apply a moment M x at point (1) 
the free end of the beam, since the rotation of 
this point Is asked for. 

Hence, 

M = ftc ♦ Mi kS 



Elastic Curvw 
For Load 



Substituting in 
equation (C) 

01 = £f £ < Px + M i) dx 


but M x is zero, since It was only Imaginary and 
not an actual load on the beam. Therefore, 

©1 = a" 

nr 


Find the deflection at the free end of the 
beam In Fig. A7.88 due to shearing stresses 
only. Refer to the end of the beam as point (1) 

From equation (15) 

6 l “ /v i?§ <d> 


( r C Elastic Curvs 

L *i>b For Lomd *b 

Fig. A7-90 

In Fig. A7.90 consider that we apply load P a 
first to the beam at point (a). The elastic 
curve due to P a Is shown. The external work done 
by P a = P a 6 aa /2. The value 2 Is due to the load 
P a being applied gradually from zero to P a , thus 
average load Is P/2. The load P a causes a deflec- 
tion 6 ba at point (b), but since P^ Is not con- 
sidered as acting yet, there will be no external 
work due to P^. 

Now consider P& as applied gradually to the 
beam. The elastic curve for load P^ Is shown In 
Fig. A7.90. Then the external work done at point 
(b) equals Ppb^/2. As shown In Fig. A7.90, the 
load Pb produces a deflection e a b at point (a) 
and since the load P a was already acting on beam, 
the external work done by P a at point (a) due to 
the application of P b equals P a O a b- Th®n the 
total work done in applying both loads In the 
order assumed equals 


Wx=^aa + ^ + p a o ab 


If we repeat the loading but apply first fol- 
lowed by P a , the work done will equal 


W. = + £a|aa + p^a 


V = P, 3V _ . 

Sp ~ 1 

Substituting In equation (D) 

0l = oa 4 Pdx = aA (Px) o 
hence 6 X = ~ 

Problems 

In order to become familiar with this 
method of finding the elastic deflections of 
structures, the student should solve a number of 
the problems given In Article A7.18. 

A7.37 Maxwell's Law of Ewciprocal Deflections. 

Maxwell's Law of Reciprocal deflections 
often proves useful in solving statically inde- 
terminate structures. A simple proof of this 
law or theorem will be given. 

Fig. A7.90 shows a simply supported beam 
carrying the two loads P a and P&. The beam is 

»—*»■* preducealt polifi.) » tn. 

7 T. 6 z Z w Mh causes the same amount of work as the moment 

which the displacement occurs and the second sub- 
script the load causing the displacement. 


Since the final work done must be the same W x 
must equal W», which means that, 

Pa^ab = Pb^ba 

This equation represents Maxwell's Reciprocal 
theorem of deflections and stated in words that 
equation says, "that the force P fl actin g through 
the displacement at point (a) produced 
load Ph does the same amount of work as the 
force Ph acting through the displacement at point 





I duced at point 


by the moment 
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CHAPTER A8 

STATICALLY INDETERMINATE TRUSSES 


as.i introduction Several types of airplane 
structures involve trusses with redundant mem- 
bers. That is, the axial stresses in the mem- 
bers of the truss can not be determined with 
only the application of the laws of equilibrium. 
(See Chapter A 2, Art. A2.1). To obtain addition- 
al relationships or equations, the equation of 
the continuity of the structure must be consider- 
ed, which involves a study of the relative de- 
flections of the truss. This chapter illus- 
trates the application of the theory to the solu- 
tion of several typical stress analytical prob- 
lems. 

A8.2 The Principle of Superposition 

The general principle of superposition 
states that the resultant effect of a group of 
loadings or causes acting simultaneously is 
equal to the algebraic sum of the effects acting 
separately. This principle is restricted to the 
condition that the resultant effect of the sev- 
eral loadings or causes varies as a linear func- 
tion. Thus, the principle does not apply when 
the member material is stressed above the pro- 
portional limit or when the member stresses or 
part of the member stresses are dependent upon 
member deflections or deformations, as, for ex- 
ample, the beam-column, a member carrying bend- 
ing and axial loads at the same time. 

A8.3 Stresses in s Truss Frame Work with One Re- 
dundant Member 

Fig. A8.1 shows a truss with two diagonal 
members, both of which are capable of carrying 
compression loads. The reactions at A and B 
due to the external load P are statically de- 
terminate. However, when an attempt to find 
the member stresses is made, it is found that 
three unknowns exist at each Joint with only two 
equations of statics, available for a concurrent 
force system. Thus, an additional equation is 
necessary if the member stresses are to be de- 
termined. In Fig. A8.2, member A has been se- 
lected as the redundant member. The truss is 
made statically determinate by cutting this re- 
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dundant member A at section x-x' adjacent to one 
end of the member. Fig. A8.3 shows the truss 
with the unknown force X applied to each cut face 
x-x* , where X equals the true load or stress in 
the redundant member A. Thus, the member stres- 
ses for the two systems in Figs. A8.2 and A8.3 
equal the true member stresses of Fig. A8.1. 

Since the structure is continuous at the cut 
section x-x’ , the relative axial movement of the 
cut faces x-x’ due to the two load systems of 
Figs. A8.2 and A8.3 must equal zero. 

Let 6 = axial movement of faces x-x' for the 
truss loading of Fig. A8.2. 

From chapter A7, 

S u L 

6-2 " g- gft - , where S equals the stress in 

the truss members which has been made statically 
determinate and is subjected to the given exter- 
nal loads. (Fig. A8.2) 

u x = member axial stresses due to virtual 
unit 1# axial forces applied at cut faces x-x' 

(see Fig. A8.4) 

Let 6' = axial displacement of the cut 
faces x-x due to the load system of Fig. A8.3. 

o< = siZ&l u y L 

A E 

The term (X u x ) is the stress in the truss 
members due to load X applied at cut faces, since 
u x equals the stresses due to a 1# load applied 
at the same places. 

For continuity at the cut faces, 6 + 6' =0 

Hence, XZ ^ = -2 

or X s - AS (1) 

2 a*it 

The stress 8 for the redundant member is 
always zero, hence, the numerator of the expres- 
sion includes all members but the redundant 
member, whereas the term in the denominator in- 
cludes all members. In determining the member 
stresses, tension is positive and compression 
negative. 


AS. 1 



AS. 2 


STATICALLY INDETERMINATE TRUSSES 


AS. 4 Example Problems - Trusses with Single Redun- 
dancy 

Example Problem #1 



Fig. A8.5 shows a single bay pin connected 
truss. The truss Is statically determinate with 
respect to external reactions, but statically 
Indeterminate with respect to Internal member 
loads, since at any Joint there are 3 unknowns 
with only two equations of statics available for 
a concurrent force system. The truss is there- 
fore redundant to the first degree. The general 
procedure for solution is to make the truss 
statically determinate by cutting one of the 
members on Fig. A8.6, member be has been selec- 
ted as the redundant member, and it is cut as 
shown. The member stresses 8 for the truss of 
Fig. A8.6 are then determined, the results being 
recorded on the members and also entered In 
Table A8.1. In Fig. A8.7, a unit 1# tensile 
dummy load has been applied at the cut section 
of the redundant member be, and the loads In all 
the members due to this unit load are calculated, 
The results are recorded on the figure and also 
in Table A8.1 under the head of u stresses. The 
solution for the redundant load X in the redund- 
ant member be is given at the bottom of Table 
A8.1. The true load in any member equals the S 
stress plus X times its u stress. 

Tabic A8.1 


strut was selected as the redundant member. The 
calculation for the member loads under this as- 
sumption are given in example problem #3 of 
Chapter A2. The results are tabulated in Fig. 
A8.9. 
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Example Problem #£ Biplane Wing Cellule . 

Fig. A8.8 shows the wing structural layout 
of a externally braced biplane. This wing lay- 
out is identical to the wing structural arrange- 
ment of example problem #3 of Chapter A2. In 
that example problem the wing structure was 
analyzed for axial member loads for a given ex- 
ternal air loading under the assumption that the 
diagonal interplane strut (ID) was removed. This 
was necessary because the wing structure is stati- 
cally indeterminate to the first degree and to 
make it statically determinate the interplane 


Summary of S Member loads, Member ID out. 
(Ref. Problems 3 Chapter A2) 


UPPER DRAG TRUSS 



Before we can solve the load in the assumed 
redundant member ID, we must know the final sizes 
for all other members in the wing lift and drag 
trusses. A preliminary design of the member 
sizes can be made using the* member loads for the 
condition where member ID is out and for all 
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flight conditions. Since only one landing wire 
is used, inverted flight conditions are stati- 
cally determinate and thus member ID need not be 
removed. More discussion on the preliminary 
design is given at the end of the problem. The 
member sizes which have been selected are shown 
in Table A8.2. 

Solution for Load In the Redundant strut ID . 

Let X = true load in member ID, then 


W« = -2.22 


Da = Ds = - .3896 
Joint (1) 



2V*- .0523 UF- .4501 W* + .938 x .962 = 0 


X 



2 


u«L 

AS 


(A) 


Where 8 = axial loads In truss members for given 
external wing loading and with diagonal inter- 
plane strut ID removed. (Values tabulated In 
Fig. A8.9) u = axial load In truss members due 
to a unit 1# tension load In the redundant mem- 
ber ID. 


Determination of u Stresses In Members . 

The loads in the lift truss members will be 
determined for a 1# tension load in member ID, 
by solving the concurrent force systems at joints 
7, 8, 3, and 1. 

Joint (7) 



2V = 1 x .9015 + .962 IF = 0, hence IF* - .938 
28 * - LF - .938 x .198 4 1 x .187-0 hence LF ~ 0 
2D - .938 x .182+ lx .3096 + D 7 - 0, hence D 7 = - .5614 
Joint (0) 



2V = . 981 IR + 0 * 0 hence IR = 0 using 2S and 2D = 
0, gives LR and D a - 0 

Joint (3) 


yf® 





to * 1 


2V * - .0523 UR - .4486 W* - 1 x .9015 * 0 
28 * - .9986 UR - .0930 W, - .1870 * 0 
2D * - .3896 -D» =0 

Solving the three equations, w© obtain 
UR * 1.80 


28 *- .9986 UF - .8878 W x + .938 x .198 * 0 
2D = - .0854 W x - .938 X .182 + D x * 0 
Solving the 3 equations, we obtain 
UF * - 1.777 
W x = 2.210 
D x = .3595 

Figs. A8.10 and A8.ll show the lift truss reac- 
tions on drag truss at points 1, 3, 7, and Q as 
found from the Joint solutions. 

Solving the drag trusses for these loadings 
the member axial loads or u stresses are recorded 
in Figs. A8.12 and A8.13. 


it should be noticed that the same drag wires 
that were acting for the given external loading 
with member ID considered out of action are as- 
sumed acting for the u stresses, even though the 
u stresses are compression for the wire. 


To check the numerical work the fuselage re- 
actions should be calculated. The sura of the V, 
D, and S components should equal zero since the 
applied load of 1# in member ID will produce no 
resultant reaction on the fuselage. 



UPPER DRAG TRUSS 


fig A8-10 *5*3 



Table A8.2 gives the complete calculations 
for solving equation (A). 





A8.4 


STATICALLY INDETERMINATE TRUSSES 


Column (2) gives the member sizes which 
must be Known before deformations can be found. 

Column (7) gives the member stresses (S 
stresses) for the given air loading with member 
ID considered out. 

Column (8) gives the u stresses due to 1# 
load in member ID. 

The load in the redundant member ID comes 
out -1660# and the final true load in any memb- 
er equals 8 + Xu as shown in column (12). 

General Discussion of the Results of Table A8.2 

Investigating the drag wires, we find in 
column 12 of table A8.2 that member (28) is sub- 
jected to a compression load of 1402#. Obvious- 
ly then, this wire is out of action and the 
counter wire (32) is in action. Thus to make the 
solution correct, the drag truss solutions for 
both the S and the u stresses should be recalcu- 
lated for drag wire (32) acting instead of (28). 
The effect on the redundant member ID will be 
quite small as well as on the other members of 
the trusses. Thus in analyzing a wing cellule 
for various flight conditions different drag 
wires may act in different conditions and wires 
which may be In tension for the statically de- 
terminate condition may be In compression when 
redundant member Is in action. 

The air loading assumed in this example 
(See problem 2 of chapter A2) simulated a high 
angle of attack condition, that is pressure was 
forward. Thus the front lift truss would tend 
to be loaded heavier than the rear lift truss, 
which is indicated by the S loads in Table A8.2. 
The interplane strut ID which ties the front and 
rear lift trusses together should therefore tend 


to transfer some of the load from the front to 
the rear truss. This fact is shown in columns 
11 and 12. It should be noticed that the front 
lift wire is relieved of 3660# and the rear wire 
Increased 3670# over the statically determinate 
condition. 

In comparing the member loads In columns 7 
and 12, the student will notice a considerable 
change. The member sizes which were determined 
for use in this table should give small margins 
of the safety for the final loads in column 12. 
The student or stress analyst beginner will no 
doubt have to make several revisions In member 
sizes before the final sizes are obtained as he 
Is inexperienced in allowing for transfer of 
loads when making the preliminary design for 
member sizes. 

It is customary in actual design to multi- 
ply the values Xu in column 11 by .75 and 1.25 
and add the result which will make the final 
value in column 12 the largest. This Is done to 
compensate for the many unknowns that enter Into 
the axial deformation calculations. For example 
E, the modulus of elasticity of the material may 
be slightly different than that used. Wing 
beams in many cases have filler blocks or taper- 
ed reinforcements at several points, thus the 
cross-sectional area is variable. End fittings 
likewise cause an error because of the change in 
cross-sectional areas. The clearances required 
in all bolt and pin fittings likewise produce an 
unknown amount of axial deformation. In this 
example the effect of deformation of the fuse- 
lage members was neglected. Thus the practice 
of Increasing or decreasing the resulting XU 
stresses by 25 percent is a logical one. 


TABLE A8.2 SOLUTION FOE LOAD IN REDUNDANT ID 



1 

2 

3 

4 

5 

6 

7 

8 

0 

10 

11 

12 

lumber 

Mem- 

ber 

Ho. 

Bines and Material 

Area 

A 

aq.in. 

L 

Length 

in. 

X 

10® 

L a 10 6 

s 

Member 
ID out. 

u 

% 


Xu 

Final 
Load » 

8 + Xu 

AS 

i 

t 

i 

Front 

Been 

19 

20 
21 

Al. Alloy t Sect 

Al. Alloy I Sect 

Al. Alloy I Sect . 

.70 

.60 

.60 

,37.5 

37.5 

39.5 
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10.3 

10.3 
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6.06 
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Probieaug 

(1) FIs. (D) snows a simplified biplane wing structure, the overhang at the outer strut point 
being omitted. Determine the axial loads in all the members of the lift and drag trusses for the 

given loading. Assume wire (3) out of action, and select 
either member (4) br (5) as the redundant member. Only one 
drag wire in each panel is assumed as in action. The drag 
reaction on fuselage is taken at points (a) and (e). Neg- 
lect influence of fuselage members on the truss deforma- 
tions. Table (A) gives member sizes and kind of material. 


00 
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Upper Wing £ 


3* 

Jl 
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TABLE (A) 



Member 

Symbol 

Material 

X 

Area 

Sq. In, 

U.F. Bean 


Alum. Al. 

10.3 * 10* 

.*0 

U.R. Beam 


Alum. Al. 

10.3 x 10* 

.50 

L.F. Beam 


Alum. Al. 

10.3 x 10* 

.45 

L.R. Beam 


Alun. Al. 

10.3 x 10* 

.40 

Dran Wires 

10, 11 , 12, 13 

Steel 

29 x 10* 

.04 

Drag Wires 

17,18,19,20 

Steel 

29 x 10* 

.04 

Drau StrutK 

7,8,9 

Alun. Al. 

10.3 x 10* 

.20 

Dra« Struts 

14,15,16 

Alum. Al. 

10.3 X 10* 

.12 

Lift Wire 

l 

Steel 

29 x 10* 

. 156 

Lift Wire i 

2 

Steel 

29 x 10* 

.156 

Front IHT. 3 

4 

Alum. Al. 

10.3 x 10* 

.40 

Dia. IHT. S 

5 

Alum. Al. 

10.3 x 10* 

.50 

Rear IHT. S 

6 

Alum. Al. 

10.3 x 10* 

.40 


(?) Determine the axial loads in 
lift and drag trusses If lo tding in 
Fig, (D) is reversed. (Note, lift 
wires (1) and (2) will be out of action). 


A8.5 8trssses in Trusses with Multiple Redundancy 




Ftg A8-1S Fig A8-16 Fig. A8-17 A8-18 


Fig. AO. 15 shows a 2 panel truss. Relative to 
internal member stresses, the truss is redundant 
to the second degree because there are two more 
members than are necessary for stability. Thus, 
two additional equations based on continuity 
must be derived before the truss member loads 
can be determined. Fig. A8.16 shows the truss 
made statically determinate by cutting the two 
diagonals (1) and (2) at the points x and y 
respectively and carrying the given external 
loading. Fig. A8.17 shows the truss with only 
the load X applied to the cut faces x of the re- 
dundant member (1). The unknown load X Is the 
true final load In the member (1). Fig. A8.18 
Shows the truss with only the load Y applied to 
the cut faces at y, where Y la the true final 
load In member (2). 

By the principle of superposition, the true 
final loads In the members of the truss In Fig. 
A8.X5 equals the algebraic sum of the member 
stresses due to the 3 loadings of Fig. 16, 17 
and 18. Bach of these 3 loadings produce a lin- 
ear displacement of the cut faces at x and at y. 
However, the true condition Is full continuity 
at these points, or the displacement between the 


cut fa cos at v and y duo to the 3 loadings must 
equal zero. Thus, two additional equations in- 
volving the redundant loads X and Y can bo obtain- 
ed by writing the deflection at x and y and 
equating to zero. 

Let 6 X - linear displacement between cut 
faces at x due to the three loadings of Fig. 16 
to 18. 


6 X - 5 + X y U I± + Y YjL^Lh - 0 

L AF L AE L AE 


( 2 ) 


The first term represents the displacement 
at x for the loading of Fig. A8.16 where S equals 
the member loads due to the external truss load- 
ing and u x the member loads due to a unit 1 it ten- 
sile dummy load applied to the cut faces at point 
x; L 55 length of the members, A their cross-sec- 
tional area and E the modulus of elasticity. 

The second term represents the displacement 
at x due to the truss loading of Fig. AO. 17; 
that is, for a load of X applied at point x, 
u x is the same as defined above. The member 
stresses due to load X equals Xu x , since u x 
equals the member stresses due to unit 1# tenfil le 
load at x. In other words, Xu x corrfisponds to 
the value 3 In the first term of equation (2), 
and therefore to find the displacement at x due 
to these Xu x member stresses, we apply another 
1 if lOMd at x which produces u x stresses, hence 
the resultant term u x * in equation (2). 

The third and last term of equation (2) 
represents the deflection at x due to the loading 
of Fig. AB.10, or duo to a load Y acting at y. 
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Uy equals the member stresses due to a unit 1# 
tensile load applied to the cut faces at y, 
hence the member stresses due to Y equal Y uy 
which corresponds to the term S in the first 
term of the equation, thus giving the term 

Z Y u x Uy. 

Similarly, the displacement of the cut 
faces y due to the three load systems must equal 
zero for continuity. Hence: 


6 y 


S s u y L ♦ x u y L + y Wl 

L AE £ AE L AE 


- 0 (3) 


For trusses with additional redundants, equa- 
tions similar to (2) and (3) can be written for 
each additional redundant member load. 

X and Y can be found by solving equations 
(2) and (3). The true load in any member then 
equals the algebraic sum of the stresses for 
the three loadings, or: 


Final Member load -8 + Xu x + Yu y — - — (4) 


In this example, two diagonal members were cut - 
but any two members consistent with stability 
could be chosen. 


A8..6 Exaaple Problem 2 - Two Redundant Members 

Fig. AO. 19 shows a structure composed of 4 
co-planar members supporting n 2000# load, with 
only two equations of statics available, for a 
concurrent force system, the structure relative 
to loads In the members is redundant to the sec- 
ond degree. Fig. AO. 20 shows the assumed stati- 
cally determinate structure; the two members CE 
and DE are taken as the redundants and are cut 
at points x and y as shown. The member stres- 
ses for this structure and loading are recorded 
on the members. Figs. AO. 21 and AO. 22 give the 
u x and Uy member stresses due to a unit 1# ten- 
sile load applied at the cut faces x and y. 

Table AO. 3 gives the compieto calculations for 
substituting In the deflection equations for 
the displacement at points x and y, with the 
loads in the redundant member CE designated X 
and that in DE as Y. 


• ° 

Substituting values from table -2,253,000 + 

2446X ♦ 2350 Y = 0 

6y = ♦ xpLiiLi ♦ YpiLi - 0 

Substituting: -2,488,000 + 2350 X «■ 3039 Y - 0 
Solving the two equations for X and Y, we obtain 
X = 521# and Y = 416# 

The true load in any member = S + Xu x + xu y 
which gives the values In the last column of the 
Table. 

A8.7 Initial Stresses - Example Problem 3 

Initial stresses are often produced In mem- 
bers of a pin connected redundant truss by erec- 
tion or assembly operations. Thus, if the re- 
dundant member Is not exactly the right length, 

It Is often forced Into place, which produces In- 
itial stresses in all members of a redundant 
truss, which must be added to the stresses produc- 
ed by external loading. 

In example problem #2, assume the redundant 
member CE Is .01 Inch too short, and is therefore 
stretched .01 inch in assembly of the structure. 
Find the resulting stresses In the bars due to 
this Initial stretch in CE and also the 2000# load 
at E • 

In the equation for deflection of prob- 
lem #2, the deflection of the faces x of member 
CE will not equal zero, but .01 Inch, since the 
member was initially stretched this amount in 
erection of the structure. 

Thus; 

6 X - -2,253,000 ♦ 2440 X ♦ 2350 Y= .01 x 29,000,000 

or -2,543,000 + 2446 X + 2350 Y*0 

The member material is assumed steel, or E - 
29,000,000#/ln.“ The deflection equation for by 
Is the same as In problem 2. 

by - -2,488,000 ♦ 2350 X ♦ 3039 Y = 0 


Solving the equations for X and Y, we obtain 
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X ~ 985#, Y = 57# 

Then, the load in BE = S + Xu x ♦ Yu y = 2000 + 985 
x (-1.564) ♦ (5? x -1.729) = 358, and similarly, 

AE = 860#. 

A 8. 8 Continuous TruMtl 

In airplane structures, a continuous truss 
Is frequently used. Common examples are the cent- 
er line keelson trusses of seaplane hulls, and 
wing beams of externally braced wing cellules. If 
a truss rests on more than two supports, It is 
statically indeterminate. The first general step 
in solving n continuous truss Is to remove enough 
of the redundants to make It statically determi- 
nate, This may be done by removing all external 
supports except two. It may also be done by cut- 
ting certain members of the continuous truss as 
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the redundant members without modifying the 
truss supports. These two methods of solution 
can best be explained by the solution of a typi- 
cal example. 

Fig. A3. 23 shows a continuous truss. Let 
it be required to determine the truss member 
stresses as well as the reactions for a load of 
100# acting as shown. 


To solve for the redundant member loads X and Y, 
we equate the displacement of the cut faces x and 
y for the load of Fig. A8.24 plus that due to X 
times the loading of Fig. A8.25 plus that due to 
Y times the loading of Fig. A8.26 and equate 
the sum of these three deflections for points x 
and y to zero, since full continuity at these 
three points actually exists. 

Equating deflections at x to zero: 





. 8 farn/s&JLo'm /So 
A8-23 


Solution #1 

In this solution, the truss is made stati- 
cally determinate by cutting truss members #3 
and #5. Fig. A8.24 shows the resulting truss 
together with all the truss member loads for 
this modified truss. The member loads are re- 
corded adjacent to the truss members. The only 
members that are loaded lie between reactions 
Ri and R a . 

Members #3 and #5 are the redundant members, 
the true load in #3 being X and Y in #5. The 
next step in the solution is to apply a unit 
one lb, tensile load to the cut faces x of memb- 
er #3 and compute the loads in all truss members 
due to this unit loading. Fig. A8.25 shows the 
loaded truss together with the resulting member 
stresses which have been recorded on the members. 

The next step is to apply a unit 1# tensile 
force to cut faces y of member #5 and compute 
the resulting member stresses. Fig. AQ.26 
shows the truss loading and resulting member 
stresses. 


Substituting values from table A8.4 - 1500 


4 136.92 X - 7.96 Y = 





Table A8.4 



AMi Lo+d u, 


Substituting: 

0-7.96 X ♦ 135.92 Y = 0 (2) 

Solving equations (1) and (2) for X and Y, 

X = 11.074#, Y = .6485# 
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The true reactions can now be solved for: 


Table A8.5 


Rx *50+ 11. 074 X (-•5) 4 • 64853 X 0 = 44 . 463 
R* = 60 ♦11.074X1+ • 6485 X (-.5) =60.75 
R# = 0 -fll.074 (-.5)+.6485xl= -4.889 

R 4 =0+ 11.074x0+ .6485 (-.5)= -0.324 

Total = 100.00# 

Solution #2 

In this solution, the reactions R » and R 4 
are selected as the redundants. In Fig. A8.27, 
these reactions are removed and the static 
member stresses are computed, the results being 
recorded on the truss members. Fig. A8.28 shows 
the assumed statically determinate truss sub- 
jected to a unit 1# reaction at reaction point 
R »• The resulting member stresses are as shown. 
Similarly, Fig. A8.29 shows the results for a 
unit 1# reaction at r 4 . The vertical deflec- 
tion of the truss at the R a and R 4 reaction 
points due to the three loadings in Figs. 27, 

28 and 29, must equal zero. Table A8.5 gives 
the necessary values for computing these deflec- 
tions. 



Fig. AS-28 Member Stresses U 3 for 1# Load 
at Reaction Point 3 



Fig. A8-29 Member stresses U 4 for 1 # Load 
at Reaction Point R 4 . 


AS. 9 Redundant Structures With Members Subjected 
to Both Axial and Bending Stresses. 

If some of the members of a truss or 
framed structure are not pin ended, then In many 
cases the members of the structure may be sub- 
jected to both axial and bending stresses, thus 
a solution of such a truss involves a considera- 
tion of deflections due both to axial and bend- 
ing stresses. 

To illustrate, consider the structure in 
Fig. A8.30. The structure is statically inde- 
terminate since the load at point B is held 
vertically by the wire BA and the bending stiff- 
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ness of member BC which is built continuous with 
member AD at Joint C. To solve this structure we 
first make the structure statically determinate 
by cutting wire AB at a-a 1 as shown in Fig. A8.31. 
The distortion of this structure will cause a 
deflection of (a) with respect to (a' ) in the 
line of action of the member AB. However since 
the member AB Is continuous at a-a* there can be 
no movement between the cut forces a-a* , there- 
fore a load X must be added in the member AB 
which will cancel the deflection due to the 
stresses in Fig. A8.31. Thus Fig. A8.32 shows 
the unknown stress X which must be added to 
cause the distortion at a-a f to be zero. The so- 
lution therefore involves the writing of an equa- 
tion expressing the deflection between the cut 
faces a-a* due to the load systems In Fig. A8.31 
and Fig. A8.32 and equating this deflection to 
zero. The unknown Is the true load in member 
AB which has been designated X. Once X is known, 
the true axial and bending forces on the other 
members can be found by statics. 

Referring to Arts. A7.2 and A7.6, we can 
write the expression for deflection at a-a 1 as 
follows :- 



( 1 ) 


The terms u and m in equation (1) represent the 
axial and bending loads in the members due to 
the virtual loading which Is a unit one pound 
force applied at the cut faces a-a f as shown In 
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Fig. A8.33. On this figure, the axial loads In 
the members are given In the and the bend- 
ing moment diagrams are sketched. 



In a similar manner Fig. A8.34 shows the stress 
S and the moments M for the loading of Fig. 
AB.31. The deflection at a-a* can now be writ- 
ten 


jCa-a' 


(1) 

(2) 

(3) 

(4) 

su^ ■ 


(Mradx v 

fm*dx 

AE j 

L AE j 

) El , 

f El 


( 2 ) 


In equation (2) terms (1) and (3) are due to the 
loading in Fig. A8.34 and terms (2) and (4) are 
X times the values due to the 1# unit loading in 
Fig. A8.33. For explanation of the u* and m* 
terms refer to explanation in Art. A8.3. 

Since ^a-a* must equal zero, equation (2) is 
equated to zero and solved for x, which gives 


X = - 


i 


SuL . 

[Mtodx 

AE 

) El 

u*L + | 

f m*dx 

, AE / 

' El 


“(3) 


The calculations for solving equation (3) 
can best be made in table form as illustrated in 
Table A8.6. The member areas are assumed as 
shown, E is assumed the same for all members 
and thus Is omitted from the calculations. 


Tabla AM 

Solution Of Squat ion (3) 

Moabor 

AS 

AC 

sc 

CO 

Total 

Ar*a aq. In, 

0. 025 

3.0 

a s 

3.5 


L - Length 

5S. 3 

30.0 

50.0 

SO.O 


I, la 4 

0 

10.0 

s.o 

13.0 


S lba. 

0 

0 

0 

-1000 


u lbn. 

1.0 

-0. ST# 

~.t&« 

0 


II 

0 

0 

-lOOQx 

-50000 


■ 

0 

•o.tss* 

0.575* 

0 


HM. . ... 

0 

0 

0 

0 

0 

/WWW 

0 

0 

-ass. » 

0 

-ass. a 

u* L/A 

3333. 

3.3 

14.73 

0 

3350 

m*/l 

0 

.073*** 

.0413** 

0 


/«***/» 


sea 

1733 

0 

3354 

Solving foe X bjr Subt. voluoa in aquation (3) , 


Therefore the true load In AB is 634#. The 
true axial or bending moments on the other 
members then follow as a matter of statics, 
namely P*8 + Xu, and Mtrue * M ♦ Xm 
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(1) Determine the load in all the members 
of the loaded truss shown in Fig. (a), values 
in ( ) on members represent the cross-sectional 
area in sq. in. for that member. All members 
of same material. 

(2) Fcr the structure in Fig. (b), deter- 
mine the load in each member for a 700 # load at 
Joint B. Areas of members are given by the 
values in ( ) on each member. All members made 
of same material. 



(3) For the loaded truss in Fig. c, deter- 
mine the axial load in all members, Values in 
parenthesis adjacent to members represent rela- 
tive areas. E is constant for all members. 



(4) For structure in Fig. d, calculate the 
axial loads in all the members, values in paren- 
thesis adjacent to each member represent relative 
areas. E Is constant or same for all members. 




as.io 
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(5) For the "King post* truss In Fig. e, 
calculate the load In member BD. Members AB, 
BCandBD have area of 2 sq. In. each. The con- 
tinuous member ADC has an area of 9.25 sq. In. 
and moment of Inertia of 216 In 4 . E is same for 
all members. 




(6) In Fig. f, AB Is a steel wire both 0.50 
sq. in. area. The steel angle frame CBD has a 

4 sq. in. cross section. Determine the load In 
member AB. E = 30,000,000 psl. 

(7) in Fig. g find the loads in the two tie 

rods BD and CE. lac = 72 in. 4 * = 0.05 sq. 

in. A ce * 0.15 sq. in. E is same for all 
members . 



(8) For the structure in Fig. h, determine 
the reactions at points A, B. Members CE and ED 
are steel tie rodr with areas of 1 sq. in. each. 
Member AB is a wood beam with 12" x 12" cross 
section. Egteel * 30,000,000 psi. E^ood * 
1,300,000 psl . 

(9) For the structure in Fig. i, determine 
the axial loads, bending moments and shears In 
the various members. The structure is continu- 
ous at Joint D. Members AB, BC are wires. The 
member areas are AB = 1.2, BC = 0.6; CD - 6.0; 
BDE = 10.0. The moment of inertia for members 
CD = 60.0 in. 4 ; for BDE - 140 in. 4 



CHAPTER A9 

ANALYSIS OF RINGS AND FRAMES 


A9.1 Introduction 

In observing the inside of an airplane 
fuselage or seaplane hull one sees a large numb- 
er of structural rings or closed frames. Some 
appear quite light and are essentially used to 
maintain the shape of the body metal shell and 
to provide stabilizing supports for the longi- 
tudinal shell stringers. At points where large 
load concentrations are transferred between body 
and tail, wing, power plant, landing gear, etc., 
relatively heavy frames will be observed. In 
hull construction, the bottom structural framing 
transfers the water pressure in landing to the 
bottom portion of the fuselage frames which in 
turn transfers the load to the fuselage shell. 

In general the frames are of such shape and 
the load distribution of such character that 
these frames or rings under go bending forces in 
transferring the applied loads to the other re- 
sisting portions of the airplane body. These 
bending forces produce frame stresses in general 
which are of major Importance In the strength 
proportioning of the frame, and thus a reason- 
able close approximation of such bending forces 
Is necessary 

Such frames are statically indeterminate 
relative to internal resisting stress and thus 
consideration must be given to section and phys- 
ical properties to obtain a solution of the dis- 
tribution of the Internal resisting forces. 

General Methods of Analysis. 

There are many methods of applying the 
principles of continuity to obtain the solution 
for the redundant forces in closed rings or 
frames and bents. The author prefers the one 
which Is generally referred to as the "Elastic 
Center" method and has used it for many years in 
routine airplane design. The method was origi- 
nated by Mullor-Breslau®. The main difference 
in this method as compared to most other metnods 
of solution is that the redundant forces are as- 
sumed acting at a special point called the elas- 
tic center of the frame which gives resulting 
equations for the redundants which are independ- 
ent of each other. 

Assumptions . 

In the derivations which follow the distor- 
tions due to axial and shear forces are neglect- 
ed. In general these distortions are small com- 


®Wuller~Breslau, H. # Die Neueren Hethden der 
Festigkeltslehre und der Statik der Baukonstruk- 
tionen. Leipzig, 1806. 


pared to frame bending distortions and thus the 
error is small. Since the distribution of the 
applied forces on a fuselage or hull shell are 
only known to an approximate degree In the pres- 
ent state of design knowledge, elaborate frame 
analyses are not Justified. 

In computing distortions plane sections are 
assumed to remain plane after bending. This is 
not strictly true because the curvature of the 
frame changes this linear distribution of bend- 
ing stresses on a frame cross-section. (Correc- 
tions for curvature Influence are given later in 
the chapter). 

Furthermore It is assumed that stress is 
proportional to strain. Since the airplane 
stress analyst must calculate the ultimate 
strength of a frame, this assumption obviously 
does not hold with heavy frames where the rup- 
turing stresses for the frame are above the pro- 
portional limit of the frame material. 

This chapter will deal only with the the- 
oretical analysis for bending moments in frames 
and rings by the elastic center method. Prac- 
tical questions of body frame design are covered 
in a later chapter. 

The following photographs of a portion of 
the structural framing of the hull of the Sikor- 
sky S-43 airplane Illustrate both light and heavy 
frames. 
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A9.2 Elastic Weight: Moment Weight 

Fig. A9.1 shows a short section of a homo- 
geneous elastic bar, which has been bent by some 
external agency. Assuming that plane sections 
remain plain after bending, we have the well- 
known flexural deformation of tension or elonga- 
tion In the fibers below the neutral axis and 
compression or shortening of the fibers above the 
neutral axis. The fiber ab shortens the length 
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2e In a length ds. From elementary mechanics, 
this shortening may be expressed as equal to 
(f/E)ds, where f equals the flexural fiber stress 
on the fiber and E the modulus of elasticity of 
the material. Then, from the geometry of small 
angles 

<la = ~ , where y Is the distance from 

y By 


the neutral axis to the fiber ab. From the well 
known beam flexure formula we have: f r ^ . 

I 


Thus, we may write: 



The term Mds represents the angular change of 
El 

the face ac of the element abed relative to the 
other face bd. Actually, It Is a small quantity 
In radians. For simplicity, this angle change 
on an element ds due to a certain moment will be 
called the moment weight of the element, and for 
simplicity Is writing later equations, the symb- 
ol 0 will be used to represent the moment weight 
of an element of an elastic bar. Thus: 


0 - moment weight = -gj” (2) 

If M Is a unit moment, then 0 = ds . The term ds 

SI EI 

is often referred to as the elastic weight of an 
element of an elastic bar. It represents the 
ability of the element to cause rotation when 
acted upon by a unit moment. Again for simplicity 
In writing later equations, we will let symbol w 
represent the elastic weight of an element of an 
elastic bar; or 

w = elastic weight = ds (3) 

EI 

A9.3 Deflections of a, Cantilever Bar by Method of 
Moment and Angle Weights 

Fig. A9.2 shows a curved cantilever beam. 
Assume that a bending moment acts only on the 
small element abed of the beam. Due to the bend- 
ing of this small element, the face ac will ro- 
tate through an angle da relative to face bd and 
the portion of the beam between the free end B 
and face ac will move to the position B* . 



Let It be required to determine the deflec- 
tions of the terminal point B:~ to avoid con- 
fuslon of lines, Fig, A9.3 is drawn similar to 
Fig. A9.2 but showing only the neutral axis lines. 

From Fig. A9.3, BB' Is the arc of a circle 
where radius OB = r 
Then BB' -* rda 

dx - BB' (cos < CBB' ) 

- rda (cos < BOD) = rda (y)«da.y 

Tr 7 

From Eq. (]) Art. A9.2, da = Mds 

EI 

Substituting: 

dx - /Mds]y and thus for bending on other 
\ EI / elements: 

Ax = ^Mds y 

L H 

The term Mds has been given the name "moment 
EI 

weight" and the symbol 0 (see Art. A9.2) Hence: 

Ax = 20y (5) 


Ih like manner: 

dy - BB* {Bln^CBB 1 ) - rda . (sln*B0D) 
- rda . OO dax 
r 

Hence, 

Ay ~^Mds x or 

C. EI 

Ay =£0 x 


( 6 ) 
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Equations (5) and (6) state in general, that 
the deflection of the terminal point B in a cer- 
tain desired direction due to bending of the 
beam equals the moment of the moment weights 
about a line through the terminal point and act- 
ing in the direction of the desired deflection. 

Equations (5) and (6) express the relations 
for the translation of the terminal point B. 

The terminal point B also undergoes an angular 
displacement in moving to its final position B' 
For bending on the differential element abed, 
the angular rotation of point B = da. Let Aa 
be the angular rotation of the terminal point B 
due to bending of the beam. 

Then Aa » 2 da . But, da = Mds 

El 

Hence, Aa = 2 Mds , But Mds is the moment 
El El 

weight of any element which has been given for 
simplicity the symbol 0. Therefore, 

Aa = 20 (7) 

That is, the angular deflection of the terminal 
point B equals the total moment weight of the 
member. 

To determine the proper signs, we note that 
to produce the deflection as shown in Fig, A9.2, 
a negative moment (Tension in the top fibers) 
must be applied to the cantilever beam. Hence, 
from the figure, M is negative, dx is positive, 
dy is negative. Then: 


Aa = -20 (I) 

Ay - 20 x (II) 

Ax = -20 y (III) 



unknowns and only 3 equations of statics avail- 
able. Fig. A9.5 represents a modification of 
these frames which will be referred to as the 
"Residual Structure". In general, the resid- 
ual structure is the original structure so modi- 
fied as to be made statically determinate rela- 
tive to internal stresses. In this treatment of 
frame analysis, the resiaual frame selected will 
be a cantilever structure as illustrated In Fig. 
A9.5. To simplify later deflection equations, 
the free end of the cantilever has been extended 
by an inelastic bracket to the point 0, which co- 
incides with the elastic center of the frame. 

The rigid bracket has zero elastic weight, since 
it is assumed as rigid or inelastic. The elas- 
tic center has been defined as a point coincid- 
ing with the centroid of the elastic weights ds 

El 

of the structure. The residual frame and its 
loads satisfies the laws of statics but the true 
continuity of Fig. A9.4 has been altered. Thus, 
certain forces M 0 , X 0 , Y 0 must be added to the 
residual frame at the terminal point 0 to give 
the true conditions of continuity relative to 
deformations of adjacent parts of the structure. 
Thus, Fig. A9.6 shows the force system which 
will satisfy both statics and continuity. The 
redundant forces are M 0 , x 0 and Y 0 . 



A9,4 Equations for Redundant Internal Forces In a 
Closed Frame or Bent. 

Fig. A9.4 shows two general types of 
frames. The Internal stresses in these frames 
are statically indeterminate since we have 6 



Derivations of Expressions for Forces Mr>, X 0 and 

Y 0 - 

Consider the residual frame of Fig. A9.7 as- 
sumed symmetrical about the vertical axis. The 
point "0" which has been designated "elastic 
center" coincides with the centroid of the elas- 
tic weights of the frame. The reference axes 
through point 0 are the vertical symmetrical 
axis YY and XX which is perpendicular to YY. 
Considering only the effect of the external force 
system, we will write the expressions for the 
angular and translatory deflection of the point 
0. From equation I Article A9.3, angular deflec- 
tion of point 0, 

Aa 0 r -20s ---------------(7) 

The subscript s has been added to the moment 
weight 0 to signify that the moment is due to 
any static condition consistent with the given 
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loading. From Equation II, the deflection of 
point 0 In the Y-Y direction equals, 

Ay 0 » 2 0 S x * (8) 

And similarly for deflection In the X-X direction 
from Equation III: 

Ax 0 = ~20 s y (9) 




Fig. A 9-1 


Consider now only the redundant moment M 0 at the 
elastic center 0, and assume a unit value or M 0 
* 1. Fig. A9.8 shows the static moment diagram 
for M 0 * 1. The angular rotation of point 0 due 
to a unit moment at 0 equals: 


Aa 0 = -20g 


2 


Mds 

W 


The term 2wy* represents the moment of Inertia 
of the elastic weights of the frame about the X 
axis. In other words, the deflection of the 
elastic center 0 along the XX axis due to a unit 
force at 0 acting along axis XX equals the elas- 
tic moment of inertia of the frame about the X-X 
axis. The term 2wy* will therefore be given the 
designation Ixx- Therefore, the deflection of 
point 0 along the XX axis due to a force X 0 will 
equal: 

Ax 0 (due to X 0 ) *Xo2wy*==x 0 Ixx (11) 

The deflection of the point 0 along the Y-Y axis 
due to X 0 - 1 equals the moment of the moment 
weights about the Y-Y axis, or: 


Since M Is unity for every point on the frame, 

Aao = -21 . g = -Z g = -zw 

Or, in other words, the angular rotation of point 
0 due to the unit moment equals the total 
elastic weight of the structure. 

Thus, for a moment M 0 other than zero, 

Aa 0 (M 0 at 0 )=-Mo2w 410) 

Now, consider the translation of point 0 due to 
this unit moment M 0 . The deflection of the 
elastic center 0 along the XX axis due to bend- 
ing of the beam, from equation 9 is Ax 0 * -20 s y. 
Referring to the static moment curve of Fig. 

A9.8 It Is observed that the XX axis Is the 
centroldal axis of the moment weights 0 S (since 
M is constant) as well as being the centroldal 
axis of the elastic weights of the structure. 
Thus, the moment of the moment weights about 
axis XX Is zero, hence: 

Ax 0 (due to M 0 ) = -20 s y = 0 

For the same reason, 

Ay 0 (due to Mo) = 20 s x = 0, 

since the moment of the moment weights about the 
YY axis Is zero. Thus, an external moment, ap- 
plied at the elastic center, causes only rotation 
of the elastic center and no translation. Con- 
sider a force X 0 s 1 acting on the residual 
frame as shown, in Fig. A9.9. The static mom- 
ent curve due to this force is also shown. The 
bending moment on a differential element, as at 
point a = 1 . y - y. Then the moment weight of 
this element « yds - wy. The deflection of the 

IT 

point 0 along the XX axis due to bending of 
this element equals the moment of the moment 
weight of this element about axis XX * wy . y * 
wy*. Hence, 

Ax 0 (due to Xo * 1) ■ 2wy* 


Ay 0 (due to X 0 s 1) = 2wy . x = 0 

The term 2 wyx represents the product of inertia 
of the elastic weights of the frame about the 
axes X and Y. This term Is obviously zero, since 
the X and Y axes are principal axes. 

The angular rotation of the point 0, due to 
X 0 = 1, equals the moment weight of the structure 
under this load, or in other words, the area of 
the M_ diagram. Total moment weight = Mds = 

El L Ef 

^ yds = 0, because the axis XX is a centroldal 

axis, and thus ^ yds = 0. Thus summarizing, we 
El 

can say that a force x 0 produces pure translation 
of point 0 in the X direction, that is, no de- 
flection in the Y direction and no rotation. 

In a similar manner, It can be shown that a 
force Y 0 acting at the elastic center 0 produces 
a translation of 0 along the Y axis equal to:- 
Ay 0 (due to Y 0 ) * Y 0 Iyy (12) 

where Iyy = the elastic centroldal moment of in- 
ertia about the axis YY. Likewise, it can be 
shown that Y 0 will produce no rotation of point 
0 and no translation in the X direction. 

We can now write three independent equations 
equating the displacement of the point' 0 due to 
the external load system to the displacement due 
to the redundant forces M 0 , X 0 and Y 0 . This must 
be so, since in Fig. A9.4, point A is a fixed sup- 
port and thus does not suffer a displacement. 

Since point 0 is attached to A by an inelastic 
bracket, then 0 must not suffer any displacement, 
and thus, the effect of the external load system 
and the redundant system at 0 on the residual 
frame must produce zero movement of point 0. For 
a closed frame as in Fig. A9.5, there can be no 
relative displacement between the cut faces at 
a -a (neglecting shear deformation), thus, point 
0 which is attached to one face by an inelastic 
bracket, can suffer no displacement relative to 
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the other face at this cut section. Therefore: 

Ado 58 - £0 S - M 0 2w * o (adding equations 
(7) and (10) or 

Mo = - 2 0g 

w 

static moment weight of structure /.v 

~ ~ elast 1 c weight of structure ~ 

~ - Rotation of point ”0" due to static moment 
Rotation of point H 0" due to unit moment 
and 

AXo = -S0 8 y + X 0 Ixx * 0 (adding equations (9) and (11 ) 
or 

X 0 = 20SZ (B) 

*xx 

- momen t of static moment weights about axis XX 
moment of inertia of elastic weights about axis XX 

= deflection of "0" along XX due to static moments 
deflection of "0" along XX due to X 0 = unity 
and 

AY 0 = 20 s x + Y 0 Iyy = 0 (adding equations (8) and (12) 
or 

Y 0 = ~20gX (C) 

! yy 

= - moment of static moment weights about axis YY 
moment of Inertia of elastic weights about axlsW 

= - deflection of "0"along YY due to static moments 
deflection of *0* along YY due to Y 0 = 1 

Equations A, B and C give us three Inde- 
pendent equations derived from the laws of 
elastic continuity, which, when used with the 
equations available from statics, permit the 
solution for stresses In a closed or restrained 
frame. 

The particular reason for choosing a solu- 
tion bringing In the elastic center is due to 
the fact that the resultant equations for the 
redundant forces are Independent of each other, 
and thus the equations are simpler, eliminating 
the necessity of solving simultaneous equations. 

It must be realized that the axeB through 
the elastic center must be conjugate axes, that 
Is, axes about which the product of inertia of 
the elastic weights is zero. For symmetrical 
frames, which Is the cask in practically all 
airplane problems, the symmetrical axes are, of 
course, conjugate axes. 

Equations A, B and C consider only deforma- 
tions due to bending. The effect of axial and 
shear deformation is not included. 

Example problems 1 to 4 Illustrate the ap- 
plication of the equations to symmetrical and 
unsymmetrical frames. 

. ;\ >om \Y -- , 
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A9.5 Application of Squat Iona to Sxaapl* Problems 

Example Problem 1. To illustrate the use of 
equations A, B, and C, consider the fix-ended 
frame of Fig. A9.10 carrying a single external 
load. The relative moments of Inertia of the 
top and side members are taken as 2 and 3 re- 
spectively. Let It be required to determine 
the bending moment diagram for this frame. The 
first step in the solution Is to determine the 
location of the elastic center and the elastic 
moment of inertia of the frame about the X and 
Y axes through the elastic center. Table 1 
shows the necessary calculations. Due to sym- 
metry of the frame about a vertical axis, we 
know that the elastic center will lie on the 
vertical axis of symmetry. The vertical loca- 
tion of the elastic center is not evident from 
observation, so a reference axis X'X* Is selec- 
ted. Distances from reference axes to the elas- 
tic center:- 

From X'X' = V = § = ^ = 20.63" 


Transferring moment of Inertia to the axes through 
the elastic center:- 

I xx a 16,800 - 32 X 20.63® = 3188 

Iyy = 3466 - 0 = 3466 

The supporting medium at A and D are considered 
as fixed or rigid supports. Therefore, the sup- 
ports have zero elastic weight; that Is, a unit 
moment acting on a rigid support would cause zero 
rotation of support. The supports therefore, do 
not enter into the calculations. 


Por- 

tion 

Bias- 

tic 

wt. 

y*dist. 
f ros 
X'X' 

XadlSt . 

from YY 

tx 

wy 

W C+ix, 

i 

'•'**> iu 

AB 

as-io 

3 

15 

-12 

-120 

• 150 

W«**2tf0 

i 

VYxii 

WK*-*l**0 

l«J *0 

BC 

24.12 

2 

30 

o 

o 

360 

| 

v° 

C&P*. 

CD 

afi-io 

3 

15 

12 

120 

150 

I* *75® 

is * o 

Totals 32 



0 

660 

Ifcdco 



Note: l x and ly - moment of Inertia of each por- 
tion about Its own eentroldal axis parallel to 
the X and Y reference axes respectively. 

Solution #1 

We first assume a condition for the frame 
that Is statically determinate. Fig. A9.ll shows 
the static condition selected for solution #1. 

The frame has been broken at B and C and a hinge 
and rollers inserted. The static moment curve 
consists of a simple beam bending moment curve on 
member BC as shown and zero moment on the side 
members. 

Due to bending of member BC, the elastic 
center of the residual structure of Fig. A9.12 
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will be displaced. In reality, the elastic 
center must suffer no displacement, thus certain 
forces M 0 , Xo and Yq are required to cancel the 
displacement due to the static moment on the re- 
sidual frame. The equations for these forces 
are: 

N 0 "* **’ Z0g > Xo ” Zfey , Yq " — 20gX 
2w *xx *yy 

Z0& s static moment weight = area of static M/I 
curve * 45 x 12 - 270 

— 5 — 

Z0 s y = moment of static M curve about the XX axis 

I 

- 270 X 9.37 = 2534 

Note:- Moments which cause tension on the In- 
side of the frame are positive. In calculating 
the moment of the moment weights 0 S about the 
axes X and Y, the moment diagram should be con- 
sidered as applied normal to the paper along the 
tor neutral axis of the particular member. 

Z0 3 x = moment of the static moment weight 
about the YY axis - £70 x (-2) - - 540 
Substituting in the general equations 
M 0 * -Z0 h - - 270 - 8.44 In. lb. 

Zw 32 

Xo = Z0*y = 2534 ; .796 lb. 

IjQ^ 3i6s 

Y 0 - - Z0gX = - (-540) = .1562 lb. 

Iyy S4S6 

Fig. A9.13 8 hows the bending moment on the re- 
sidual frame due to these three forces. Fig. 
A9.14 gives the summation of the two moment 
curves of Figs. A9.ll and A9.13 which gives the 
true bending moment on the frame, with the 
bending moments on the frame known, shears and 
axial loads can be determined by statics. 



Solution #2 

In this solution, the static condition as- 
sumed Is two cantilevers (see Fig. A9.15). The 
frame is cut at the concentrated load point, and 
the load Is assumed to act on the left cantilever. 
The static moment curve under this assumed condi- 
tion Is as shown. Fig. A9.16 shows the static 


moment load on the residual cantilever and the 
redundant forces at the elastic center which are 
required to give the true elastic action of the 
frame. Fig. A9.17 gives the bending moments due 
to the redundant forces only, and Fig. A9.18 the 
final moment value which equals the summation of 
Fig. A9.15 and A9.17. Table 2 gives the calcula- 


tions for determining the redundant forces M 0 , X 0 
and Y 0 . 



Table 2 


Por- 

tion 

Static 

■OK , 

wt. 

x.dlst . 
to axis 

YY 

y-dlat . 
to axis 

XX 


*ay 

AB 

-6QX3Q.-600 

3 

-12 

-5.63 

7200 

3376 

BB 

-30x6 — »0 

3 1 

-10 

9.37 

900 

-843 

XC 

0 

j 


-0 

0 

CD 

0 



-0 

0 

To tala -890 


i 

8100 

2535 


Calculation of redundant values. 

« -(-690) = ^ 21.55"# 

tst 

X 0 * 20g y 85 2535/3180 = .796# 

*xx 

Y 0 *„50s£ 88 "8100/3456 » -2.343# 

*yy 

The results in Fig, A9.18 are the same as 
in the first solution In Fig. A9.14. Any dis- 
crepancy is due to slide rule accuracy. 
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Example Probleu§2 

Consider the same frame as in Problem #1, 
but with pin or hinge supports at A and D in- 
stead of rigid, fixed supports (see Fig. A9.19). 
Required the bending moment diagram. 


Fig. A9-19 Fig. A9-20 



The first step is to determine the loca- 
tion of the elastic center and the elastic mom- 
ent of Inertia about the X and Y axes through 
the elastic center. Due to symmetry the elastic 
center must be on the symmetrical axis Y-Y. In 
problem 1, the supports at A and D were fixed 
and thus, the supporting medium had zero elastic 
weight. In this example, the supporting mediums 
are hinges which have no resistance against ro- 
tation, which means they have infinite elastic 
weight that is, a unit moment on a hinge would 
cause infinite rotation. It Is obvious there- 
fore that the vertical location of the elastic 
center must be at point 0 on a line Joining the 
two hinges, since the elastic weight of the 
hinges is infinitely large. Thus, the elastic 
weight of the frame Is infinite, or 2 w - 
The elastic moment of inertia about axis YY Is 
also Infinite, due to the hinges or Iyy = °* • 

The elastic moment of Inertia I** is as 
follows:- _ 

Portion AB = 1/3 x 1/3 x 30*= 3000 

Portion CD = 1/3 x 1/3 x 30*= 3000 

Portion BC - 24 x 1/2 x 30* - 10800 

1^ = IST355 

Fig. A9.20 8 hows the static condition assumed; 
that is, a pin at B and rollers at C. The stat- 
ic moment diagram Is also shown. Fig. A9.21 
shows the residual structure loaded with the 
static moment weight. 

The static moment weight on the frame 0 - 
area of the moment diagram on BC divided by I = 
45 x 12 x 1/2 = 270 

Z0$X * 270 X (-2) * - 540 

20 s y « 270 X 30 * 8100 


Solving for the redundants Mq, Y 0 X 0 , 

M 0 = - 20 a = ~ 270 * 0 

w infinity 

Y 0 * - Msx = - (-540) = 0 

Iyy Infinity 

X 0 - = JSgO « .W 

I xx 16800 

Thus, the only redundant force required is X<>* 

It should be noted that If Mq or Y 0 were other 
than .zero the rigid bracket connecting the elas- 
tic center with hinge A would not be stable. 

Fig. A9.22 shows the bending moment diagram 
on the residual frame due to the redundant force 
X 0 = .481#. Adding these moments to the static 
moment assumed in Fig. A9.20, we obtain the final 
moment diagram in Fig. A9.23. 

Example Problem 3 - domed Frame 

The bending moment diagram will be determin- 
ed for the closed rectangular frame of Fig. A9.24. 
Table 3 gives the calculations for the location 



Fig. A 9*26 Fig. A9-27 


of the elastic center and the elastic moment of 
Inertia of the frame about axes X and Y through 
the elastic center. Due to symmetry about the 
vertical axis, the elastic center will lie on the 
vertical symmetrical axis. Thus, the X and Y 
axes through the elastic center will be conjugate 
axes. In Table 3, X'X' is taken as a reference 
axis In finding the desired properties. Fig. 
A9.25 shows the static condition assumed. The 
frame has been cut at the side load point, and 
the side load has been assumed to act on the 
lower portion at this point. The static moment 
curve for this assumed static condition is shown 
In Fig. A9.25. Fig. A9.26 shows the residual 
frame. The closed frame may be cut at any point 
as at section 1-1. One face is considered fixed. 
The other cut face is attached to the elastic 
center by an Inelastic bracket. The static mom- 
ent weight on this residual frame causes the 
elastic center 0 to move with respect to the cut 
face l-l. However, since the frame 1 b continu- 
ous at section 1-1, there can be no relative 
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displacement between the faces at this section. 
Thus, we find certain forces x 0 , Y 0 and Mq at 
the elastic center which will preserve continu- 
ity at section 1-1. Table 3 gives the calcula- 
tions for these required forces and Fig. A9.27 
shows the bending moments on the frame due to 
those forces. To obtain the final true moments, 
we add the moment diagram of Fig. A9.25 and 
A9.27 to get A9.28. (It is suggested that the 
student assume other static conditions and solve 
this problem). 



Total! w.eij [912 1 O I 10352 I 6975 


y = Zwy/2w * 912/61 - 14.94" 

1%X = 20352 - 61 x 14.94" = 6730, Iyy » 6975 
Static moment weight 0 B = area of static M 

I 


Y 0 3 - (S0*x) = - (8100) = * 1.16# 

Iyy 6975 

x 0 r l&y = 16075 s 

T^of im 

Example Problws 4 - UnsjwMtrical Paae 

Fig. A9.29 shows an unsymmetrical fix-ended 
bent, with a horizontal loading on one side. The 
procedure for determining the bending moments on 
the frame is the same as before with one excep- 
tion. Due to the fact that the structure is not 
symmetrical about the X and Y axes, these two 
axis are therefore not conjugate axes; that is, 
axes about which the product of inertia of the 
elastic weights is zero. In the derivations of 
the simple equations A, B and C of article A9.4, 
it was necessary for the redundant forces at the 
elastic center to act along the axes which were 
conjugate to each other in order to be independ- 
ent of each other. Table 4 gives the complete 
calculations for determining the conjugate axes 
and the properties about these axes. First, ref- 
erence axes X' X' and Y’Y’ are assumed. The 
elastic properties are determined about these 
axes and then transferred to parallel axes 
through the elastic center. The YY axis through 
the elastic center Is taken as one conjugate ax- 
is. The direction of the other axis conjugate 
with this one is then determined. 

Table 4 



diagram :- 


Distances from reference axes to elastic center:- 


For member ab, 0 s 


120 x 12 = - 240 
fx 3 


y « 2wy = 950 = 21.11" 
2w 


For member AD, 0* = - 120x30 - - 900, 

2x2 

Hence 2 0 S r - -1140 

The c.g. location of the static moment 
weight lies at the c.g. of the M diagram for 

I 

each portion or at the c.g. of each triangle on 
the N.A. or € of the frame. Fig. A9.26 shows 
the distances to the c.g. of these static mom- 
ent weights. Then 

20 g x = - 240 x (-15) + £-900 x (-5)] * 8100 

20 s y - - 240 (-10.94) - 900 (-14.94) =16075 

Substituting in equations for the required forc- 
es at the elastic centers: 



X = 2wx = 412.5 = 9.166" 

2w 46 

Transferring values to parallel axes through the 
elastic center:- 

I XX = 23833 - 45 x 201*= 3780 

Iyy = 5625 - 45 x 97166* = 1844 

Ixy = 7875 - 45 X 21.11 X 9.166 = - 832 

Let 9 = angle between XX axis and axis XqX<> which 
is conjugate with YY 

9 - tan" Uy = - 832 * - .4112 or 9 = 240- 17" 

Iyy 1054 

I x<>Xo 53 I X3C cos a 9 + IyySin*9-2 Ixy8ln 9 cos 9 
Ix 0 x 0 = 3780 x .5115 V 1844 x .3TI2*- 2x (-832) 
(-.4113) « 2648 
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The procedure from this point on is the 
same as in the previous examples. Fig. A9.30 
shows the static condition assumed, namely, a 
cantilever, the frame being cut at A. The 
static moment curve is as shown. Fig. A9.31 
shows the residual frame with the redundant 
forces acting at the elastic center. 





Ap.e 

M 0 - - Zga = - ( 36250 ) = 138.9"# 

W 45 

Xo = 20„y o = - 6250 X (-9.643) = 22.76# 

Ix 0 2645 

= - 6350 X (-9,166) - - 31.05# 

— im 

Fig. A9.32 shows the bending moment on the 
residual frame due to the redundant forces act- 
ing at the elastic center. For example, for 
point Di- 
ll * 138.9 + 31.05 x 9.166 + 32.76 X .9115x11.11 + 
22.76 x . 4112 X 9.166 = 739"#, 

The static bending moment under the assum- 
ed static condition at point D was -2000"# (see 
Fig. A9.30) . Hence, the final moment at D * 

739 - 2000 = - 1261"#. 

Fig. A9.33 shows the final moment curve, 
which equals the summation of Figs. A9.30 and 
A9.32. 

A0.6 Analysis of Praass Canon to Airplane 

Structures 

Open frames with a curved contour form one 
of the major units of semi-monocoque fuselage or 
hull structures. For such frames the general 
case is variable moment of inertia and concen- 
trated as well as variable distributed loads. 

Some of the following example problems illustrate 
solutions of typical airplane frames. As stated 
before this chapter deals only with the analysis 
for the frame bending moments. Such questions 
as the design of frame sections and the true ac- 
tion of a frame as a unit in the airplane body 
are discussed in other chapters. In general air- 
plane body frames are symmetrical structures 
about the vertical axis, thus the following ex- 
ample problems deal only with such symmetrical 
frames . 

Kxuple Problea 5 

Fig, A9.34 shows a circular ring of constant 
cross-section subjected to the symmetrical loads 
as shown. The bending moment diagram on the 
frame will be determined. 


Y 0 - 20qX 
Iv 


X© acts along the conjugate axis x<jX 0 . The 
static moment weight 0 S on the frame equals the 
area of the M diagram 

= f- 1000 x 5 + (1000 + 2000 ) 6] 1 * - 6250 

2 J 2 

This elastic static moment weight 0 S acts on 
the neutral axis of AS at the centroid of the M 

I 

diagram, which, by elementary arithmetic, falls 
at 4.666" from D. 

We now substitute in our fundamental equa- 
tions for the redundant forces at the elastic 
center. 


* 
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Du© to symmetry the elastic center of the 
frame coincides with the center of the circle. 
Since the moment of Inertia of the cross-sec- 
tion of the ring has been assumed constant 
about Its centerline axis, a relative value of 
1 will be assumed. Thus total elastic weight 
of ring * 2w = 2ds = perlmenter of ring = nx36 

T 

= 113.1 since I Is unity. The elastic moment 
of Inertia, of the ring jabout the X and Y dia- 
meters = n r® = n x 18® = 18300. 

Fig. A9.35 shows the bending moment dia- 
gram for the assumed statically determinate 
frame condition, namely, a pin at e and rollers 
at f . The static bending moment at points a, 
b, c and d - 50 x (18 - 18 cos 48°) = 265"#. 
(Tension on Inside of a closed ring Is positive 
moment). The moment Is constant between a and 
b and between c and d. The next step Is to de- 
termine the total static moment weights 0 B = 

ZI1 ds/I which equals the area of the moment 
diagram since I Is unity. Furthermore the cen- 
troid of this moment weight Is required. 

The area of portion (1) of the static 
moment curve Is given by the equation 

Area - Pr* (a - sin a) , where P = 50# and a = 45° 


Hence the elastic moment weight for the four 
portions (1) and equal 

0 s(1) =4[5 o xl8* (.785- .707)] = 5062 

The elastic moment weight of the two portions 
marked (2) equal 2 £pr* 0 (1-cos a)] 

0 S ( 2 ) =2 J6 0x l8“xn (1- .707)]= 15000 


Hence total 0 8 = 15000 + 5052 = 20052 . The sign Is 
positive since M Is positive. 

Since the static moment curves are sym- 
metrical with regard to the ring the centroid 
of the total moment weight 0 8 is obviously at 
the center of the circle. 

Fig. A9.36 shows one residual structure 
with the ring cut at e and a bracket extended 
to the elastic center 0, where the redundant 
forces are applied. Substituting in the re- 
dundant equations. 

”o = ~ yft = - { fl§7T ) = ~ 177 ln<lb> 

„ _ • 20 x _ (20052 xO). M 

Y « ' ' IT * ‘ ”1532 — ‘ °* 


„ _ 20 y _ 20052 x 0 

x ° ‘ ' T53S5 


= o# 


Fig. A9.36 shows the moment diagram due to 
these redundants. It Is a constant moment of 
-177"# since the redundants v 0 and X 0 equal zero. 
Adding the moment diagrams of Figs. 36 and 36 
the final moment diagram of Fig. A9.37 Is ob- 
tained. 


Example Problem 6 


Fig. A9.38 shows a simplified shape for an 
airplane body frame. The frame bending moments 
will be found for the given frame loading. 

The relative values of I as given for each por- 
tion of the frame. 



Fig. A 9-41 


Table Aft. 5 

Take X*X f as reference axis. 


HalMr 

L 

9! 

m 

H 

wy 

* i*+ wy* 

m 

94.28 

1.5 

62.6 

2r+3Q 

3060 

54004151200 - 156600 

“TT* 

« 46.1 

AB 

60.0 

ca 

60.0 

MM 

0 

180004ft . 16000 

mm 

60.0 

m 

60.0 

m 

D 

160004ft . 18000 

AC 

26.4 

bo 

16.2 

-42 

E3 

622433650 • 34772 

CA * 

36.4 

um 

16.2 

-42 

ega 

622433650 . 34772 

Totals 




CTFII 


BX3 

262140 
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r ^n « 6 , 64 ' Ixx = 262,140 - 221.2 x 6763 *= 

_ 262400 

cy=VC,. n Icc“ .3r B /I = .3 x 30 */l .5 = 5400 


y a distance from axis X'X* to Axis XX thru 
elastic center. 

Solution 

Table 5 gives the calculation of the frame 
elastic weight, the location of the elastic 
center and the elastic centroidal moment of in- 
ertia about the xx axis. Due to symmetry of ex- 
ternal loading, Iyy is not required. 

The next step in the solution is to compute 
the static moment elastic weights 0 B and their 
centroid locations. Fig. A9.39 shows the stati- 
cally determinate frame condition which has been 
selected, namely a pin at point A and rollers at 
point A*. The static moment curves are shown on 
the figure. 

Considering member BDB* 

Static moment weight 0 S for portion (1) and 

( i'). r I 

01 ♦ 0i = 2 (a - sin a) I = 

2 J*6000_X_S0^ ( -524 _ = 17 2800 

Vertical distance from line BB’ to centroid of 
this moment load on portions (1) and (l 1 ) = 


/ 38.4 

1/21 (4690 x - 100 X*)dX 


1,007,000 
y from line BB' 


2r sin - 2 x 30 x .867 

s ~ ^ — 


Considering Member AC: 

From free body diagram of bottom portion of 
frame (Fig. A) the equation for bending moment 


ip 

Fig. A 


on member AC equals: 

M* * 4690 X -100 x* 

Area of M/I curve between A and C - 


4690 x* 100 x 


sj 38.4 _ 


784000 


Distance to centroid of M/I curve along line AC 
from A. 

/38.4 

X - 1/2 J (4690 X 100 X* )xdx 


f 4690 X s 

L— 3“ 


= 21. 77" 


r(l - cos a - ^— ) 30(1- .867 - ) 

* a - sin a .524- .5 

For portion (2) of moment diagram 

^ _Pr* © ,, N ^6000x30*' x 2.1,, 

0* = — | — (1- cos a) = ( 1- .867 = 


Vertical distance from line AA' to centroid = 
21.77 x 24/38.4 = 13. 6". The static moment 
weight for A'C 1 is same as for AC, thus 

0AC + At' = 2 x 7 ^000 - 1568000 

Fig. A9.40 shows the residual frame with the mom- 
ent weights located at the centroids, together 
with the redundant forces M 0 and X 0 at the elas* 
tic center. It makes no difference where the 
frame is cut to form our residual cantilever, if 
one of the cut faces is attached to elastic cent- 
er and the other is considered fixed. With the 
elastic properties and moment weights known the 
redundants can be solved for: 

M _ 20g __ (1007000 172800 + 156800) _ 

n °-~Tw S2T7S 


12430"# 

1007000 X 48 . 16 + 172800 X 33.36 + 156800 X -5 .24 

§55500 

= - 98 . 6 # 

Y 0 Is zero because of the symmetrical frame 
and loading. The final or true bending moment at 
any point equals 

M = Mg + M 0 - X 0 y 

Thus for point B 

Mg = 0 + (-12430) - (-98.5 x 23.36) = -10130" 
For point C 

Mg at point C =4690x38.4 -200x(38. 4)® /2 = 

32700 

Hence Mq = 32700-12430- (-98.5 x -60.64) =14300"# 

Fig. A9.41 shows the general shape of the true 
frame bending moment diagram. 
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Example Problem No, 7 Analysis of Hull Frame . 

Fig. A9.42 shows the general details of an 
Intermediate hull frame taken from an actual 
large flying boat. The main external load on 
such frames is the water pressure on the hull 
bottom plating. The hull bottom stringers 
transfer the bottom pressure as concentrations 
on the frame bottom as shown. The resistance to 
this bottom upward load on the frame is provided 
by the hull metal covering which exerts tangen- 
tial shear loads on the frame contour. The 
question as to the distribution of these shear 
resisting forces is discussed in later chapters. 
In this problem the resisting shear flow in the 
hull sheet has been assumed constant between the 
chine point and the upper heavy longeron. For 
analysis purposes the frame has been divided 
Into 20 strips. The centroid of these strips 
located on the neutral axis of the frame sec- 
tions are numbered 1 to 20 in Fig. A9.42. The 
tangential skin resisting forces are shown as 
concentrations on frame strips #6 to #16. On 
the figure these tangential loads have been re- 
placed by their horizontal and vertical compon- 
ents. The sum of the vertical components should 
equal the vertical component of the bottom water 
pressure . 

Table A9.6 shows the complete calculations 
for determining the bending moment on the frame. 
Columns 1 to 7 give the calculations for the 
elastic properties of the frame, namely the 
elastic weight of the frame; the elastic center 
location, and the elastic centroidal moment of 
inertia about the horizontal centroidal elastic 
axis. A reference horizontal axis x n X r has 
been selected as shown. All distance recorded 
in the table have been obtained by .scaling from 
a large drawing of the frame. 

Columns 8 to 13 of the Table, give the cal- 
culations necessary for determining the redund- 
ant Mq and X 0 acting at the elastic center. 
Column 8 gives the static bending moments at 
the center of each frame strip when the frame 
is assumed cut at the crown point A and fixed at 
the keel section (see Fig. A9.43). Thus each 
side acts as a cantilever fixed at the keel sec- 
tion. Due to symmetry of frame and loading only 
one half of frame need be considered. The so- 
lution for the redundants is shown at the bot- 
tom of the Table. The final or true bending 
moment as given In column 13 and equals the 
static moment I % plus that due to Mo and Xo 
acting at elastic center. 

In the derivation of the equations for the 
redundant forces at the elastic centers, the 
summation from the elastic center around the 
frame was clockwise. In Fig. A9-42 the sum- 
mation Is counter-clockwise around the frame, 
thus the signs proceeding the expression for 
the three redundants Is opposite to that given 
in equations A, B, and C on page A9.6. Fig. 
A9-44 shows the general shape of the resulting 
bending moment curve. 
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Table A9.6 


Calculation of Frame Elastic Calculation of Moment Weights and Solution of lodundnnts 

Proportion 

Col. 

1 

2 

3 

4 

5 

6 

D 

8 

9 

10 

ii 

12 

13 

14 

Station 

Strip 
m length 

«M 

V- 

I 

Elastic 

Weight 

w-df 

m 

1 

H 

B 

Static 

Moment 

Mg 

Moment 

Weight 

ts y 

Mo 

* 0 y 

•Total 

Moment 

M 


1 

m 

.065 

117.00 

26.1 

IS51 

79700 


0 

0 

0 

R5HS 

BBSS 
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5 — 

INI 

.065 

lllcAiION 

em 

fxim 

■rraxi 

Kf ¥1 

0 

0 

0 

* 

rr 

1 

1 

K*T <1 


3 

on 

■Kim 

HUE® 

non 

ETM 

■efesi 

■INI 

0 

0 

lglllEEKa*l 

1 * 

■rom 

wmwm 


4 

on 

■Kill 

HUE® 

BBQI 

Mi 

■MTO 1 

■run 

0 

0 

o 


■Oil] 

mam : m 


F~ 

on 

■Kill 

wuaum 

wfmm 

K&l 

■I-IHJ 

KM 

0 

0 

6 

♦« 

ii 

wm.wxm 


6 

□o 

HI I 

mmzm 

in 

■111 

■*123 

eajvj 

wmmm 

■Em 

■■KITE! 

— 

■Ema 

BTlii* 


7 

on 

WM$m 

em 

0 

0 

0 

auu 

■EBM 

■090 

DHH 

EE 

KTi’iO 

Bim* 


8 

on 

■m 

■a-m* 

DOE 1 

*31X1 

■IT Till 

BXX3 

KEEM 

HH 

WP7TT«W 

n 

dttEI 

EMU 




on 


■mm 

mmm 

erai 


■iin 

■mi 

EUU 


*t 

E&IFM 

■HI-IT* 


id 

on 

■HE231 

web mm 

Bill 

Em 

■f-TTTi 

SIN 1 

■mm 

■SUM 

MlKcV^T.— 

»t 

gpv*r>T»i 

EUclll* 


ii 

uu 

.36 

mamm 



■UE 1 HJ 

sun 

tt&'Htl 

■1IK3 

■OFTM* 

tt 

Bffil 

B&imi 


rr~ 

[Nl 

MHH'XHi 

1LE19 

B&jm 

Eim 

liMJ 

KIXJ 

■mm 

BiERJ 

DEEML'I'JM 

tt 

ElXiXJ 

Km* 


fr^ 

on 

mmm 

■oral 

sni 


■FKIXl 

ElrNl 

■mm 


BfFTPgl 

ft 

ETTI‘ 1'1 

Kin* 


T? 

ran 


■OEE1 

eroni 

fw^frU 

■HESSa 

Bxjn 

KAiTI'X 

sraxo 

BBEmm 

tt 

BTfZX] 

■mi* 


ir 

m 

.34 

■uy.Ki 

EliNl 

gni 

— DBlEEI 

CEon 

■rifRrni 

FTTtWil 

BMn 

tt 

EHTX 1 

iiTmi 


\WMzMZM 




HI 

H 

H ■ 

EFIM 

mum 

mi 

■■■■■ 

■m* 

■fTwrm 

!*VfTT* 



on 

mum 

■Mm 

Em 

m 

■Ml 1 

EfNl 

pmzm 

mn 

EKTT7K 

tt 


IWTR* 


17 

on 

mum 

■III 

cm 

K 1 

■cna 

Eiffl 

FFmm 

■FTWl 

HBTTTinBI 

tt 

1 XTM*M 

IfrWTOT 


18 

on 

mum 

■n 

ehoi 

EETl 

mam 

EEEM 

EWim 

■Ml 

BK27nK 

#t 

ETH‘T‘1 

frnrrm 


13 — 

on 

¥aum 

H^jO* 

EFNl 

mm 

wmrm 

ESrfUl 

H4W1 

BW1 

mrrrTKi 

M 

wsixm 

rnrwm 


20 

on 

mum 

Hoim 

120 


iMn^j 

BrHB 

Exwrm 

■DD 

EKFimi 

■am 

BfiYTXl 

liTOPim 



■i 

mm 

mm 

■ 

H 



remm 

'■■■ 

■■■■ 

niTi'i 

■FIXI) 

IFWPIi* 


1— i inn 



uunx 


EMU 


■■■ 

■ 

EMOD 

Bn®* 

■m 

■■■1 

\wmmm 

*■■■ 

7 . 7228/811.48 - 8.9- . .9020"# 

Irx - 423237 - 811.48 X 3TJ 2 . 358940 ‘ w 

. 3 r 348106 x 1000 1 ...... 

*o— *-[- jswn — J* 

x xx 

* Total Moment M at any station « Mg + X Q y - M 0 



(1) Determine the bending moment diagrams 
for the frames of Fig. A9.4S to A9.48. The 
relative moments of inertia (I) for each portion 
of the frames are shown on the figures. 


(2) In Figs. A9.45 and A9.46 assume the 
frames pinned at bottom instead of fixed and 
determine frame bending moments. 
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Fig. Af-47 
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Fig. A9-50 


(3) Determine the bending moment diagram 
for the closed frame of Fig. A9.49. 

(4) Determine the bending moments on the 
frame of Fig. A9.50, for the given loading. 
Relative (I) values for the different portions 
of the frame are shown on the figure. 




































CHAPTER A10 

BEAM - COLUMN MEMBERS 


AlO.l Introduction 

A besun-column is a member subjected to 
transverse loads or end moments plus axial loads. 
The transverse loading, or end moments, produces 
bending moments which, in turn, produce lateral 
bending deflection of the member. The axial 
loads produce secondary bending moments due to 
the axial load times this lateral deflection. 
Compressive axial loads tend to increase the 
primary transverse bending moments, where as 
tensile axial loads tend to decrease them. 

Beam-column members are quite common in 
airplane structures. For example, the beams of 
externally braced wing and tail surfaces are 
typical examples, the air loads producing trans- 
verse beam loads and the struts introducing ax- 
ial beam loads. In landing gears, one member is 
usually subjected to large bending and axial 
loads. In tubular fuselage trusses, lateral 
loads due to installations supported on members 
between truss Joints produce beam-column action. 

In general, beam column members in airplane 
structures are comparatively long and slender 
compared to those in buildings and bridges; 
thus, the secondary bending moments due to the 
axial loads are frequently of considerable pro- 
portion and need to be considered in the design 
of the members. 

This chapter deals briefly on the theory 
of single span beam-column members. A summary 
of equations and design tables is included to- 
gether with examples of their use. The informa- 
tion In this chapter is used frequently in other 
chapters where practical analysis and design of 
beam-column members is considered. For a com- 
pleted and comprehensive treatment of beam-col- 
umn theory and derivation of equations, see 
Niles and Newell- "Airplane Structures". 

A10.2 General Action of a Menber Subjected to 
Combined Axial and Transferee Loads. 

Sub-figure a of Fig. A10.1 shows a member 
subjected to transverse loads W end axial com- 
pressive loads P. The transverse loads W pro- 
duce a primary bending distribution on the memb- 
er as shown in Fig. b. This bending will pro- 
duce a transverse deflection curve as illustrat- 
ed in Fig. c. The end loads P now produce an 
additional secondary bending moment due to the 
end load P times the deflection 0 , or the bend- 
ing moment diagram of Fig. d. This first sec- 
ondary moment distribution produces the addi- 
tional lateral deflection curve of Fig. e and 
the end load P will again produce further bend- 
ing moments due to this deflection. If the ax- 
ial load is not too large, these successive 


deflections will gradually converge and the memb- 
er will reach a state of equilibrium. These 
secondary bending moments could be found by suc- 
cessive steps by the various deflection princi- 
ples given in Chapter A7. However, for prismatic 
beams this convergency can be expressed as a 
mathematical series and thus save much time over 
the above successive step method. For members of 
variable moment of inertia, the secondary moments 
will usually have to be found by successive steps. 

If the end loads P are tension, they will 
tend to decrease the primary moments; thus, in 
general, the case of axial compression is more 
important in practical design, since buckling 
and instability enter into the problem. 


A10.3 Equations for a Compressive Axially Loaded 
Strut with Uniformly Distributed Side Load 


Fig. A10.2 shows a prismatic beam of length 
L subjected to a concentric compressive load P 
and a uniformly transverse distributed load W, 
with the beam supported laterally at each end, 
and with end restraining moments M x and M«. It 
is assumed that the general conditions for the 
beam theory hold, namely; that plane sections 
remain plane after bending; that stress is pro- 
portional to strain in both tension and compres- 
sion. 

At any point a distance x from the beam end, 
the moment expression is, 


M = Mx ♦ 


(M. - Mi ) „ WLx WX* 


X - 




( 10 . 1 ) 


From applied mechanics, we know that 

3x^ therefore, differentiating equa- 
tion (10.1) twice with respect to x gives 

is! * n » * » < 10 - 2 > 


Fig. AUM 
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rp Mom. 

For simplification, let 3 *Vt ; 
which, substituted In (10.2), gives 

d*M 1 M _ w 
dF * 7 ” 
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The solution of this differential equation gives. 
M = Ci sin ^ + C* cos j + wj* (10.3) 

where Ci and C* are constants of integration and 
sin x and cos x are the limits of an Infinite 

3 3 

series of variable x. When x = o, H = H x and 

3 

when x = L, H = H«, therefore: 

n = - wj» _ M» - wj« 

sin L tan L 

3 3 

= H» - wj* - (M x - wj") cos L 
1 


sin L 


__1 . M, -Mi _ WU . WX* 

y = f (Mi + — jf— x --jr + -jr 


D. - Di cos i 

s— *• sin i - Di cos ~ - wj") 

sin j J J 


(10.7) 

The slope of the elastic curve at any point 
Is given by the first derivative of equation 
(10.7) 


■p( 5l t ik -f *“ x ' 7 ,!0 * 3*T 51 “ f)- (10 - 81 


A 10. 4 Formulas for Other Single Span Loadings 


3 


and Cm = Hi - wj* 


Let Di = Hi - w J* and D« * H a - wj 8 . Then, 
substituting In equation (10.3), 

D fl - Di cos L 


H = 


J 

sin L 

3 


sin x + Di 

3 


cos x + wj* (10.4) 

3 


To find the location of the maximum moment, dif- 
ferentiate equation (10.3) and equate to zero. 


dH _ 
3x 


o 




whence 


tan 


x 

3 


Ci D a - D x COS j 
C * Di sin - 


-((10.5) 


The value of x must fall within x = 0 to x = 1, 
otherwise H x or H* is the maximum value. 

The value of the maximum span moment can be 
found by substituting the value from equation 
(10.5) in (10.4), which gives 


\ax 


D + wj* 
cos x 


( 10 . 6 ) 


3 

The moment H at any point x along the span can 
also be written: 


In investigating other transverse loadings 
for a single span carrying axial compression, it 
is found that the expression for bending moment 
in the span always takes the form: 

H = Ci sin - + C a cos | + f(w) (10.9) 

where f(w) is a term which does not Include the 
axial load P or the end moments Hx and H«. The 
expressions for f(w), c x and C» depend on the 
type of the transverse load. 

Table A10.1 gives the value of these 3 
terms for types of transverse loading on a single 
span which are frequently encountered in airplane 
structures. The Table also gives equations for 
the point of maximum bending moment and Its mag- 
nitude. 

Table A10.2 is a table of sines, cosines, 
and tangents for L/J in radians which is more 
convenient to use than the usual type of trigo- 
nometric tables. This table is based on values 
given In Appendix I of Air Corps Information 
Circular #493. The A difference have been added 
to facilitate rapid use of the tables. 

For single span beams, the critical value 
of L/J is n; that Is, if the axial compressive 
load is such that the term L/J = n, the center 
region of the beam will tend to deflect until the 
combined stresses equal the falling stress of the 
material. 



(10.7) 


A10.5 Koaents for Coabinationg of the Various Load 
System as Given In Table A10.1 Margins of 
Safety. Accuracy of Calculations. 


where x m refers to the value of x where the span 
moment is maximum, or equation (10.5). Since It 
is customary to locate the point of maximum span 
bending moment and its value before investigat- 
ing other span points, the value of tan is 

known from equation (10.5) and thus is available 
to use in equation (10.7) for finding moments at 
other points along the span. 

If the equation for the beam deflection Is 
desired, it can be found by substituting the 
value of H from equation (10.3) in equation 
(10.1), which gives: 


The principle of superposition does not ap- 
ply to a beam-column, because the sum of the 
bending moments due to the transverse loads and 
the axial loads acting separately are not the 
same as the moments when they act simultaneously. 
In combining several transverse load systems 
with their accompanying axial loads, the principle 
of superposition can be said to apply if each 
transverse loading is used with the total axial 
load for the systems which are being combined. 
Thus, in Table A10.1, to find the moments for 
several combined loadings, add the values of C x , 

Cm and f (w) for the several loadings and use 


ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


A10.3 


Table AlO.l 

Values of Terse Cj, Cj, and f(v) in Squat Ion 

X ■ Ci sin & + C 2 cos & + f(w) 

j J 

Sins is Span - Axial Compression - Uni for* Section 



w or V is positive when upward. 

M is positive when it tends to cause conpression on the upper 
fibers of the bean at the section being considered. 

Reference: AC1C #493; Riles, Airplane Design; Resell and Riles 
Airplane Structures. 






















TABUS A10.2 

NATURAL SINKS , COSINES, AND TANQXNTS OF ANGLES IN RADIANS 
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NATURAL SHIS, COSINES, AND TANGENTS OF ANGLES IN BADIANS 
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these values In the general expression for M as 
given at the top of the Table. 

In a beam-column member, the bending mom- 
ents do not vary directly as the load Is increas- 
ed. Thus, the student should realize that marg- 
ins of safety based on direct proportion of mom- 
ents to loads are incorrect and lie on the un- 
safe side. 

It is recommended that four significant 
figures be used in computations, making use of 
the so-called precise equations, since the re- 
sults in many cases Involve small differences 
between large numbers. 

A10.6 Example Problems 

Example Problem #1 

Fig. A10.4 illustrates a typical upper, 
outer panel wing beam of a biplane. Let it be 
required to determine the maximum negative 
bending moment between points (1) and (2), gen- 
erally referred to as the maximum span moment. 

To obtain the true bending moments on the beam, 
the axial beam load as well as the end moments 
at (1) and (2) are necessary since they Influ- 
ence the deflection of the beam. 


of the beam, or 4420 x .75 = 3315"# positive be- 
cause it produces compression In the top fibers. 
The moment at (2) due to the cantilever overhang 
equals (20 + 10) 36 x 16 = 8640"#. Fig. A10.4 

g 

shows the beam portion between points (1) and (2) 
as a free body. 

From Art. A10.3, we have the following pre- 
cise equations for a beam carrying a transverse 
uniform distributed load with end compressive 
loads . 


and 


X L 

tan j = P 8 - D x cos 
Di sin L 

3 


•(A) 


"max 


COS X 

3 


+ wj 


■(B) 


Evaluating terms for substitution in these equa- 
tions, we obtain, 

n x = 3315"# 

M a = 8640"# 


aolutlon;- 

To obtain the horizontal component T^ of 
the lift strut load, we take moments about the 





Mm 

HHI m m H mm 


940 m 
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hinge point at the left end. 


P - 4420# compression 

I = 10 in 4 given and assumed constant 
throughout the span. 

1 - 54.23 

wj •= 20 x 2941 = 68820 


D, 

D. 

L 

3 


= Mx - wj* 
= M, - wj" 

- 100 

' §1^5 = 


» 3315 - 58820 = - 55505 
= 8640 - 58820 = - 50180 


1.844 


From Table A10.2 sin = .96290 and cos j = - 


.26981 


Substituting In equation (A) 
tan j * D, - D x cos t 

— i — *- 

Dx sin J 


. 50100 - ( -55505 x - .26981 ) 
-fegSte x .&5D6 

| = tan -1 1.2192 = .88383 


= -65156 

-533KI 


1.2192 


Hence, x = .88383 x 54.23 * 48", which equals the 
distance from the left end of the beam to the 
point of maximum span moment. 


ZM b = - 2000 x 50 - 540 x 116 

- 1500 X 100 ♦ 70.75 T h * 0 

hence 

T h = 4420# 

The axial compressive load Induced by the lift 
strut at point (2) then equals - 4420#. 

Taking 2H « 0 for the load system of Fig. 
A10.3 gives P a - Tn 3 4420#. The end moment on 
the beam at (1) equals the end load times the 
eccentricity of the hinge from the neutral axle 


M-a- = ca^lc + W J“ » cos ? = .63419 from Table 
j J A10.2 

HenC8 55506 

"max = - 73^9 + 68880 * - 2S > 700 "* 

To obtain an Idea as to the magnitude of the 
secondary bending moment, that Is, the moment due 
to the axial load times the lateral beam deflec- 
tion, the primary bending moment at a point 48" 
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from the left end will be computed. 

M* t * 3315 + 48 X 20 X 24 - 940 X 48 - -18765"# 

Thus the secondary bending moment equals 
- 28700+ 18765 * * 9935"# which is a large per- 
centage of the primary moment. The transverse 
deflection of the beam at the point of max. span 
moment then equals - 9935 =2.25 inches upward. 

- 4356 

Bending Moment at any Point Along Span 

Let the moment at a point 10" from point 
(2) be required. In this case, x = 100 - 10 = 90 

M = DiRtan . sin $)* cos £| + wj* (Ref . Eq. 

L J a jj i 0 .7) 

3 = §05 = 1 - 6596 sln 3 = - 99605 

COS ■? = - .08867 
J 

tan = 1.2192 = value for x at the point of 
J maximum bending moment 

Hence 

M = - 55505 [(1.2192 x .99605) + -.08867 ] * 
58820 = - 3664"# 


Substituting values of C x and C* and f(w) from 
Table A10.1 in the above equations: 

coa x/3 

» ogs SM rui, ‘ 

L -4/ T63L 

0 H*. A IM 

But, Hi » 0 In our problem, hence, 

M = M.sln x/J 
sin L/j 

J = ' V? = 25.826 

1/3 = to i l = 1 * 617 — sln 1/3 = - 99892 

x = L/2 = 20.881 

x/J = = -8085 sln x/J = .72327 

Substituting in the above equations for M 



Example Problem #2 

Fig. A10.5 shows a simplified landing gear 
structure carrying a vertical load of 12000# on 
the axle. Member ABC Is continuous thru B and 
pinned atC. Let it be required to determine the 
bending moment at the midpoint of member BC and 
its lateral deflection due to the 12000# verti- 
cal design load. 



Solution 

Solving for reactions at C by statics, we 
obtain the axial load in BC « -20000. The 
bending moment at 8 due to 3" eccentricity of 
the wheel load = 3 x 12000 - 36000"#. 

Fig. A10.6 shows a free body of portion BC 
of member ABC. From Table A10.1 

M * C x sin | ♦ C, cos | + f(w) 


_ 36000 x .72327 
.99892 


.26066"# 


This compares with a primary moment of 
36000/2 = 18000"#. The deflection at the mid- 
point of BC = 26066 - 18000 = .403 in. 

50000 

The maximum moment is given by the equation: 

"max = STn""L and n occurs at x = T (See 
J Table A10.1) 


A10.7 Probl... 

*Z L 

h •»' ^ 

Fig. A 10-7 


(1) Fig. A10.7 shows a 1-1/2 - .065 steel 
tube subjected to both end and lateral loads. 
Determine the maximum bending moment on the tube. 
Compare the result with the bending moment due 

to the side load only. E = 29 x 10* psi. I of 
tube = .075 In. 4 Compute lateral deflection at 
point of maximum bending moment. 

(2) The beam column member in Fig. A10.8 Is 
made of 24ST aluminum alloy. Calculate and plot 
a curve of the bending moments on the member. 

Also plot bending moment due to lateral loads 
only. E = 10.3 x 10 4 psi. I = 5.0 in. 4 

(3) Determine the maximum bending moment 
for the wood wing beam and loading of Fig. A10.9. 
I of beam section = 17 in. 4 E - 1.3 x 10*. 







„ — +— ♦' “1 

* i i mtnnii 



4 * 2 - * f 


fate Fia. a 10-n 

(5) For the beam-column In Fig. A10.ll 
calculate the bending moment of the centerline 
of the member. Assume E = 1,300,000 psl. and 
I = 10 In.* 





CHAPTER All 

CONTINUOUS STRUCTURES -MOMENT 
DISTRIBUTION METHOD 


Ail. i introduction. The moment distribution 
method was originated by Professor Hardy Cross.* 
The method Is simple, rapid and particularly 
adapted to the solution of continuous structures 
of a high degree of redundancy, where It avoids 
the usual tedious algebraic manipulations of 
numerous equations. Furthermore, It possesses 
the merit of giving one a better conception of 
the true physical action of the structure in 
carrying its loads, a fact which Is usually 
quite obscure In some methods of solution. 

The method of procedure in the Cross method 
Is in general the reverse of that used in the 
usual methods where the continuous structure Is 
first made statically determinate by removing 
the continuous feature and the value of the re- 
dundant then solved for which will provide the 
original continuity. In the Cross method each 
member of the structure Is assumed In a definite 
restrained state. Continuity of the structure 
is thus maintained but the statics of the struc- 
ture are unbalanced. The structure is then 
gradually released from its arbitrary assumed 
restrained state according to definite laws of 
continuity and statics until every part of the 
structure rests in Its true state of equilibrium. 

The general principles of the Cross method 
can best be explained by reference to a specific 
structure . 

Fig. All.l shows a continuous 2 span beam. 
Let It be requited to determine the bending mom- 
ent diagram. We first arbitrarily assume that 
each span is completely restrained against rota- 
tion at its ends. In the example selected ends 
A and C are already fixed so no restraint must 
be added to these points. Joint B is not fixed 
so this. Joint is imagained as locked so it can- 
not rotate. The bending moments which exist at 
the ends of each member under the assumed condi- 
tion are then determined. Fig. All. 2 shows the 
moment curves for this condition. (For calcula- 
tion and formulas for fixed end moments see fol- 
lowing articles). Fig. All. 3 shows the general 
shape of the elastic curve under this assumed 
condition. It is noticed that continuity of the 
structure at B is maintained, however from the 
moment curves of Fig. All *2 it is found that the 
internal bending moments in the beams over sup- 
port B are not statically balanced, or specifi- 
cally there is an unbalance of 270. The next 
step is to statically balance this Joint, so 
it is unlocked from its imaginary locked state 
and obviously Joint B will rotate (See Fig. 

All. 4) until equilibrium is established, that is, 
until resisting moments equal to 270 have been 

(♦Paper - A.S.C.E. Proceedings, May 1930) 


set up in the two beams at B. The question is 
how much of this moment Is developed by each 
beam. The physical condition which establishes 
the ratio of this distribution to the two beams 
at B Is the fact that the B end of both beams 
must rotate through the same angle and thus the 
unbalanced moment of 270 will be distributed be- 
tween the two beams In proportion to their abili- 
ty of resisting the rotation of their B end thru 
a common angle. This physical characteristic of 
a beam Is referred to as its stiffness. Thus let 
it be considered that the stiffness factors of 
the beam BA and BC are such that 162 is distribut- 
ed to BC and - 108 to BA as shown In Fig. All. 4. 
(The question of stiffness factors is discussed 
in a following article). 

Referring to Fig. All .4 again it is evident 
that when the elastic curve rotates over Joint B 
that It tends to rotate the far ends of the 
beams at A and C, but since these Joints are 
fixed, this rotation at A and C is prevented or 
moments at A and C are produced. These moments 
produced at A and C due to rotation at B are re- 
ferred to as carry-over moments. As shown by 
the obvious curvature of the elastic curves 
(Fig. All .4) , the carry-over moment Is of oppo- 
site sign to the distributed moment at the ro- 
tating end. The ratio of the carry-over moment 
to the distributed moment, referred to as the 
carry-over factor, depends on the physical prop- 
erties of the beam and the degree of restraint 
of Its far end. (Carry-over factors are discus- 
sed In a following article. For a beam of con- 
stant section *and fixed at the far end, the car- 
ry-over factor Is -1/2), In figure All. 4 a fac- 
tor of -1/2 has been assumed which gives carry- 
over moments of 54 and -81 to A and C respective! 
ly. To Obtain the final end moments we add the 
original fixed end moments, the distributed bal- 
ancing moments and the carry-over moments as 
shown In Fig. All. 4. With the Indeterminate 
moments thus determined, the question of shear, 
reactions and span moments follow as a matter 
of statics. 

All. 2 Definitions and Derivations of Terns 

1 . Fixed-end moments: 

By "fixed end moment" is meant the moment 
which would exist at the ends of a member if 
these ends were fixed against rotation. 

2. stiffness Factor: 

The stiffness factor of a member is a value 
proportional to the magnitude of a couple that 
must be applied at one end of a member to cause 
unit rotation of that end, both ends of the 
member being assumed to have no movement of 


All.l 
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0.5 when far end Is fixed. The letter C 
will be used to designate carry-over factor. 
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4. Distribution Factor : 

If a moment is applied at a Joint where two 
or more members are rigidly connected the distri- 
bution factor for each member is the proportional 
part of the applied moment that is resisted by 
that member. The distribution factor for any 
member which will be given the symbol D equals 
K/ZK, where K equals stiffness factor of a par- 
ticular member and ZK equals the sum of K values 
for all the Joint members. The sum of the D 
values for any Joint must equal unity. 

5. Sign Convention; 

Due to the fact that in many problems where 
members come into a Joint from all directions aB 
is commonly found in airplane structure, the 
customary sign convention for moments may produce 
confusion in applying the moment distribution 
method. The following sign convention Is used in 
this book: a clockwise moment acting on the end 
of a member is positive, a counterclockwise one 
is negative. It follows that a moment tending to 
rotate a Joint clockwise is negative. It should 
be understood that when indeterminate continuity 
moments are determined by the moment distribution 
method using the above adopted sign convention, 
that they should be transferred into the conven- 
tlal signs before proceeding with the design of 
the member proper. 

The following sketches illustrate the adapt- 
ed sign convention. 

Illustrations of Sign Conventions for 
End Moments . 

Example 1 4 & Fixed end beam with 

* T * lateral loads . 


Conventional + tension in bottom fib- 

moment signs ers is positive bend- 

ing moment. 


translation. The value of the stiffness factor 
will depend in part on the restraint or degree 
of fixity of the opposite end of the member 
from which the couple is applied. The letter K 
is used as a symbol for stiffness factor. 

3. Carry-over Factor: 

If a beam is simply supported at one end 
and restrained to some degree at the other, and 
a moment is applied at the simply supported end, 
a moment is developed at the restrained end. 

The carry-over factor is the ratio of the mom- 
ent at the restrained end to that at the 
simply supported end. For a prismatic beam 
without axial load the carry-over factor is 


Adopted sign 
convention 



+ 


moments which tend to 
rotate end of member 
clockwise are positive. 


Example 2 


Translation of supports 
of fixed ended beam. 


Conventional — 4- 

moment signs 

Adopted Bign 
convention 
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Mh.l 


Example 3 



External applied moment 
at joint In structure 


adopted sign 


Joint 

moment 


Moments which tend to 
rotate Joint counter- 
clockwise are positive. 


All. 3 Calculation of Fixed Snd Moments 
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Since the fixed end moments are statically 
indeterminate, additional facts must be obtained 
from the laws of continuity in order to solve 
for them. In this book the theorem of area 
moments will be used to Illustrate the calcula- 
tion of the fixed end moments as well as the 
other terms which are used in the moment dis- 
tribution method. (Ref. Chapter A7) 

The following well known principles or 
theorem of area moments will be used:- 

(1) The deflection of any point "A " on the 
elastic curve of a beam away from a tangent to 
the elastic curve at another point "B" is equal 
to the moment of the area of the M_ diagram be- 

EI 

tween the points A and B about point "A". 

(2) The change in slope between two points 
"A" and "B" on the elastic curve of a beam is 
equal to the area of the M_ diagram between the 

El 


Since the change in slope of the elastic 
curve between ends (1) and (2) is zero, theorem 
(2) as applying to fixed end beams can be re- 
stated as follows. 

The sum of the areas of the moment diagram 
must equal zero. And from theorem (1) the stat- 
ic moment of the areas of the moment diagram 
about any point must equal zero or in equation 


form: 

2M = 0 (1) 

ZMx = 0 (2) 


For a beam with variable moment of inertia the 
conditions for fixity are:- 

/Mdx/EI = 0 
/Mxdx/EI = 0 

Figs. All. 11 and All. 12 show the static and con- 
tinuity moment areas, the total area of each por- 
tion and its c.g. location. 

Substituting in Equation (1) 


two points "A” and "B". 

The "area moment" theorems will be illus- 
trated by the applications to the solution of a 
simple problem. Fig. All. 5 shows a simply sup- 
ported beam of constant moment of Inertia and 
modulus of elasticity carrying a single concen- 
trated load. Figs. All *6 and All. 7 show the 
static moment curve and the shape of the beam 
elastic curve. Now assume that the ends are fix- 
ed as shown in Fig. All. 8 and let the value of 
the fixed end moments be required. Fig. All. 9 
shows the shape of the final moment curves made 
up of the static moment curve and the unknown 
trapizoidal moment curve formed by the unknown 
end moments. Fig. All. 10 shows the shape of the 
elastic curve, the slope at the two supports be- 
ing made zero by fixity at these points. 



Fig. All -5 


Fig. All-6 


M = Pab MiL 
~ * 



and from equation (2) 

My about left end = Pab L ± a ^ MiL L ^ 
— • ~ + “F -3* 


(3) 


= 0 (4) 

The values of M* and M» for any value of a or b 
can now be found by solving equations (3) and (4) 


Table All.l gives a summary of beam fixed 
end moments for most of the loadings encountered 
in routine design and analysis. 


TABU All.l 
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Table All .1 - Continued 
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All* 4 Stiffness Factor; Carry over Factor: - 
Derivation of: 

(For definitions of these terms see page 
All-2) 

Consider the beam of Figure All. 13. By 
Mohr's theorem (see Art. A7.12), the slope of a 


S'gl It Constant ^ 

±7=q> 



tangent to the elastic curve at point A relative 
to a line AB Is equal to the shear at A on a 
simply supported beam AB due to the M curve be- 

EI 

tween A and B acting as a load. 


Thus 
© A - - 


(ML x 1/3) 
2EI 


ML 

6EI 


(Positive Shear 
Meg. Slope) 


®B 


. ML x 2/3 
" §EI 


ML 

m 


of 


Let ©g = unity 

Then 1 * ML or Mr ® 3EI = stiffness Factor 
3EI L 

Beam BA of Fig. All. 13. A moment applied at B 
produces no moment at A since end A is freely 
supported. Thus the carry-over factor for a 
beam freely supported at Its far end is obvious- 
ly zero. Consider the beam of Fig. All. 14, Due 
to complete fixity at end A, the slope of the 
elastic curve at A is zero. 


0 A « M] 
or 

M A = - 


1/3 4 M^L 
2EI 


2/3 


Thus the carry over factor for a beam fixed at 
Its far end is 1/2. Using the conventional mom- 
ent signs, the carry over moment is of the oppo- 
site sign as shown by the above equation. How- 
ever, for our adopted sign convention Inspection 
of the shape of the elastic curve as shown in 
Fig. All. 14 tells us that the sign of the carry- 
over moment is of the same sign eb the rotating 
moment at the near end. That is, the moment act- 
ing on each end of the member is in the same di- 
rection, and therefore of the same sign. 


jf’Sl /S Can/ fan f 
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■Jfc 
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©B=^L . 2/3 + MU. . l/3=M^ + M*L, but M A = - 


Then ©g 


- MpL * M R L 


Let Ob = unity, then Mg = 4EI = stiffness factor 

T* 

of beam BA of Fig. A11.14. 

A comparison of the stiffness factor of this 
beam to that of Fig. All. 13 shows that the stiff- 
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ness factor of a beam freely supported at its 
far end Is 3/4 as great as one fixed at its far 
end. Furthermore In one case the carry-over 
factor Is zero and In the other case It Is 1/2. 
It is therefore obvious that the values of these 
two terms depends In part upon the restraint 
or degree of fixation of the far end of the 
beam. 


All. 5 General Expressions for Stiffness end Carry- 
over Factor In Terns of Fixation Factor (F) 
at Far End of a Bean 

In the beam of Fig. All. 14 (F) fixation 
factor at A was unity since beam had been taken 
as completely fixed at A. It was found that:- 


All. S 

Ha * - 2KF * - 2F which Is the general ex- 
Mb K(3 + f) J+f 

press! on for carry-over factor for a degree of 
fixation F. 

All. 5a Xxanple Problems 

To obtain a definite conception of the true 
mechanics of the "Cross" method, the reader Is 
advised to follow thru the detailed solution of 
the following simple problems. In these prob- 
lems, the moment of Inertia In any span has been 
taken as constant and all Joints have been as- 
sumed to undergo no translation. Problems in- 
volving variable I and Joint translation will be 
considered later. 


Mg * 4EI9 b and M A = - 2 El 9 b 
L L 

Take % » unity and let El = K for simplicity. 

L 

Then Mb = 4K 
M A = -2K 

Likewise the results for the beam of Fig. All. 13 
give 

Mb r 3K 

m a *0 

Figs. All. 15 and All. 16 show these results. 

Fig. All. IT shows the general case, the fixa- 
tion factor at A being F. The difference be- 
tween Figs. All. 15 and All. 17 Is that the slope 
at end A has changed but ©b the sl°P© at end B 
remains the same. 


Example Problem #1 ™ 
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The change In moment at end A when changing 
beam All. 16 to that of All. 17 = 2K - 2KF = 
2K(1-F). Since ©b 18 * 8 Pt same value, one- 
half of the moment change at end A appears at 
end B but of opposite sign, or 

Mb = 4K - 1/2 2K(1-F) - 3K -KF = K (3 + F) = 

® (3 +F) 


F~F 


A± mfCg) 


rig. Aii-17 

Thus the general expression for the stiffness 
factor of a beam of constant section equals El 

L 

(3 + F). The carry-over factor from B to A - 


Example Problem 1 shows a two-span continu- 
ous beam with over-hanging ends. We first as- 
sume all the Joints B, C and D to be locked 
against rotation or the beams BC and CD are 
arbitrarily assumed in a fixed-end condition. 

The first line In the solution gives the 
stiffness factor of each beam. From Art. All. 5 
the general expression for stiffness factor Is 
El (3 ♦ F)/L, where F « fixation factor of far end, 
which equals 1, since all Joints have been con- 
sidered fixed. Thus, stiffness factor K = El 
(3+ 1)/L = 4 EI/L. Since EI/L is the same for 
each span BC and CD, the stiffness factor has 
been written as one since it Is only the rela- 
tive values that are necessary. The cantilever 
BA has zero stiffness. 

The second row gives the member distribution 
factor D at each Joint or D - K/2K. For example 

at Joint B, the distribution factor to BA = 0/(1 + 
0) - o and to BC - 1/(1 + 0) - 1. At Joint C, the 
distribution factor to CB 5 1/(1 + 1) - .5 and 
likewise to CD. 

The third row gives the carry-over factors. 
From Art. All. 5, the carry-over factor C * 2F/(3 + 
F) = 2 x 1/(3 +1) - .5 assuming the far end fixed 
or F * 1 for each member. 

The next step as shown by the 4th horizont- 
al row is the calculation of the fixed end mom- 
ents. The signs of the moments are according to 
our adopted sign convention, that is an inter- 
nal resisting moment which tends to rotate the 
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end of a member clockwise Is positive. 

We now begin the solution proper by first 
unlocking Joint B from Its assumed fixed state. 

We find a moment of r 883 on one side and 768 on 
the other side of Joint or a static unbalance 
of -115. Joint B therefore will rotate until a 
resisting moment of 115 is set up in the members 
BA and BC. 

The resistance of these members to a rota- 
tion of Joint B Is proportional to their stiff- 
ness. The distribution factor based on the 
stiffness factors Is 0 for BA and 1 for BC. 

Thus 1 x 115 * 115 Is distributed to BC at B and 
0 x 115 - 0 to BA. Joint B is now Imagined as 
again locked against rotation and we proceed to 
Joint c, which Is now released from its assumed 
locked state. Since the Joint Is already stati- 
cally balanced, no rotation takes place and the 
distributing balancing moment to each span is 
zero. Next proceed to Joint D, and release it. 
The unbalanced moment Is, 115 so the Joint is 
balanced by distributing -115 between DE and DC 
as explained above for Joint B. 

As pointed out in Art. All. 5, when we ro- 
tate one end of a beam it tends to rotate the 
far fixed end of the beam by exerting a moment 
equal to some proportion of the moment causing 
rotation at the near end. For beams of constant 
section and fixed at their far ends, the carry 
over factor is 1/2 as explained before. Thus 
the distributing balancing moments In line 4 
produce the carry-over moments as shown in line 
5 of the table. This completes one cycle of the 
moment distribution method, which is repeated 
until there is nothing to balance or carry-over, 
or in other words until all artificial restraints 
have been removed and the structure rests In its 
true state of equilibrium. 

To continue with the second cycle, go back 
to Joint B and release it again from its assumed 
locked state. There is no unbalance since the 
carry over moment from point c was zero, thus 
there Is nothing to distribute or carry-over. 
Proceed to point C, releasing the Joint, we find 
it balanced under the carry-over moments of 57.5 
and -57.5. Thus the distributing balancing mom- 
ents are zero. Joint D is likewise In balance 
since the carry-over moment from C Is zero. All 
joints can now be released without any rotation 
since all Joints are In equilibrium. To obtain 
the final moments we add the original fixed end 
moments plus all distributed balancing and car- 
ry over moments. 

All. 6 Gtnerml Siumary of Proceedure 

1. All computations should be written on, or 
adjacent to the diagram of the structure. 

2. Determine the stiffness factor K for each 
end of each member. K * (3 ♦ F) EI/L, where F 
is the degree of fixity at far end of member. 

If all members are assumed fixed at far end than 
K is proportional to I/L assuming E as constant. 

3. Determine the distribution factor D for each 
member at each Joint of structure. D * K/2K. 


4. Calculate the carry-over factor C for each 
end of all members C = 2F/(3 + F). Thus for 
beams fixed at far end F = 1 and thus C a 3/2, 

For pinned at far end F = 0, hence C = 0. 

5. Calculate the fixed end moments (f ) for giv- 
en transverse member loadings or support deflec- 
tions, using equations in summary Table All.l. 

End moments which tend to rotate end of beam 
clockwise are positive moments. (See Art. All. 2) 

6. Considering one Joint at a time, unlock it 
from Its assumed fixed state, all other joints 
remaining locked. If an unbalanced moment ex- 
ists balance it statically by distributing a 
counter acting moment of opposite sign among the 
connecting members according to their D or dis- 
tribution factors. 

7. These distributed balancing moments produce, 
carry over moments at far -end of members equal to 
the distributed moment times the carry-over fac- 
tor C and of the same sign as the distributed 
moment. Record these carry-over moments at far 
ends for all distributed moments. 

8. Repeat the proceedure of unlocking each 
Joint, distributing, and carrying over moments 
until the desired precision Is obtained, stopping 
the solution after a distribution. The final 
moment at the end of any member equals the alge- 
braic sum of the original fixed end moments and 
all distributed and carry over moments. 

Example Problem #2 


Example Problem 2 is similar to problem 1 but two 
spans have been added. We first assume all Joints 
locked against rotation. The stiffness factor of 
each span is proportional to EI/L or 1/L since El 
is constant. The carry-over factor is 1/2 as in 
previous example. Fixed end moments are calculat- 
ed as shown. Unlock Joint B, the unbalanced mom- 
ent is -115. Balance the Joint by distributing 
1 x 115 to BC and zero to BA. Proceed to Joint C, 
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and unlock, all other Joints remaining fixed 
against rotation. The unbalanced moment Is 
(-768 + 432) = - 336. Balance by distributing 
.428 x 336 * 144 to CB and .572 x 336 = 192 to 
CD. Proceed to Joint D, and release. The un- 
balanced moment is zero which means that joint 
D is in equilibrium, thus no distribution is 
necessary. Proceed to Joint E and F and balance 
in a similar manner. The distributed moments 
will be the same as the values for Joints B and 
C due to symmetry of structure and loading, 
however, the signs will be opposite under our 
adopted sign conventions. The next step is the 
carry-over moments which are equal to 1/2 the 
distributed balancing moments. This operation 
is shown clearly in the table. Values of all 
moments are given only to first decimal place. 
The first cycle has now been completed. Cycle 
two is started by again releasing Joint B. We 
find the Joint has been unbalanced by the carry- 
over moment of 72. Balance the Joint by distri- 
buting - 72 x 1 = - 72 to BC and zero to BA. 
Proceed to Joint C. The unbalanced moment is 
57.5. Balance by distributing - 57.5 x .428 = 

- 24.6 to CB and the remainder - 32.9 to CD. 
Proceed to Joint D. There is no unbalance at 
this Joint since the carry-over moments are in 
balance, thus no distribution is necessary. 
Proceed to Joints E and F in a similar manner. 

The carry over moments equal to 1/2 of the 
2nd set of balancing distributed moments are now 
carried over as shown in the table. The second 
cycle has now been completed. This operation 
has been repeated five times in the solution 
shown, or until the values of the balancing and 
carry over moments are quite small or negligible. 
The final moments equal the algebraic summation 
of the original fixed end moments plus all dis- 
tributed and carry over moments. One require- 
ment of the final end moments at any Joint is 
that the algebraic sum must equal zero. The 
other requirement conslstant with the common 
slope to all members at any Joint is given by 
equation (5) of Art. All. 8. The results at 
Joint C will be checked using this equation. 

AMcd Z s ?kid 

Aftcb “ AMbc K c ^ 

Bubt. values 

610.4-432) - .5 [344- (-432)] ..178.6-44 _ 
-610.4 - ( -7^8 - .5 (883 - W 150-573 “ 

1.343 

Ratio of stiffness factors = |sd * = 1.34. 

Thus the distribution is according to the K 
ratios of the adjacent members. 

Simplifying Modifications - Example Problem #3 

The solution as given in Problem #2 repre- 
sents the "cross" method in its fundamental and 
most elementary detailed form. Many modifica- 
tions of the general method have been presented, 
in the most part for the purpose of eliminating 
part of the arithmetic or the number of cycles 


necessary. These modifications usually involve 
rather long expressions for expressing the stiff- 
ness and carry over factors of a member in terms 
of the fixation given by adjacent members. It is 
felt that It is best to keep the method in its 
simplest form which means that very little is to 
be remembered and then the method can be used in- 
frequently without refreshing ones mind as to 
many required formulas or equations. 

There are however several quite simple modi- 
fications which are easily understood and re- 
membered and which reduce the amount of arithmet- 
ic required considerably. 

For example In Problem #2, Joints B and F 
are in reality freely supported, thus it Is need- 
less arithmetic to continue locking and unlocking 
a Joint which is definitely free to rotate. 
Likewise due to symmetry of structure and load- 
ing it is only necessary to solve one half of the 
structure. Due to symmetry Joint D does not ro- 
tate and thus can be considered fixed, which 
eliminates the repeated locking and unlocking of 
this Joint. 

A second solution of Problem #2 is given in 
Example Problem #3. As before we assume each 
Joint locked and calculate the fixed end moments. 
Now release or unlock Joint B and balance as ex- 
plained In previous example #2. Before proceed- 
ing to Joint C, carry over to C from B the car- 
ry over moment equal to 115 x 1/2 = 57.5. Joint 
B is now left free to rotate or in Its natural 
condition. Proceed to Joint C and unlock. The 
unbalanced moment = (-768 + 432 + 57.5) = - 278.5 or 
278.5 is necessary far equilibrium. This moment 
is distributed between two beams, CD which is 
fixed at its far end D and CB which is freely 
supported at the far end B. The stiffness fac- 
tor is equal to (3 + F) EI/L (Bee Art. All. 5). 

Hence for CD stiffness factor = (3+1) 

EI/L = 4 EI/L. For CB stiffness factor =* (3 + 0) 
EI/L = 3 EI/L or in other words the stiffness of 
a beam freely supported at its far end is 3/4 
as great as when fixed at its far end. Thus the 
stiffness factor of CB at C is .75 x .0104 = 

.0078. The carry-over factor C to B is zero 
since B is left free to rotate. (See Art, All, 5) 

Example Problem #3. Simplified Solution of Prob- 
lem #2 
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The stiffness factor of the fixed support is in- 
finity, that is a rigid support has infinite re- 
sistance to rotation* 

Joint C is now balanced by distributing 
278.5 X .36 « 100.1 to CB and 278.5 x ,64 = 178.4 
to CD. Now carry over to Joint B, Ox 100.1 = 

0 and 0.5 x 178.4 * 89.2 to D. Proceed to Joint 
D and release it from its assumed locked state. 
The unbalanced moment is -432 + 89.2 = - 342.8, 
we balance by distributing 342.8 between DC 
which has a stiffness of 0.139 and the support 
E which has an infinite stiffness or zero goes 
to DC and 342.8 goes to rigid support. The car- 
ry over moment to C from D is zero since 0.5 x 
0*0. The final moments thus equals the sum- 
mations as shown which of course are equal to the 
results shown in Problem #2. 

Example Problem #4 

Problem 4 is similar to Problem #2 and #3, 
except that the support at D is assumed as hav- 
ing 50 percent fixity. Thus 50 percent of any 
moment at this point produces rotation of the 
member DC at D. 

In continuous wing beams, which fasten to- 
gether by fittings on a support, it is commonly 
required that the beam be considered as being 
fully continuous and also that the degree of 
continuity be taken as 50 percent. Solution 1 
of Problem 4 is a detailed solution. The only 
change that has been made is in the stiffness 
factor of the support E, which has been taken 
as equal to the beam DC, thus any unbalanced 
moment at this point is equally divided between 
the beam and the support. 

Solution 2 is a modified solution which 
eliminates considerable arithmetic. Thus it is 
unnecessary to lock and unlock Joint B and D 
since we know definitely that one is freely sup- 
ported and the other 50 percent fixed. There- 
fore, once we have released these Joints from 
their assumed fixed end state, we leave them In 
their natural state. The stiffness and carry- 
over factors for beams CB and CD must then be 
determined for these beams with their modified 
end conditions. 

By reference to the fundamental equations 
for stiffness and carry over factors in Art. 

All. 5, it is readily seen that the stiffness 
factor for CB is 3/4 as much as when fixed at 
its far end B and the carry over moment is zero. 
For beam CD the stiffness is 7/8 as much as when 
fixed at end D, and the carry over factor is 
2F/3 ♦ F * (2 x .5)/3 + .5 = .286. With these 
modifications the solution is carried thru with 
a relatively small number of steps. Thus in 
solution #2, Joint B Is unlocked. The unbal- 
anced moment of -115 is balanced statically by 
distributing 115 to BC. The carry-over moment 
of .5 x 115 = 57.5 is carried over to C as shown. 
Joint B Is now left unlocked or free to rotate. 
Joint D is unlocked next. The unbalanced moment 
Is -432. It is balanced by distributing 216 to 
DC and 216 to E since support at E is considered 
to give 50 % fixity. The carry-over moment of 
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.5 x 216 * 108 is carried over to C. Joint D is 
left unlocked or in its true state of restraint. 
Joint c is now unlocked. The unbalanced moment 

.$Ym && 


Solution #2 
Example Problem 
#4 


3tif ft*eee factor K 

. factor 

ftr ry-Orrr Factor 


rtA*d end Mo m ent s 
flq/ggcf joint (3 01 

- Orer to C 
Ao/oac* Joint O 

• Carr y orer to C 
3a ianee j et at C 

I Carry otr ar tm O 

* 3 a lance O 
final Moments 



equals (-768 ♦ 432 + 57.5 + 108) * - 170.5, or 
170.5 is necessary for equilibrium. Joint C is 
balanced by distributing .392 x 170.5 = 66.8 to 
CB and the remainder of 103.7 to CD. The carry- 
over moment to B is zero and to D it equals 
103.7 x .286 = 29.6. The final moments in solu- 
tion #2 are slightly different than solution #1. 
If another cycle had been added in solution #1 
the descrepancy would be considerably smaller. 


All. 7 Continuous Beams with Yielding or Deflected 
Supports 

In wing, elevator and rudder beams the sup- 
port points usually deflect due to the deforma- 
tion of the supporting struts or wires In the 
case of a wing, or to the deflection of the 
stabilizer or fin in the case of elevator and 
rudder beams. If these beams are continuous this 
deflection of their support points causes addi- 
tional bending moments In the beams. The moment 
distribution method can of course be used to find 
the additional moments due to this deflection. 
Thus Example Problem #5, shows a solution Illus- 
trating a problem which involves the deflecting 
of the supports of a continuous beam. Due to 
syannetry of structure and loading, the slope at 
D Is zero or the beam may be considered fixed at 
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Jfcint d« Since the moment of inertia is con- 
stant and the spans are constant, the relative 
stiff ness factor of the beam is 1. In the so- 
lution shown since beam is freely supported at 
B this joint is left free to rotate after re- 
leasing and thus the stiffness factor of beam 
CB is 3/4 x 1 * 3/4, when compared to one having 
full fixity at B. 

Since the first step in the solution proper 
is to assume the Joints fixed against rotation, 
it is evident that deflecting one support rela- 
tive to an adjacent support will produce mom- 
ents at the ends which are assumed fixed against 
rotation. 


Since the fixed end moments are due to both 
lateral loads and support deflection, the values 
as listed in the solution table will be explain- 
ed in detail. 

Fixed End Moment For Lateral Beam Loading 

The distributed airload is trapezoidal in 
shape. The fixed-end moments for a trapezoidal 
loading from Table All. 4 are; 

Ml -2 = kT (5u *♦* 2v) (See Fig. (a)) 

60 

M 2 -i*L* (5u + 3v) (See Fig. (a)) 

65 
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AH. 8 Fixed End Moments 
Due to Support 
Deflections 

Fig. All. 18 shows a 
fixed end beam. The sup- 
port B is deflected a 
distance d relative to 
the support point C. If 
the member is of constant 
cross-section the point 
of inflection will fall 
at the beam midpoint and 

Mb 3 ~ Me* 

By moment area prin- 


cipal deflection 

- d = ML .L-ML.5L 
4U S 4El 6 


or d = ML* 
6EI 


hence 

M 3 6EId the magnitude for the fixed end 

T 7 " 

moment due to a transverse support settlement 
of d. 


fleeted supports. 


Continuous beam with de- 




For Span BC: 

M bc = (5x3+1) = 486 in. lb. 

Met, = ^ (5 x 3 + 1.5) =.440 in. lb. 
For Span CD: 

”cd = (5 x 3.5 + 1) = 494 In. lb. 

Mdc = (5X3.5 + 1.6) = 507 in. lb. 


Fixed End Moments Due to Support Movement 
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M = /UMM/t .• 


For Span BC: 

Deflection of B relative to C = 6/16 inch. Hence, 

M bc = Mcb *= 6 x 10,000,000 X .03339 x .3125/40* * 390 
in. lb. 


For Span CD: 

M cd = Mdc = 6 X 10,000, 000 X .03339 x *1875/40* = 234 
in. lb. 


For signs of the moments due to these deflections 
see Art All. 2. Having determined the fixed end 
moments the general distributing and carrying 
over process follows as indicated in the solution 
table. Thus at Joint B, the unbalanced moment = 
(50-426 + 390) = 14. Balance by distributing - 14 
x 1 = - 14 to BC and zero to BA. Carry over .5 x 
-14 = - 7 to C. Considering Joint C, the unbal- 
anced moment = (440 ♦ 390 + 234 — 494 - 7) * 563. Bal- 
ance bydistributlng - 563 x .571*- 322 to CD and 
-563 x .489 = - 241 to CB. Carry over ,5x-322* 

- 161 to D. At Joint D the imbalanced moment * 
(507 + 234-161) =580. This is balanced by dis- 
tributing zero to DC and -580 to the fixed support. 
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All. 6 Chick on Final M o — n ta 

To satisfy statics, the algebraic sum of 
the moments In all the members at a Joint must 
equal zero. This requirement alone will not 
prove that the final moments are correct, as er- 
rors could have been made In the various distri- 
buting and carry over moments. Continuity tells 
us that the final slope of the elastic curve at 
any Joint is common to all members meeting at 
that Joint, thus for a complete check it is 
necessary to prove that the final moments are 
consistent with equal slopes for the various 
members. The rotation of the Joints from their 
original assumed fixed or locked condition is 
due entirely to the distributed and carry over 
moments. The actual rotation will therefore 
equal the rotation of the end of a simply sup- 
ported beam when subjected to end moments equal 
to those produced by the algebraic sum of the 
distributed and carry over moments. These end 
moments equal the final moments minus the origi- 
nal fixed end moments and will be referred to as 
AM moments. 

From Chapter A7, the slope at any point on a 
simply supported beam equals the shear due to the 
M/EI diagrams as a loading. 

The slope ©a from Fig. a' 
equals the beam shear at A 
or equals the reaction at A. 



3EKab 


where 

Kab = £ of AB 


"li fe ■ (6) 

ATiac “ .t>AM C a «ac 

If equation (5) is satisfied the accuracy of the 
moment distributions is established. 

A 11, 9 find Movents for Continuous Fm— works Who— 
Meabers are not in a straight Lins. Joint 
Rotation Only 

Continuous truss frame works are quite com- 
mon in aircraft construction. Welded steel tub- 
ular fuselages are composed of members which 
maintain continuity thru the Joints due to the 
welding. Landing gears frequently have two 
members which are made continuous at their points 
of connection. The members of such structures 
usually carry high axial stresses which cause 
Joint translation which in turn produces bending 
of the members since the Joints are rigid. These 
moments produce lateral deflection of the memb- 
ers which introduces additional secondary moments 
due to member axial loads times the lateral memb- 
er deflections. These influences are treated in 
later articles. In this article to further fa- 
miliarize the student with the moment distribu- 
tion procedure, the effect of Joint translation 
and secondary moments will be neglected. 

Example Problem #6 

Fig. All. 19 Illustrates a simplified landing 
gear chassis problem. Let It be required to de- 
termine the bending moments In the two members 
due to the vertical load on the axle. The prob- 
lem has been solved using three different de- 
grees of restraint at ends A and B. Joint 0 is 
a welded Joint and full continuity is assumed 
thru this Joint. The solutions as given In Fig. 
All. 20 give only the moments due to Joint rota- 
tion under primary bending moments. The effect 
of axial deformation and secondary moments due 
to member deflections is omitted in these solu- 
tions. These factors are treated in later arti- 
cles. 

In a practical problem the degree of re- 
straint at points A and B would be determined by 
the type of fitting used and also on the rigidity 
of the adjacent fuselage or wing structure. As 
illustrated in later examples, the moment distri- 
bution method permits the consideration of the 
rigidity of the adjacent structure without adding 
any difficulty, while such methods as least work 


Since the angle must be same for 
members meeting at A, the general relation be- 
tween the moment Increments of any two members 
such as AB and AC must be, 



AMac 4 *5 AMca 


= Kafc 
Kac 


To make this equation consistent with the assum- 
ed sign convention, that Is, the carry over mom- 
ent has the same sign as the balancing distri- 
buted moment, the above equation must be modi- 
fied as follows:- 
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Fig. All-20 

are not practicable because of the large number 
of equations that must be solved to obtain val- 
ues for the many unknowns. 

Solution for Condition I, Fixed at Ends A and B 

Referring to Fig. All. 20, all Joints are 
assumed locked against rotation or fixed. The 
vertical axle load of 6000# produces a counter- 
clockwise moment of 3 x 6000 - 18000 In. lb. 
about Joint 0. The sign Is positive (See Art. 
A11.2). Release or unlock Joint 0, the unbal- 
anced moment Is 18000 or - 18000 is required 
for static equilibrium of Joint 0. Joint 0 Is 
balanced by distributing - 18000 ( .464/. 464 ♦ 
.369) =-10030 to member OB and the remainder or 
or -18000 (.369/. 464 ♦ .369) = -7970 to OA. 

These distributed balancing moments at 0 produce 
carry over moments at A and B. 

Thus carry over to B, .5 x - 10030 = - 5015 

and carry over to A, .5 x - 7970 - - 3985 
Proceeding to joint A which Is a fixed Joint, 
the unbalanced moment of -3985 Is balanced en- 
tirely by the rigid support, or no rotation 
takes place when Joint is released from Its Im- 
aginary fixed state. Similar action takes place 
at Joint B. The final end moments are as 
shown in the Figure. 

flolutlon for Condition II. End A and B Pinned 

For this condition the ends A and B are 
freely supported. Instead of locking and un- 
locking these Joints which are definitely known 
to be free 


to be freely supported, they will be left in 
their true state. Thus the carry over moments 
from end 0 will be zero. Since A and B are both 
pinned, the relation between the relative stiff- 
ness factors of members OA and OB remain the 
same as In condition I, thus the same K or 
stiffness factors that were used in condition I 
can be used in distributing moments at Joint 0. 
Joint 0 is balanced in same manner as condition 
I but with zero carry over moments to A and B. 

Solution for Condition III. A Is 50% Fixed and 
B is Pinned. 

Since each member has a different degree of 
fixity at Its upper end, the stiffness and carry 
over factors will be considered In detail. In 
condition I since both members were fixed at 
their upper ends the relative stiffness factor 
of each member was proportional to I/L for the 
member and this ratio was used. The general ex- 
pression for stiffness factor is K - El (3 + F)/L; 
carry over factor = 2F . For member OA, F 
3 ♦ F 

equals .5 since A Is 50% fixed, and for member 
OB, F is zero since B is freely supported. Hence 
for member OA 

v - El /iy . c \ _ 3 . 5 El _ 3 . 5 x .1105 E _ ^ „ 

K ” r ( ° * 5) “~L 30 - 01 * 9 E 

C.O. Factor from 0 to A = 2 x .5 « .286 

3 + .5 

For member OB 

K = SI (3 + 0) = 3 X X - = .0139E 
C.O. Factor From 0 to B = 2 x 0 = 0 

Considering Joint 0 in Fig. All. 20 the external 
moment of 18000 In. lb. is balanced by distribut- 
ing - 18000 between the two members In proportion 
to their stiffness factors. Hence - 18000 (.0129/ 
.0129 + .0139) = -8650 In lbs. is resisted by OA 
and the remainder of -18000 ( .0139/. 0129 + .0139)- 
-9350 to OB. The carry over moment from 0 to A » 
.286 x -8650 = -2475 and zero from 0 to B. (See 
Fig. All. 20) 

Example Problem #7 

Fig. All. 21 shows a structure composed of 3 
members. Member AO is subjected to a transverse 
load of 120#. Joint A Is fixed, B is freely sup- 
ported C is 25 percent fixed and Joint 0 is con- 
sidered to maintain continuity between all memb- 
ers at 0. The end moments on the three members 
due to the transverse loading on member AO will 
be determined. 

Solution #1. Fig. All. 21 gives a solution using 
the "Cross" method In Its fundamental unmodified 
state. The solution Is started by assuming all 
three members as fix-ended. The relative stiff- 
ness factor K of each member is therefore pro- 
portional to I/L of each member. These K values 
are listed in Fig. All. 21. The distribution 
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factor D for each member at each joint which 
equal K/2K is recorded inQon each member 
around each Joint, Thus any balancing moment 
is distributed between the Joint members as per 
these distribution factors. The carry over 
factors for all members is 1/2. The fixed end 
moments due to external loading are computed 
for the three members. For member AO, the fix- 
ed end moments equal PL/8 = 120 x 20/8 - 300 in 
lb. The other two members having no transverse 
loading, the fixed end moments are zero. 

In this solution the order of Joint con- 
sideration has been AOBC and repeat. Starting 
with Joint A the Joint is released but since 
the member AO is actually held by a fixed sup- 
port, no rotation takes place and the balancing 
moment of 300 is provided entirely by the sup- 
port and zero by the member AO. The carry over 
moment C, to 0 is zero. Releasing Joint 0, the 
unbalanced moment of 300 is balanced by distri- 
buting - 300 between the three members accord- 
ing to their D values, thus - 300 x .416 = 

- 125 to OA; - 300 x .168 = - 50 to OC and 

- 125 to OB. To prevent confusion it is recom- 
mended that a line be drawn under all distri- 
buted balancing moments, thus any values above 
these lines need not be given further consid- 
eration and only values below the lines need 

be considered in later balancing of the Joints. 
Immediately after distributing the moments at 
Joint 0 the proper carry over moments should be 
taken over to the far end of each member, thus 

- 62.5 to A, - 62.5 to B and - 25 to C. Joint 
B Is next considered. The unbalanced moment is 
-62.5 and It is balanced by distributing 62.5 
to BO since the pin support has zero stiffness, 
or no resistance to rotation. A line is drawn 
under the 62.5 and the carry over moment of 
31.25 is placed at 0. Joint c is considered 
next. The unbalanced moment of -25 is balanced 
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by distributing .75 x 25 = 18.75 to CO and the re- 
mainder of 6.25 to the support, since the fixity of 
the support at C has been assumed as 25 percent . A 
line is drawn under the 18.75 and the carry over 
moment of 9.37 is taken over to 0. One cycle has 
now been completed. Returning to Joint A, we 
find -62.5 below the line. This is balanced by 
distributing zero to QA and 62.5 to the fixed 
support. A line Is drawn under the zero distri- 
buted moment to AO and the carry over moment of 
zero is placed at 0. Considering Joint 0 for 
the second time the unbalanced moment is 9.37 + 
31.25 + 0 = 40.62 or the sum of all values below 
the column horizontal lines. The Joint Is bal- 
anced by distributing - 17 to OA and OB and 
-6.62 to OC. Lines are drawn under these bal- 
ancing moments as shown in Fig. All, 21 and the 
carry over moments are taken over to the far 
ends before proceeding to Joint B. 

This general process is repeated until Joint 
A has been balanced 5 times and the other Joints 
4 times each, as indicated in the figure the dis- 
tributing values have become quite small and It 
is evident that a high degree of accuracy has 
been obtained. The final end moments at each 
Joint equal the algebraic sum of the values In 
each column. A double line is placed above the 
final moments as a distinguishing symbol. In 
the figure the letters b and c refer to balancing 
and carry over moments, the subscripts referring 
to the member of the balancing or carry over 
operation. Any order of joint consideration can 
be used in reaching the same result. 

Solution #2 of Problem 7 

Fig. All ,22 gi Vos a second solution. With 
the end conditions known at A, B and C, the modi- 
fied stiffness factors of the members can be 
found together with the modified carry over fac- 
tors, thus making it necessary to balance Joint 
0 only once and carry over this final far end 


ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


Anas 


moments of each member. The figure gives the 
calculation of the modified or actual stiffness 
and carry over factors. With these known the 
solution is started as before by computing the 
fixed end moments due to transverse loading on 
member AO. Joints B and C are released and 
since no fixed end moments exist, no balancing 
is required and the Joints are left In their 
true state of restraint Instead of locking and 
unlocking as in solution #1. Releasing Joint 0 
from Its Imaginary fixed state the unbalanced 
moment is 300 which Is balanced by distributing 

- 300 between the 3 connecting members accord- 
ing to the new distribution factors at Joint 0. 
Thus - 300 x .482 = - 145 to OA; - 300 x .361 = 

- 108.2 to OB and - 300 X .157 = - 47 to OC. 

The carry over moment to A = - 145 x .5 = - 72.5 
to B = - 108.2 x 0 = 0 and -47 x .154 = - 7.2 to 
C. 

Example Problem #8 

Figure All .23 shows the forward portion of 
a fuselage side truss. Due to eccentricity of 
engine mount and landing gear members, external 
moments are produced on Joints A, B and D as 
shown. Furthermore lateral loads due to equip- 
ment installation are shown acting on members BE 
and CD. Assuming the fuselage welded Joints 
produce rigid continuity of members thru the 
joint, the problem Is to find the end moments In 
all the members due to the eccentric Joint mom- 
ents and two lateral loads. The effect of Joint 
translation and secondary moments due to deflec- 
tions and axial loads Is to be neglected in this 
example . 

Solution: 

Table All. 2 gives the calculation of the 
stiffness factor for each truss member. The 
fuselage truss aft of Joints I and H have been 


assumed to give 50% fixity to these Joints* In 
Table All. 2 a modified stiffness factor is cal- 
culated for members 01, FI, and FH using a 50 
percent fixity at their far ends. The last 
column of Table All .2 gives the summation of the 
member stiffness factors for members Intersect- 
ing at each Joint. 
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Fig. All. 34 gives the solution of the 
problem. The procedure In this solution was as 
follows : 

The stiffness factor K for each member as 
computed In Table All. 3 Is recorded in the cir- 
cles adjacent to each truss member. The carry 
over factors for all members Is 1/3 except for 
modified members GI, FI and FH for which the 
carry over factor to the 50% fixed ends is .286. 
The distribution factor for each member at each 
Joint is recorded at the end of each member, and 
equals K/2K. 

The next step in the solution is to compute 
the fixed end moments due to the transverse 
loads on members. 

For member BE 

Mbe * Pab" /L* = 120 X 29 . 25 X 12* /41 . 25* = -298 "# 

MEB = 120 X 29.25* X 12/41.25* = 725"# 

Hid = ioo x 20 * x io/3o“ = - 445 

M DC = 100 X 10* X 20/30" = 222 

These moments are placed at the ends of the 
members on Fig. All. 23 together with the eccen- 
tric Joint moments. The process of unlocking 
the Joints, distributing and carrying over mom- 
ents can now be started. In the solution as 
given the order of Joint consideration Is 
ABCDEFG and repeat, and each Joint has been bal- 
anced three times. 

Consider Joint A:- 

Unbalanced moment « 2400. Balance by dis- 
tributing - 2400 as follows 

To AC = - 2400 x .527 = -1268. Carry over 
to C = -634 

To AB = - 2400 x .473 - -1132. Carry over 
to B = -566 

Proceed to Joint B: - 

Unbalanced moment = (-566 + 3200 - 298) = 

2336. Joint Is balanced by distributing - 2336 
to connecting members as follows :- 

To BA = - 2336 x .569 = - 1330. Carry over to 
A = - 665 

To BC = - 2336 x .310 = - 724. Carry over to 
C = - 362 

To BE r - 2336 x .121 = - 282. Carry over to 
E r - 141 

The convenient device of drawing a line 
under all balancing moments is used to prevent 
confusion In later balances of the Joint. 

Proceed to Joint C: - 

Unba lanced moment = (-634 - 362 - 445) = -1441 « 
The Joint is balanced by distributing 1441 as 
follows 

To CA * 1441 x .44 = 635. Carry over to A = 318 

CB = 1441 x .214 = 309. Carry over to B = 155 

CE = 1441 x .064 = 92. Carry over to E = 46 

CD = 1441 x .282 = 406 . Carry over to D = 203 

This process is continued for the remainder of 
the truss Joints. After all Joints has been 
balanced once, on returning to Joint A we find 
below the lines an unbalanced moment of (31Q- 
665) = -347. The Joint is balanced a second time 


by distributing 183 to AC and 164 to AB with 
carry over moments of half these values to ends 
C and B respectively. 

The student should now be able to check the 
rest of the solution as given on Fig. All. 24. 

The solution could be made with any order of 
Joint consideration. If any particular Joint ap- 
pears to be nearly balanced, it Is best to skip 
It for the time being and consider those Joints 
which are considerably unbalanced. 

The final moments at the end of each member 
are given below the double lines. 

Example Problem #9 

Fig. All. 25 represents a cross section of a 
welded tubular steel fuselage. The top and bot- 
tom members which are web members in the top and 
bottom fuselage trusses are subjected to the 
equipment installation transverse loads as shown. 
Let it be required to determine the end bending 
moments in the rectangular frame due to these 
transverse loads assuming full continuity thru 
Joints. 

Solution: 

Fig. All. 26 shows the solution. The distri- 
bution factors based on the member stiffness fac- 
tors are shown In CD at ends of each member. The 
first step is to compute the fixed end moments 
due to transverse loads, on members AB and CD us- 
ing equations from Table All.l. The magnitudes 
are 1890"# for AB and 2025"# for CD. 

joint B is now released from its assumed 
fixed state. The unbalanced moment of 1890 is 
balanced by distributing - 1890 x .247 = - 46? to 
BA and the remainder of -1423 to BD. The carry 
over moment to A = - 465 x .5 = - 233. Due to 
symmetry of structure and loading only one half 
of frame need be considered and hence these car- 
ry over moments to A are not recorded. However, 
In balancing Joint A it will throw over to B the 
same magnitude of carry over moments as thrown 
over to A from B but of opposite sign since the 
original fixed end moment at B Is minus. Thus 
233 comes to B from first balance of A as shown 
in the figure. The distributing moment to B of 
-1423 produces a carry over moment of -1423 x .5= 
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Joint D Is considered next: The unbalanced mom- 
ent of (2025 - 712) = 1313 Is balanced by dis- 
tributing - 1313 to the connecting members. 

To member DB = - 1313 x .678 = - 892 and 
the remainder of -421 to DC. The carry-over 
moment to B Is - 446, The carry over from C to 
D la one-half the balancing moment B = - 421 
but of opposite sign or 210, due to symmetry as 
explained before for member AB. 

Returning to Joint B, the unbalanced as re- 
corded below the single lines is (233 - 446) = 

- 213. To balance 160 Is distributed to BD and 
53 to BA. Carry over 80 to D and bring over 
from A to B .5 x -53 = - 27. Continue this 
process until Joints A and D have been balanced 
4 times or 4 cycles have been compieted. The 
final moments are shown below the double lines. 
Fig. All. 26a shows the resulting moment diagram 
on frame. 


considered here but will be treated in a later 
article. 


Given Beam Load 

Fig. All. 27 shows a fixed end beam with a 
variable moment of inertia and carrying a single 
concentrated load of 100#. The beam moment dia- 
gram for this load is considered in three parts. 
Fig. All. 28 shows the static moment curve as- 
suming the beam simply supported at A and B and 
carrying the load of 100#. Fig. All. 29 shows 
the other two parts, namely the triangular moment 
diagram due to the unknown moments Ma and Kb which 
produce fixity at the two ends. In this figure 
Na and Mg have arbitrarily been taken as 100, in- 
stead of unity. 

Fig. All. 30 shows the M/I diagram for the 3 
moment diagrams of Fig. All. 29. The beam Is di- 
vided Into ten equal strips, and the M/I curves 
are obtained by dividing the moment values at the 
end of each strip or portion by the corresponding 
I value from Fig. All. 27. 

From the conditions of fixity at the beam 
ends, we know that the slope of the beam elastic 
curve Is zero at each end. Likewise the deflec- 
tion of one end of the beam away from a tangent 
at the other end is zero, stating these facts 
in terms of the moment area principles, we ob- 
tain 

j = 0 — (5) (Area of M/I diagrams 

Jo equal zero) 

J L - o “( 6 ) (Moment of the M/I dla- 

0 I gram as a load about 

either end equals zero) 

(Note: Since E Is usually considered constant 
it has been omitted from denominator of the above 
equations) . 

TABUS All. 3 
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All. 10 Continuous Structures with Member* of 
Vsrlsble Moment of Inertia 

In Arts. All. 3, 4 and 5 consideration was 
given to the derivation of expressions for fix- 
ed end moments, stiffness and carry over fac- 
tors for beams of uniform cross-section. Many 
cases occur in routine design where members 
have a variable cross section. This article 
will Illustrate the calculation of the fixed 
end moments, stiffness and carry over factor for 
a beam with variable moment of Inertia. The ef- 
fect of axial load on these factors will not be 
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identical to Fig. All. 30c. For 
the conditions of support assumed 
the deflection of A away from a 
tangent to the elastic curve at B 
is zero. Thus by the deflection 
principle of area moments, the 
moment of the M/I diagrams of 
Figs. All. 30 (a and b) about 
end A equals zero. Thus, 

845.7 x 14.1 + M B X 04.4 = 0 
or 

M B = -66*# 

Since M A was assumed 100, then 
carry over factor from A to B = 



Table All. 3 shows the calculations for computing 
the areas and the centroids of the three M/I 
diagrams of Fig. All. 30. Substituting values 
from Table In equations (5) and (6). 


845.7 M 

m A' 

11922 M 

TS5- m a- 


Mb + 8504 = 0 


-(7) 


M B + 179809 = 0- 


-( 8 ) 


-66 = - . 66 . 

100 

To find carry over factor from B 
to A, take moments about B and 
equate to zero. 

Hence 

743 . 8 x 15 . 6 + M A x 25.9 = 0 

whence 

M A = -53.2*# 

Therefore carry over factor B to 
A * - 53.2 = - .532 
100 

(Note: For the moment sign con- 
vention used in this book carry 
over factor would be plus.) 

(C) Calculation of Beam Stiff - 
ness Factors 

When a beam is freely sup- 
ported at one end A and fixed at 
the far end B, the stiffness fac- 
tor at the A end is measured by 
the moment necessary at A to produce unit rota- 
tion of the elastic curve at A. 

In Art. All. 4 it was proved for beams of 
uniform section that E9 A = WaL/4I or M A = 4EI0 A / 
L. In a continuous structure at any Joint all 
members have the same 9, thus 4E9 is constant 
and the stiffness K of any prismatic beam is 
proportional to I/L. For beams of variable 
section the stiffness factor K may be written:- 


The value 100 in the denominators Is due to the 
fact that trial values of 100 were assumed for 
M a and Mb- Solving equations (7) and (8) we 
obtain; 

M A - - 315*# and M B - - 785*#. 

(B) Calculation of Carry Over Factors 

To determine the carry over factor from A to 
B consider end A as freely supported and B as 
fixed. A moment M A = 100 is applied at A which 
produces the M/I curve of Fig. All. 30b. Due to 
the deflection of the beam under this loading a 
restraining moment at B to cause tangent of 
elastic curve to remain horizontal will exist. 
This unknown fixed moment at B has arbitrarily 
been taken as 100, thus producing a M/I curve 


K = cI 0 /L (9) 

where I 0 is the moment of inertia at a particu- 
lar reference section and c is a constant to be 
found for each non-uniform member. Thus for 
non-uniform members 

E0 a = M a L/4cI 0 - (10) 

By the moment area slope principle, the 
slope at A when B is fixed equals the area of 
the M/I diagram between A and B. 

Taking Ma ~ 100, Me was found to equal 
-66*#. Thus E9 A * 4(845.7- .66 x 743.8) *1419. 
The value 4 is due to the strip width since 
true area is wanted and only average ordinate 
was used in Table All .3. 

Equating this result to Equation (10) 
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1419 , whence c = .707 

I 0 was taken as the value at the A end or 1. 
(See Fig. All .27). 

Therefore Kab = •'707 I a /l 

Similarly for end B:- 
E0 b = 4(743.8- .532 x 845.7) = 
whence 

c = .85 and Kba = -85 I A /L 


MX. XI Fraaes with Unknown Joint Deflections Due 
to Sideswny 

In the example problems so far treated the 
Joints of the particular structure were assumed 
to rotate without translation or with a definite 
amount of translatory movement. Translation of 
the Joints may however, be produced by shorten- 
ing and lengthening of the members due to axial 
loads and by lateral sway due to lack of diagon- 
al shear members. The problem relative to the 
effect of Joint translation due to axial stress- 
es is treated In a later article. In this arti- 
cle only the effect of sldesway of rectangular 
frames on the frame bending moments will be con- 
sidered. 

Fig. All. 31 illustrates cases of frames 
where only rotation of Joints takes place (neg- 
lecting axial deformation) whereas Fig. All. 32 
Illustrates conditions in which sldesway takes 
place and the Joints suffer translation as well 
as rotation. 
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There are several methods of determining 
the bending moments due to sldesway. Only one 
method will be presented here and it can best be 
explained by the solution of example problems. 
(For comprehensive treatment, see Prof, cross's 
textbook} 

Example Problem #10 (Rectangular Frame with 


bent carrying a distributed side load on one 
leg as shown. The K or I/L valves for each 
member of frame are assumed as indicated. 

The first step in the solution Is to deter- 
mine the frame bending moments assuming only ro- 
tation of frame Joints takes place. In other 
words sldesway of frame for given loading is 
assumed as zero. Fig. All. 34 shows the solution 
for bending moments under this assumption. The 
solution begins with computing the fixed end 
moments on member AB = 1/12 wL* = 1/12x300x25* « 
15.63 thousands of foot lbs. This value with 
the proper sign is written at the head of the 
column of figures on member AB as shown In Fig. 
All. 34. 

Now considering Joint B, the unbalanced 
Joint meraent of 15.63 is distributed as follows :- 
To Member BA = - 15.63 (40/190) = - 3.27. Carry 
over to Joint A = - 3.27/2 = - 1.63 

To Member BC = - 15.63 (150/190) = - 12.36. Car- 
ry over to Joint C = - 12.36/2 = - 6.18 

Now consider Joint C: - 

The unbalanced moment Is -6,18. To balance 
we distribute to CB = 6.18x 150/190 = 4.88. Car- 
ry over to B - 2.44; to CD = 6.18 x 40/190 = 1.30. 
Carry over to D = 0.65 

The balancing and carry over procedure Is now 
repeated for Joints B and C, until the unbalanc- 
ed moments become of negligible magnitude. Fig. 
All. 34 shows that 4 cycles have been carried 
thru by keeping the ratio 150/190 set on the 
slide rule the unbalanced moments at joints B and 
C are distributed and chased back and forth as 
rapidly as one can write them down. Since joints 
A and D are assumed fixed, they absorb moments 
but do not give out any. 

Fig. All. 35 shows the vertical legs of the 
frame as free bodies with the external side load 
and the end moments as found in Fig. All. 34. 

Taking moments about a point on line AD the un- 
balanced side shear force at top of columns. 

25 X 300 X 12.5 , 17570 - 11780 1530 - 770 

25 25 25 

- 3609# 

To balance this force the columns create a re- 
sisting shear reaction due to lateral bending of 
the legs which produces deflection or sldesway 
of the frame. Thus the next step is to determine 
the frame moments necessary to produce a resist- 
ing side shear of 3609# at upper end of vertical 
legs. These frame moments are determined as fol- 
lows:- Assume the structure sways sideways as 
illustrated In Fig. All. 36, but with no rotation 
of the upper Joints. It was proven in Art. All. 8 
that the end moments produced by the lateral 
movement of one end of a beam whose ends are fix- 
ed against rotation are equal to 6 Eld where d is 

L* 

the lateral movement. In Fig. All, 36 both columns 
suffer the same lateral displacement at their up- 
per ends, hence their end moments due to side 
sway are proportional to El. 

L* 


Fig. All. 35 shows a single bay rectangular 
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In our example problem El and L are the 
same for each column. Hence for convenience we 
will assume that a moment of 10,000 ft. lbs. is 
produced at each end of the columns due to side 
sway. The signs are determined by inspection 
of Fig. d. We now permit the Joints to progres- 
sively rotate and distribute the moments as il- 
lustrated in Fig. All. 37. The procedure is 
similar to that in Fig. All. 34. For example, we 
start by considering Joint B. The unbalanced 
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moment Is -10. This is balanced by distributing 
10x150/190 = 7.89 to BC and the remainder of 2.11 
to BA. The carry over momenta are 7.89/2 * 3.95 
to C and 2.11/2 = 1.06 to A. Due to symmetry of 
loading and structure, the distributing and car- 
ry over moments at Joint C will be same as at 
joint B, hence It is needless work to show calcu- 
lations at these Joints. The carry over moments 
from C to B will be identical to those from B to 
C. Fig. All. 37 shows the 3 cycles have been 
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carried out to obtain the final end moments as 
shown below the double lines. Fig. All. 38 shows 
the free body of side members with end moments 
as found In Fig. All. 37. The unbalanced shear 
force at top of columns due to these end moments 
equals (8470 + 9230)2/25 = 1418#. In Fig. All. 35 
we had an unbalanced shear of -3609#. since the 
shear at column top must be zero for equilibrium, 
the moments produced by side sway in our problem 
are equal to 3609/1418 = 2.545 times those shown 
in Fig. All. 37. Adding these to those of Fig. 
All. 34 (due only to Joint rotation) we obtain 
the final end moments as shown in Fig. All. 39 
which gives to moment diagram of Fig. All. 40 

Example Problem #11 

Fig. All. 41 shows the same frame as used In 
Problem #10 but with a vertical load system add- 
ed. The first step in the solution is to com- 
pute the fixed end moments, as follows :- 

M ab = M ba = 1/12 wL* = 1/12 x 300 x 25 8 = 15620 
ft. lb. 

m B c - Mob = 1/12 wL * = 1/12 x 500 x 70 8 = 204000 

PL/8 * 60000 X 70/8 = 525000 

729000 
ft. lb. 


Cantilever static moment at B and C 


= 6 x 40000 + 3000 x 3 = 249000 f t . lb . 

These values in units of thousands of ft. lb. 
are shown with the proper sign at the head of 
the columns of figures on Fig. All. 42. Then as- 
suming that only rotation of the Joints take 
place the end moments on the frame members are 
found by the moment distribution method as shown 
in Fig. All. 42. Thus starting with Joint B the 
unbalanced moment equals (15.62 + 249-729)= - 
464.38. Joint B is balanced by distributing :- 
To BA = 464.38 (40/190) = 98.18. Carry over to A = 

49.09 

To BC =464.38 (150/190) =366.2. Carry over to C = 

183.1 


Next consider Joint C: - 

The unbalanced moment equals (729 + 183.1- 
249) = 663.1. 

Joint B is balanced by distributing 

to CB= -663.1 (150/190) - - 523. Carry over to B = 

-261.5 

to CD=~663.1 (40/190)=- 140.1. Carry over to D = 

-70.05 
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- 420.15 + 414.77 



- 729.0 



4 414.77 



Returning to Joint B, we find an unbalanced mom- 
ent of -261.5. This is balanced as before by 
distributing 206 to BC and the remainder of 
55.5 to BA. The carry over moments to C and A 
are 103 and 27.75 respectively. This process Is 
repeated until Joints B and C have been balanced 
5 times. The final moments equal the summation 
of values in each column and are noted below the 
double lines. 

In Fig. All. 43 these end moments are shown 
on the side members as free bodies. Taking mom- 
ents about a point on line AD the unbalanced 
shear at top of side members equals 

7500 (179450 + 66300) . (165790 + 82900) _ 

" “2 25 + 25 

- 3610# 

From Figures All. 37 and 38 of problem #10 the 
shear at top of side members for arbitrary side 
deflection equals 1418#. Our correction factor 
equals 3610/1418 = 2.646 as In previous example 
#10. This Is true because the additional extern- 
al load system which has been included as a sym- 
metrical system and thus causes no side sway of 
frame. The final end moments therefore equal 
those of Fig. All. 42 plus 2.546 times those of 
Fig. All. 37 which give the results of Fig. All. 44. 
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in this example problem the members at 
points A and D were assumed as fixed. For cases 
of pins or partial fixity at these points no 
difficulty arises in the solutions since the 
stiffness and carry over factors are modified 
accordingly. 

In airplane structures problems involving 
side sway of trusses are frequently encountered 
In fuselage construction where large openings 
are necessary which prevents use of diagonal 
truss members. 


All. 12 If feet of Axial Load on Moaent 
Distribution 

In the previous articles the effect of axial 
loads upon the member end moments of a continu- 
ous structure was neglected. The axial loads 
produce bending in the members of a continuous 
structure in two ways. (1) The shortening or 
lengthening of the various members due to axial 
loads produces translation of the Joints of the 
structure. Since the angles between the members 
at a Joint remain the same due to continuity, 
this translation of Joints bends the members be- 
tween Joints. (2) The bending moments on the 
members due to external Joint or lateral loads 
or those due to Joint rotation produce lateral 
deflection of the members between Joints. The 
member axial loads times these lateral deflec- 
tions produce secondary moments. These second- 
ary moments can be handled by the general method 
of moment distribution however .the stiffness and 
carry over factors and the fixed end moments are 
not constant but become functions of the axial 
loads. 

Fig. All .45 shows a prismatic beam simply 
supported at A and fixed at B, with a moment 
Ma applied at A and carrying an axial compres- 
sive load P. Sub. Figure a, b and c show the 
3 parts which make up the moment diagram on the 
beam. Without the axial load p the portion (c) 
would be omitted. 
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point A. By the moment area principles, the 
slope at A equals the shear at A due to the 
moment diagrams acting as a load on a simply 
supported beam at A and B. For a given unit 
slope at A it is obvious that the retired Ma 
is less when the load P is acting as it pro- 
duces a moment load in (Fig. c) of the same sign 
as the moment load due to Ma* Thus the stiff- 
ness of AB is less when carrying an axial com- 
pressive load compared to that without it. For 
a tension axial load diagram C becomes a nega- 
tive moment diagram and thus Ma must become 
larger to give unit slope at A. Or in other 
words a member carrying a tensile axial load 
has a greater stiffness than one without axial 
loads. It is evident that the moment diagram 
due to P will also effect the magnitude of any 
fixed end moments and also the carry over fac- 
tor. 


All. 13 Fixed Ind Momenta, Stiffness and Carry 

over Factors for Bean Column* of Constant 
Section 

In deriving expressions for fixed end mom- 
ents, stiffness and carry over factors the beam 
columns formulas of chapter A10, must be used 
in finding slopes, deflection and moments. 

Mr. B. W. James in an excellent thesis at 
Stanford University and later published by N.A. 
C.A. as Technical Note #534 has derived expres- 
sions for these factors and has provided graphs 
of these factors for use in routine design. 
Figures All. 46 to All. 56 inclusive are taken 
from this thesis. The use of these Figures can 
best be illustrated by the solution of several 
problems. 

All. 14 Illuatratlv* Problems 

Example Problem #12 

Fig. All. 57 shows the same continuous beam 
as used in Example Problem #4 (and solution #2). 
For this example it has been assumed that such 
axial compression loads exist in spans BC and CD 
as to make the term L/J = 2.5 and 2 .0 for these 
spans respectively, where J » V@T7P. Due to the 
axial loads, new values of stiffness and carry 
over moments as well as fixed end moments must be 
determined as follows. 

Span BC 

K ■ l - k B - 0104 

From Fig. All. 47 when L/J * 2.5, correction fac- 
tor for stiffness factor * .775 when far end Is 
fixed and .36 when far end Is pinned. Hence, 


tdsami Qimssms 


Kbc = .0104 X .776 = .00806 


n*. aii-41 

By definition the stiffness factor of beam 
AB Is measured by the necessary moment Hi to 
produce unit rotation (0*1) for elastic line at 


KCB = .0104 X .36 * .00374 

From Fig. All .46, when L/J ■ 2.6 the carry over 
factors are Cgc 3 .73 and Ccb * 0 if B is con- 
sidered freely supported. 
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Fixed-end moment coefficient. Fixed-end moment coefficient. 

Uniform Load. Uniformly varying load. 

Axial compression. 


NS. Alt-4* 


Fig. Alt-44 
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From Fig. All. 40 when L/J *2.5 fixed end mom- 
ents for uniform load * wL*/10.67 = 1 x 96*/ 
10.67 « 865 In. lb. 

Span CD 

K = I/L = 1/72 = .0139, L/J - 2.0 
From Fig. All. 47 correction factor = .86, hence 
Kcd = Koc 2 .86 X .0139 = .01198. Carry over 
factor from Fig. All. 46 = .62. Fixed end moment! 
from Fig. All .48 = wL*/11.2 = 1 X 72V11.2 = 462 

The distribution factor at Joint C equals 
(.00374/. 00374 + .01198) = .238 to CB and the 
remainder .762 to CD. 

The balancing and carry over process is 
similar to that in Example Problem #4. 


Fig. All. 59 shows the total beam axial loads in 
the various portions of the beam by adding the 
values shown in Fig. All. 58. The outer span AB 
due to the axial loads Induced by drag wires of 
drag truss is subjected to a varying load. As is 
customary in design of such wing beams the axial 
load in span AB will be taken as equal to the 
average load or (-9571-8565-7559 )/3 s =~8566#. 

The beam bending moments at the support 
points will be determined by the moment distribu- 
tion method. 

Calculation of Factors 

Span AB 

I = 17.21, L - 100, I/L = .172 



Comparing these results with those of Problem #3 
we find moment at c is increased 15.7 percent 
and that at D is decreased 8.5 percent. For 
larger values of L/J the difference would be 
greater. 


Example Problem #13 


Fig. All. 58 shows the upper wing of a bi- 
plane. The wing beams are continuous over 3 
spans. The distributed air loads on the front 
beam are shown in the figure, also the axial 
loads on front beam Induced by the lift and drag 
truss. The bay sections of the spruce are shown 
in Fig. All. 58. The moment of Inertia in each 
span will be assumed constant, neglecting the 
influence of tapered filler blocks at strut 
points. 



E = 1300,000, P = 8565 

i -\§ 

L/J = 100/51.1 = 1.96 

From Fig. All. 47 when L/J = 1.96, correction 
factor = .86 for fixed far end and .52 for pinn- 
ed far end. Therefore 

Kab = -52 x .172 = .0895 

Kba = -86 x .172 = .148 

From Fig- All. 46, when L/J = 1.96, the carry over 
factors are:- 

C.O.ba = -62, and Z0ro :from A to B since B 
is considered In Its true state or freely sup- 
ported. From Fig. All. 48 when L/J = 1.96 equa- 
tion for fixed end moment for uniform load = 

WL 711.25 = 32 x 100711.25 = 28420"#. 

The overhand moment Mgc = 60 x 26.6 x 
(32 + 16)/2 = 38300"#. 

Center Span AA’ :~ 



22, I/L =22/84 = .262, 
y /1 , 300 , 000 x~22 49 4 

v mgs 


L/J = 84/49.4 = 1.70 


KaA' = Ka'a = * 262 x - 895 = * 234 


C.O. Factor - .585 

Fixed end moment = wLVll.35 = 31 x 84711.35 = 
19300"# 


The moment distribution process Is given 
In Fig. All .60. If the axial loads were neglec- 
ted, the bending moment, at support A and A' 
would be 19480, thus the axial Influence In- 
creases the moment at A approximately 7.5 per- 
cent. 
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Example problem #14 

Fig. All. 61 shows a triangular truss com- 
posed of two members fixed at A and B and rigid- 
ly Joined at C to the axle bar. Let it be re- 
quired to determine the end moments on the two 
members considering the effect of axial loads on 
Joint rotation and translation. 




Solution:- 

The magnitude of the axial loads in the 
members is influenced by the unknown restraining 
moments at A and B. To obtain a close approxi- 
mation of the axial loads, the end moments in 
the two members will be determined without con- 
sideration of axial loads. Thus the external 
Joint moment of 4 x 18000 = 72000 in. lb. at C 
Is distributed between the two members as shown 
in Fig. All. 62. With the member end moments 
known the axial loads and shear reactions at A 
and B can be found by statics. The resulting 
axial loads are 

P AC * 10400# and Pgc * - 27150# and the 
shear reactions, 8* « 5§0# and 8 b * 2000#. 

With the axial loads known the modified 
beam factors can be determined. 

For member BC 

P * - 27150, I/L = .0083, I * .332 

* 2.12 

From Fig. All. 47, stiffness factor = .82 x .0083 
= .00681 

From Fig. All. 46 C.O. Factor * .66 


For Member AC 

P = 10400#, I/L = .0029, I = 


J . 19.66, 


.137 

L. 47.20 _ 

3“IOS * 


2.42 


Stiffness factor = .0029 x 1.18 r .00342 
C.O. factor = .39 


Fig. All. 63 shows the moment distribution solu- 
tion which includes the effect of axial loads on 
Joint rotation. Comparing the results in Figs. 
All. 62 and 63, the moment Mqa 24050 is 29 per- 
cent larger than that in Fig. 62, and the moment 
at B is 18 percent larger. The effect on the ax- 
ial loads of these new final moments will be 
quite small, and thus further revision is un- 
necessary. 



Effect on End Moments Due to Translation of 
Joint C Due to Axial Loads. 

The movement of Joint C normal to each 
member will be calculated by virtual work. 
(Reference Chapter A7). Fig. All. 64 shows the 
virtual loading of 1# normal to each member at C. 
The Table shows the calculation of the normal de- 
flections at C. 


Table 




D 

a 

PI 

E3 

% 

PI 


. 0000049 
. 00000244 

10400 

-27150 

1.89 

>1.60 

.0962 

_i_1060 



MMMI 

MMMMMM 

MMMMI 

MMMM 

RI» 


MK 4 MI 


Thus the deflection of Joint C normal to 
BC equals .168" in the direction assumed for 
the unit load, and the deflection of C normal to 
AC = . 1778* • 
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The fixed end moments due to support de- 
flection equals M * 6EId/L* as derived in Art. 
All. 7. However, the secondary moments due to 
axial loads times lateral deflection modify this 
equation. "James" has shown that the modified 
equation is, 


5* tfo 

i J £ zL 


7~K 1 XT" 

— n ~t 


/oo 

, h n 


FI*. All-66 


M fixed end = jTjfgzjy » lf K = £ and R = £ > than 


m - 6KER 
M - 2^5 


Fig. All. 56 shows a plot of 2J»-a against L/J. 
For Member BC 


R = .202/40 = .00505 K = I/L = .0083, 

20-a=l.O8 for L/J = 2.12. 

Hence, fixed end moments due to translation of 
Joint C eQuals- 

w 6 x .0083 x .00505 X 29,000,000 

”BC = «CB = 08 -6750"# 


For Member AC 

H = .207/47.2 = .00438 K = .0029, 2p-a = .92 


when 

hence 


L/j = 2.42 and member Is in tension. 


M „ _ 6x .00438 x .0029 x 29,000,000 

M AC=«CA 792 * 


-2400"# 

The signs are minus because Inspection shows 
that the moments tend to rotate ends of members 
counter clockwise. (Ref. Art. All .2) 

Fig. All. 65 shows the moment distribution 
for these moments. The magnitude of the moment 
at B is 6.7 percent of that in Fig. All. 63 and 
10.4 percent at joint C, however, it is reliev- 
ing in this example. 


(2) In Fig. All. 66 take free end (E) as 
fixed and determine complete bending moment 
diagram. 

(3) In Fig, A1.66 take free end (E) as 
50% fixed and free end (A) as freely supported 
and determine beam bending moment diagram. 

(4) For the beam and loading of Fig. All. 67 
determine the beam bending moment at points A, 

B and C, D. The moment of inertia is different 
in each span as shown. 


S? 19*1"* 


L^fTr-^ 


2*0 


f 0 




1*1 
— #• 


u* 3 

JZIZXZIZ3 


X*».3 
/#♦" 


Fig. All-67 



(5) Fig. All. 68 shows a 1-1/4 - .058 round 
24ST aluminum alloy tube supported on five sup- 
ports and carrying the distributed load as shown. 
Supports B and D settle .20 inch and supports A 
and E settle .60 inch. Determine the beam bend- 
ing moments over the five support points. I of 
tube equals .038 in and E = 10 x 10 psi. 


Fig. A 11-68 

r3=rx~rn rrri.'i'T vi rn 

L/«il 2* • is" «]■» — 3** — ■ ?** up 

A ® C O 6 



For a truss involving many members, Joint 
translations can be found more conveniently by 
use of the "Williot" diagram. 

Generally speaking the effect of Joint 
translation in trussed rigid Joint structures is 
of secondary importance and is usually neglected. 

All. 16 Problems 

(1) By the moment distribution method, de- 
termine the beam bending moments at support 
points B, C and D for the beam and loading of 
Fig. All. 66. Beam section is constant thru-out. 
Draw beam bending moment diagram. 


(6) Determine the bending moment diagram 
for the truss and loading of Fig. All. 69. 

Points A and B are fixed and C is a rigid Joint. 
Neglect effect of Joint translation due to memb- 
er axial loads. Also neglect effect of axial 
load on values of stiffness and carry over fac- 
tors and magnitude of fixed end moments. 



(7) same as problem (6) but consider point 
B as pinned. 

(8) Same as problem (6) but consider point 
A is pinned and B is 50 percent fixed. 

(9) Draw the bending moment diagram for the 
structure and loading of Fig. All. 70. The lat- 
eral loads are applied at the midpoint of each 
member. Neglect effect of Joint translation due 
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(18) Calculate and draw the bending moment 
diagram for the loaded structure in Fig. All. 77. 
El is constant. 



Wg. All-71 


(19) Calculate bending moments at points A 
BCD and E of the structure in Fig. All. 78. 

I BE ~ IcD = 60 » *AB ~ 120 

\vf - » c. 


i'S IC 6 
I 6 

Ja 


simple method as well as a rapid method for solv- 
ing structures involving a number of cells. 

Since the method of successive corrections is 
similar in nature or method of procedure to the 
well-known "Moment Distribution*' method explained 
in detail in the previous part of this chapter, 
the student should obtain a good understanding of 
the moment distribution process before studying 
the method to be presented here on the shear flow 
distribution in multiple cell structures. 

Single Cell Formulas. (Ref. Chapter A5) 

The following equations 
are taken from Chapter AS. 

From 2M X = 0, (Fig. 1) 1 

T - 2 Aq = 0, whence 

T = 2Aq (1) a 

where T = external torque \ 1* 

(in. lbs.) * 

q= constant internal re- 
sisting shear flow. **•' 1 

(lbs. /in. ) 

A = area of cell interior, (in.®) 

Equation (1) can be written, 


Fig. All-79 


(20) For the loaded structure in Fig. All. 79 
locate points of contraflexure in the columns 
for the following three cases of relative stiff- 
ners of the members. 

(a) K b = 2K C ; (b) K b = K c ; (c) K b = K c /2. 

All. 16 Torsional Shear Plow in Multiple Cell Beans 
By Method of Successive Corrections. 

introduction. In Chapter A5, the shear flow 
distribution between the cells of a multiple cell 
beam structure under pure torque was determined 
by writing certain equations based on the fol- 
lowing facts:- * 

(1) The summation of the external torsional 
moment and the internal resisting shear flow 
force system about an axis normal to the plane 
of the torsional moment must equal zero. 

(2) The angular twist 9 for each cell of 
the structure must be the same. 

Equations expressing these facts were 
written in terms of the unknown constant shear 
flows q in each cell. Thus for a two cell 
structure, two equations involving two unknowns 
q x and q, could be written. Likewise for a 
three cell structure, three equations could be 
written Involving three unknowns q x , q^ and q # 
and so on for any number of cells. 

For a structure of three or more cells, the 
numerical work in solving a number of equations 
became appreciable, thus the method of # 8ucces- 
alve Corrections to be explained provides a 

* Based os Paper, "Munerlcal Trans fores ties Procedures 
for Shear Floe Calculations** by 8.0. Beneeoter. 
Journal , Inst ltute of Aeronautical Sciences ,Auf. 1046. 


The relationship between the shear flow and the 
angular rate of twist 9 per unit length of the 
cell Is expressed by the following equation if q 
is constant around cell. 


_ 2 AO0 

Q ZL/t 


where, 

0 = modulus of rigidity 
L ~ length of any cell wall portion of 
constant thickness 

t = thickness of any cell wall portion 
9 * twist per unit length of cell In radians 

Equation (3) can be written, 

2A6 = |qz| - (4) 

The right hand side of equation (4) repre- 
sents the total shearing strain around the cell 
wall due to the shear flow q. 

If it was assumed that the shear flow q was 
such as to produce a unit rate of twist or 0 9 = 
1, then equation (4) could be written 


2 A * q 2 


„ 2 A 

q = n 


A 11 *17 Explanation of Succeed** Correction Method. 

Consider a two cell tube as shown in Fig. a. 
To begin with assume each cell as acting lnde- 
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pendent ly, and subject 
cell (1) to such a 
shear flow q x as to 
make 00 x » 1. 

Then from equa- 
tion (6), 

^ 2x 89.3 

q x = 7 l = 2 S'.T" io = 

2 £ 75T + .06 


ig^«0.212#/m. 

Fig. b. shows the results. 





*i*.h 


n«.e 


In a similar manner assume cell (2) sub- 
jected to a Bhear flow q a to produce a unit rate 
of twist of 09« 32 1. Then, 

„ 2A* . 2 x 39 .3 _ 78 • 6 _ ^ r\nji / * ~ 

q * re ■ io 'ife.7 -m~~ °- 109 # /in - 

2 l .5S + T5T 

Fig. c shows the results. 

Now assume the two cells are Joined to- 
gether with the interior web (1-2) as a common 
part of both cells. 

See Fig. d. The in- 
terior web is now 
subjected to a re- 
sultant shear flow 
of q x - q. « (.212- 
.109) = .103#/ln, 

Obviously this 
change of shear flow 
on the interior web 
will cause the cell twist to be different for 
each cell instead of the same when the cells 
were considered acting separately. To verify 
this conclusion the twist measured by the term 
09 will be computed for each cell. 

Cell (1), 



Ht-d) 


Now consider cell (1) in Fig. d. In bring- 
ing up andattaching cell (2) the coamnon web (1-2) 
is subjected to a shear flow q a « -.109#/ln. 
(counterclockwise with respect to cell (1) and 
therefore negative), in addition to the shear 
flow q x = .212 of cell (1). The negative shear 
flow q a a -.109 on web 1-2 decreases the twist of 
cell (1) as calculated above with the resulting 
value for 09s. = 0.875 Instead of 1.0 as started 
with. 


Thus in order to make 00* = 1 again, we 
will have to add a constant shear flow q* to 
cell (1) which will cancel the negative twist 
due to q # acting on web (1-2). Since we are 
considering only cell (1) we can compare cell 
wall strains instead of cell twist since in 
equation 4, the term 2 k is constant. 


Thus adding a constant shear flow q^ to 
cancel influences of q # on web 1-2, we can write: 


hence 


q- (2 \) cell (1) - q. (|) W0b ^ = 0 


< = a. 


(~) web 1-2 


[(2 |) cell ( 1 ) J 
Substituting values in equation (7) 


-( 7 ) 


< = Q. 


10 

.55 

S7TT3 . 

.tst j5bj 


m Q » = - 237 q « 


Thus to make QOi equal to 1 we must correct 
the shear flow in cell (1) by adding a constant 
shear flow equal to .237 times the shear flow q a 
in cell (2) which equals .237 x .109 » .0258#/In. 
Since this shear flow is in terms of the shear 
flow q a of the adjacent cell it will be. referred 
to as a correction carry over shear flow, and 
will consist of a carry over correction factor 
times q,. 

Thus the carry over factor from cell (2) 
to cell (1) can be written as 


(r ) web (1-2) 

C.O.P. . ■ — s which equals .237 

(2 to l ) ( 2 |) cell (1) 


as found above In substitution In equation (7) 


“ STSO [-212* (-212- -109) gg] = 0.876 

Cell (2), GO. 2 q j: = 

= 57^3 [. 109 (. 212 - . 109 ) 1 °]- 0.4375 

Since <k must equal 9. if the cross-section 
la not to distort from its original shape, it is 
evident that the above shear flows are not the 
true ones whan the two cells act together aB a 
unit. 


Now consider cell (2) In Fig. d. In 
bringing up and attaching cell (1), the common 
web (2-1) Is subjected to a shear flow of q, — • 
~0.212#/ln. (counterclockwise as viewed from 
cell 2 and therefore negative). This additional 
shear flow changes 00. twist of cell (2) to 
a relative value of 0.4376 Instead of 1.0 (see 
previous 00* calculations). Therefore to make 
GO* equal to 1.0 again, a corrective constant 
shear flow q^ must be added to cell (2) to 
cancel the twist effect of q x * 0.212 on web 
(2-1). Therefore we can write, 
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qj (2 £) cell (2) - q* (j) web (2-1) = 0 

hence 

q t (r)web (2-1) 

q; = — (8) 

(2 j?) cell (2) 

Substituting in equation (8):- 

= Qx (l^g) = .277q x = .277x .212 = .0587#/ln. 

Thus the carry over factor from cell (1) to 
cell (2) in terms of q x to make 09« = 1 again 
can be written 


C.O.F 


•(1 to 2) 


(|) „.b (B-X) a0Q 
U \) cell (2) 925 


Since our corrective 
shears flows are 
rapidly getting 
smaller, the con- 
tinuation of the 
process depends on 
the degree of ac- 
curacy we wish for 
the final results. 

Suppose we add one 
more set of correc- 
tive constant shear flows qj* and qj. Using the 
carry over correction factors previously found 
we obtain, 

q™ * .237 x .00717 = .0017#/ln. 

qj = .277 x .0139 = .00385#/in. 

Fig. g shows the results 



Fig. e shows the constant shear flows qj, 
and q’ that were added to make G9 = 1 for each 
cell. However these 
corrective shear 
flows were added as- 
suming the cells 
were again inde- 
pendent of each 
other or did not 
have the common 
web (1-2). Thus 
in bringing the 
cells together 
again the Interior web is subjected to be re- 
sultant shear flow of q x - qj. In other words 
if we were to add the shear flows of Fig. e to 
those of Fig. d, we would not have 09* and 09* 
equal to 1. The resulting values would be 
closer to 1,0 then were found for the shear 
flow system of Fig. d, * 

Considering Fig. e, we will now add a sec- 
ond set of corrective shear flows qj and qjj 
to cells (1) and (2) respectively to make 09* 
and 09* = 1 for cells acting Independently. 

Considering cell (1), and proceeding with 
same reasoning as before, 

q; (2 |) cell (1) - q; <jp web 1-2 * 0 

hence 



The final or 
resulting cell shear 
flows then equal the 
original shear flows 
plus all corrective 
cell shear flowB, or 

q * (final) " 4 q * 4 

q ; ♦ q'“ 

q# (final) * q « 4 q » 4 

q; ♦ Q? 

Fig. h shows 
the final results. 

To check the 
final twist of each 
cell the value 09 
will be computed for 
each cell using the q 
values in Fig. h. 


09i = 






=.'787 


00. a 


Cell (1) 
1 

[.aaxfSjZ. 

•°™ 7, .5§] 

= .997 

2 X 89.3 

1 

[,1787xi|jZ- 


a .997 

2 x 39.3 


All. 18 Uea of Operations Table to Organise 
Solution by Successive Corrections. 


<i: (h 1-2 

qj a — r-i a .0587x'.237* .0139#/in. 

2 (£) cell(l) 

or 

qj * (C.O.F.)g to 1 tln * 8 * .237 x .0587^0139 

Considering cell (2) 

q; = q l (C.O.F. ^ t0 2 - .0268X .277* .00717#/in. 

Fig, f, shows the resulting second set of 
corrective constant shear flows for each cell. 


Operations Table 1 arranges the calculations 
so that the steps dealing with the corrective 
shear flows can be carried out rapidly and with a 
minimum of thought. 


OKMTIONS TABLE 1 


Call 1 Call 2 
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Explanation of Table 1 

Line 1 gives the carry over factors for 
each cell, computed as explained before. Line 
2 gives the necessary constant shear flow q in 
each cell to give unit rate of twist to each 
cell acting independently. (00=1). Line 3 
gives the first set of constant corrective 
shear flows to add to each cell. The corrective 
q referred to as the carry over q or C.O.q in 
the table consists of the q In the adjacent 
cell times the C.O. factor of that cell. 


Line 2 gives the shear flow q in each cell, 
when it is assumed each cell is acting separate' 
ly and Is subjected to a unit rate of twist or 
GQ = 1. 

The calculations for the q values are as 
follows :- 

For cell (1) 

2A X 2 x 100 „ or 

qi — ■: ■■ - 1 i ** *fcO 

2 (£) cell 1 $ 


Thus .237 x .109 = .0258 is carry over 
from cell (2) to cell (1) and .277 x .212 = 
.0587 is carry over from cell (1) to cell (2). 

Line 4 gives the second set of corrective 
carry over shear flows, namely .277 x .0258 * 
.00717 to cell (2) and .237 x .0587 - .0139 to 
cell (1). Line 5 repeats the corrective carry 
over process once more. Line 6 gives the final 
q values which equal the original q plus all 
carry over q values. 

Example Problem #1 (2 Cells) 

Determine the Internal shear flow system 
for the two cell tube in Fig. All. 80 when sub- 


Jected to a 

torque of 20 

,000 in. lbs. 



• /O - -- -f- - to" ^ 



J? 

a-T* 

|C 

** 

0 $ CeLLl 

CeU 2 0,10 

j 


.05 

0.10 
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Explanation of solution as given lri Table (2): 


For cell 


0, = 


2 ( 


( 2 ) 

2A« 

\) cell 2 


2 x 100 
10 30 
.OE 0.1 


.4 


Ax and A* equal cell area of cells (1) and (2) 
respectively. L = length of wall element and t 
its corresponding thickness. 


In order not to start out with decimal values of 
q, the values above will arbitrarily be multiplied 
by 100 to make q A * 25#/in. and q 8 = 40#/ln. 

Since we want only relative values of terms this 
is permissible. These values are shown in line 
2 of Table (2). The corrective carry over pro- 
cess proper Is started In line 3 of table (2), 

In cell (1) the amount carried over of q *25 
to cell (2) equals the C.O. factor times 25 or 
0.4 x 25 = 10 which Is written along the verti- 
cal line under cell (2). Likewise In cell (2) 
the amount of q 8 * 40 that is carried over to 
cell (1) equals the C.O. factor times q a or .25 
x 40 = 10, which is written along the vertical 
line under cell (1) . 


The second set of corrective carry over 
constant shear flows are given In line 4 of Table 
(2), thus, .4 of the q A - 10 = 4.0 is carried 
over to cell (2) and .25 x value of q A = 10 = 2.5 
Is carried over to cell (1). Line 5 repeats the 
process namely 0.4 x 2.5 ~ 1 to cell (2) and .25 
x 4 * 1.0 to cell (1). 

This process of carrying over values of q 
is continued until the values are small or negli- 
gible. Line 0 gives the final q values in each 
cell as the summation or the assumed q value plus 
all carry over values of q. Thus In cell (1) 
q ~ 3B.85#/in. and for cell (2) q « 55.5. Line 9 
gives the torque that these values of cell shear 
flow can produce. 


Line 1 gives the values of the carry over 
factors. The values are calculated as follows: 

C.O. factor coll (1) to cell (2): 


T = 2Aq 

For cell (1) T = 2 x 100 x 30.85 - 7770 in. lb. 
For cell (2) T 2x 100x55.5 11100 in. lb. 


C.O. 


C.O. 


( 1 - 2 ) 


( 2 - 1 ) 


(|) web 1-2 


10 

.05 


/L\ 1 f-y 10 , 30 

2 cen * .oT/oTi 


= .40 


(|) web 2-1 
2 (|) cell 1 


10 

.55 

40 

.55 


Line 10 gives the sum or the above two values 
which equals 18870 in. lb. 

The original requirement of the problem was 
the shear flow system for a torque of 20,000*#. 
Tnerefore the required q values follow by direct 
proportion, whence 

= IS5 x 30,85 = 
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Q, = fggsg x 55.5 = 58.9#/ln. 


I§§?0 

These values are shown in line 11 of Table 2 

Check on twist of cells under final q values* 

The relative total strain around each cell 
boundary is given by the term 1 2qL for the cell] 


Thus for cell (1) 

;^? s 4[ 41,2 + (41 * 2 " SS .91 gg ] = 


A x 


1 1 1001 
For cell (2), 


212 


i 2 4 = ife[ (58 * 9 - 41 - 2) .i +58 - 9x ( o>] = 212 

Thus both cells have the same twist. 


cell (2) q = = 5355 

2 l 


Cell (3) q 


_ 2A. _ 113 _ 


2 t 

2 t 


1055 


.1845 


.107 


To avoid small numbers these values of q are 
multiplied by 100 and entered on line 2 of the 
table. Calculation of carry factors as given in 
line 1 of Table 3. 

Cell (1) to (2) 


c.o. 


<?> ^ 240 


(1-2) 


2 (|) cell 2 


1040 


= .23 


In the above calculations q A and q B act 
clockwise in each cell, hence the shear flow on 
the interior common web is the difference of the 
two q values. 

Example Problem #2. Three cells 

The three cell structure in Fig. All. 81 is 
subjected to an external torque of -100,000 in. 
lb. Determine the Internal resisting shear flow 
pattern. 



OPERATIONS TABLE 3 


C«I1 1 Cell 2 Cell 3 
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ini 
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Cell 

(2) to 

(1) 


(^) web 2-1 

•(2-1) 

2 <{> 

cell 1 

Cell 

(2) to 

(3) 


(t) web 2-3 

’(2-3) 

2 (jf) 

cell 3 

Cell 

(3) to 

(2) 


(|) web 2-3 

•(3-2) 

2 (£) 

cell 2 


240 _ 
U45 " 


.21 


300 

l05§ 


.284 


300 

1040 


.288 


The balance of the solution or procedure in 
Table 3 is the same as explained for Problem 1 
In Table (2). It should be noticed that cell (2) 
being between two cells receives carry over q 
values from both adjacent cells and these two 
values are added together before being distribut- 
ed or carried over again to adjacent cells. For 
example consider line 3 in Table (3) and cell (2). 
The q value 5.82 representing .23 x 25.3 Is 
brought over from cell (1) and the q value 3.08 
» .288 x 10.70 from cell (3). These two values 
are added together or 5.82 + 3.08 - 8.90. The 
carry over q to cell (1) is then .21 x 8.90 - 
1.87 and to cell (3) is .284 x 8.90 - 2.53. 


Explanation of Solution as given in Table 3s- 
Cell (1) Cell (2) Cell (3) 

Ajl = 144 A* « 96 A t = 56.5 

Z £ = 1140 2 £ a 1040 2 £ ■ 1055 

Shear flow q for 0© * 1 for each cell acting In- 
dependently:- 

Cell (1) q = ^ = .253 

2 f 


In line 8, the final q in cell (2) equals 
the original q of 18.45 plus all carry over q 
values from each adjacent cell. 

Line 10 in Table (3) shows the total torque 
developed by the resultant internal shear flow 
is 17435"#. Since the problem was to find the 
shear flow system for a torque of -100,000 in, 
lb., the values of q in line 8 must be multiplied 
by the factor 100,000/17436, 

Line 11 shows the final q values. 

Example Problem 3, Four cells. 

Determine the internal shear flow system 
for the four cell structure In Fig. All. 82 when 
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subjected to a torsional moment of -100,000 In* 



OPERATIONS TABLE 4 



Cell X 
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Cell 3 

Cell 4 
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In Fig. All. 82 the values In the rectangles 
represent the cell areas. The values in ( ) 
represent the L/t values for the particular wall 
or web. After studying example problems 1 and 2 
one should have no trouble checking the values as 
given in Table 4. Line 10 shows the correction 
of q values to develop a resisting torque of 
100, 000"#. The multiplying factor is 100,000/ 
80630. 

All„ia Probl<M» 

(1) Solve Problems 3 and 5 at the end of 
Chapter A5. 

(2) The three box beam in Fig. All. 83 is 
subjected to an external torque of 600,000"#. 
Determine the Internal shear flow distribution. 



(3) The two cell tube in Fig. All. 84 car- 
ries an external torque of -200,000"#. Deter- 
mine the internal shear flow system. 

(4) The 6-cell beam in Fig. All. 85 carries 
an external torque of 750,000"#. Calculate the 
internal shear flow system. 










CHAPTER A12 

BENDING AND SHEAR DISTRIBUTION 


A1 2.1 introduction. in chapters A6 and A8 the 
magnitude and sense of the tendency of the ex- 
ternal loads to shear or bend a beam were con- 
sidered in detail, in this chapter, the manner 
In which the internal stresses resist these ex- 
ternal applied loads Is considered. Before the 
internal stress picture can be obtained, two 
facts must be known, namely, 

(1) The manner In which the strain (short- 
ening or lengthening) of a beam fiber varies 
with the location of the fiber in the beam when 
the beam bends in resisting the external loads. 

(2) The stress-strain relationship or char- 
acter of the material being used. Information 
concerning these two points comes chiefly from 
the results of tests and experiments. These ex- 
periments show that if a straight beam carries 
loads which lie in a plane which is also the 
plane of symmetry of the beam (see Fig. A12.1), 
the fibers on the upper portion of the beam will 
shorten, and those on the lower portion will 
lengthen and at some plane In between the beam 
fibers will suffer no strain or deformation. 

Thus, if two straight lines AB and CD are drawn 
on the beam side before the beam is bent, these 
lines will still be straight lines A^B' and CD' 
after the beam is bent (if shearing deformation 
is neglected). This means that the unit strain 
of any fiber Is directly proportional to the 
distance from the plane of zero stress (commonly 
referred to as the neutral plane or surface). 

Furthermore, If the beam material is such 
that It possesses a straight stress-strain curve 
for the range of stresses which the external 
loads produce on the beam and the stress-strain 
curve is the same for both tension and compres- 
sion, then the stress Intensity will likewise 
vary directly as the distance from the neutral 
axis or plane. 

With these conditions present, it is quite 
simple to obtain a true picture of the internal 
bending resisting forces and obtain an expres- 
sion for the internal resisting moment in terms 
of the stress intensity and the geometrical prop- 
erties of the beam cross-section. 
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A12.2 Neutral Axis Location - Bean Formula 

Fig. A12.2 shows the free body of the right 
hand portion after the beam of Fig. A12-1 has 
been cut at section CD. The beam cross-section 
has been taken as shown. Let the neutral sur- 
face (plane of zero stress) be NN, the location 
of which is unknown as yet. Let the tension and 
compression forces on the face CD be represented 
by the arrows as shown. Let fb represent the 
largest of these unit stresses and let dA be a 
differential area of the cross-section a distance 
y from the neutral surface, and let f y represent 
the unit stress on this small area, dA. From 
similar triangles, 

fb:fy = c :y or ft>y = f y c (1) 

hence, the unit stress on a fiber a distance y 

from the neutral surface. 

= fy - fb y and the total stress on the ele- 
c 

ment dA is 

^ y dA (2) 

The total tensile stress on the section below NN 
is 

^/ 0 C y<3A (3) 

and the total compressive stress above NN is 

<*> 

now, for equilibrium of the free body in the hori- 
zontal direction, 



ZH = 0 or (3) = (4) or fp £ c y(U _ tg j-c* y<u 

This means that /ydA above the neutral plane 
equals /ydA below NN, but since y Is negative 
for all values below NN, It follows that /ydA for 
the entire section must be zero. ThlB Is the 
same relationship that locates the centroldal 
axis of the cross-section, and therefore, the 
neutral plane or axis coincides with the cen- 
troldal axis of the cross-section. 

Aia.i 
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With the neutral axis located, an expres - 
sion can now be obtained for th?r stress inten- 
sity. 

The moment of the stress on the element OA 
about the neutral axis NN is y times equation 
(2) or y fjj ydA, and the total resisting moment 
c 


block, f s b dx = M - M’ /.c_ A _ * 

-r~ 4 y<u or - iss 4 ydA - 


c 

■y 0 ° Xbdx 'y 0 

But M-M* = dM = V (external shear on section) 


dx 


a; 


Therefore f 8 = ~ ydA 


■( 8 ) 


of all the stresses on the cross-section refer- 
red to the neutral axis NN, is /■ f£y*dA, since 

J c 

f]j is constant, we can write: Resisting moment 
c 

a /’ y*dA, but the term /y"dA equals the mom- 

c J 

ent of intertla about the neutral axis and will 
be given the symbol I. Hence, resisting moment 
* I. But, resisting moment = bending moment M, 
c 

hence 

M = fb 5 (5) 

which is the well-known flexure formula, where M 
a bending moment at section In inch pounds, 

I = moment of inertia about neutral axis 
fb= max. unit bending stress, which occurs 
on the most remote fiber at a distance c from 
the neutral axis. For the stress at any dist- 
ance y from the neutral axis, replace c in form- 
ula (5) by term y. 

The term I in equation (5) Is referred to 
c 

as the section modulus and is a function of the 
size and shape of the cross-section. 

Ala. 3 Flexural Shear 8 trees Dietribut Ion 

Fig. A12.3 shows the same beam as in Fig. 
A12.1 with a notch cut out of the lower section 
of the beam as shown and treated as a free body 
In Fig. A12.4. The total pull on side CD = 
f£ >*cydA . The total pull on side EF = 

c y y 0 

/ 0 C ydA. From the beam formula previously 

derived, fb = Me. Let M and N* equal external 
I 

bending moment at beam sections CD and EF re- 
spectively and I and V the moment of inertia of 
the beam sections at these same polntB. Hence, 
the total pull load on side 

® ■ i % ** < 6 > 

and similarly, total pull on side EF = M' / 0 ydA 

T* 

- (7) 

For equilibrium, 2H for forces on block in Fig. 
A12.4 must = 0. Therefore total shear stress on 
section CE equals the difference between the 
values given by equations (6) and (7). 

If the beam is of uniform section, that is, 

I - I' and c and y 0 are the same in both expres- 
sions, then the resultant horizontal pull on 
block CDEF =' M - K * t c ydA; writing 2H = 0 for 

I y y 0 


where f s is the horizontal shearing unit stress 
(also vertical unit stress) on the cross section 
of a beam at a point distance y 0 from neutral 
axis where the width is b and the external shear 
is v. 

It is important to note that equation (8) 
applies only to beams of uniform section (constant 
I ) . In airplane wing and fuselage construction, 
the general case is for beams to taper in section, 
thus equation (8) cannot be used and resort must 
be made to the relationships expressed by equa- 
tions (6) and (7), 


A13.4 Kxxmple Problem* Illustrating Application of 
Flexure Formula and Theory 


Example Problem 1 

Determine the maximum bending and shearing 
stress for the beam and loading as shown in Fig. 
A12.5 . The cross-section of the beam is given in 
Fig. A12.6 and is constant through out the length 
of the beam. In general, the procedure is to 
calculate the reactions and draw shear and mom- 
ent diagrams in order to obtain a complete pic- 
ture of the shear and bending forces. This beam 
and loading Is identical to that of Fig. A6.6. 
Since complete calculations for reactions, shear 
and moment diagrams were given there, the calcu- 
lations are not repeated here, but the resulting 
shear and moment diagrams are re-drawn. 
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' Solution for Bending Stress 
Method I - Using flexure 
formula M » f b I/c* The maxi- 
mum moment occurs over support 
RA and equals -24000"#. Due 
to symmetry of beam section 
(Fig. A12.6) the neutral axis 
lies at mid-point of beam. 

Calculation of Moment of Inertia about neutral 
axis: 

For flange: Ina = (1.75x .75 x 27625" )2 + (1.75x 
.75* )2/12 = 18.26 in. 4 


The distance from the N.A. to Tg or C# -2/3x 
3 = 2", since the stress pattern over these por- 
tions is triangular. We now equate the moment 
of these internal resisting forces to the ex- 
ternal bending moment. 

T^x 2.64 + Ca* X2.64 + TBX2 + CB* X2 = M 
Substitute values for T and C in terms of fb as 
found above: 

(1.15 fb+1.15 fb) 2.64 + (.375 fb+ .375 fb)2 
2 24000 

Hence, fb 2 24000 = t 3170#/sq.in. as in the first 

TM 

solution. 



«0. A 12-6 


For webs: I^= (6*x .125)2/12 = 4.50 in, 4 . Total 
IMA = 22.76 fb=Mc/I. c=3" for top and bottom 
fibers. Hence, fb 2 (24000 x 3)/22.76 = 3170#/In." 
tension on top fibers and compression on lower 
fibers. 

Stress intensity at inside edge of flange block: 
y = 3 - .75 = 2.25" 

f b = Ity/I = (34000X 2.25)/22.76 = 1 2380#/in.* 

Method II (Without Use of Beam Formula ) 

In Fig. A12.5, cut a section through the 
beam at point 1-1, Just to the left of the reac- 
tion which is the section of maximum bending 
moment. Fig. A12.7 shows the free body of the 
beam to the left of this section. 



Due to symmetry, the neutral axis NN is at 
the midpoint of the section. Since plane sec- 
tions remain plane after bending and stress is 
assumed proportional to strain, the stress in- 
tensity diagram on the cut section will take the 
triangular shape shown by the arrow. Let fb 2 
stress intensity on outer fibers; due to sym- 
metry, It will be the same on both the top and 
bottom fibers. Let fb x be the stress intensity 
at the inside edge of portion A. Then fb 2 2.25 

1 SToo 

fb * .75 fb« Let Ta *>© the total tensile 
stress on A and Ca* be the total compressive 
stress on portion A* . 

T* = C A = £LliZ££te x 1.75 x .75 = 1.15 fb 

average stress x area). The distance from N.A. 
to the loads Ta or Ca» 3 2.64" (Ta and Ca* act 
thru the centroid of the trapezoidal stress load 
on portion A and A* ). Let Tb * total tensile 
stress on the web above tbs N.A. and Cb' 3 total 
compression on the web below the N.A. 

Tb*C B * « ^ x 3x .25 * .376 fb 


Solution for Shear Stresses 

Method 1 « Using Formula f s = V r .. 

TB ^ ^ QA 

From the shear diagram Fig. A12.5 maximum 
external shear load = 610#, and is constant be- 
tween the left reaction and the 1000# load. The 
maximum intensity of the shear stress will occur 
at the neutral axis since the term /ydA is maxi- 
mum about the neutral axis. 

fs = V/ 0 3 ydA = 610 x 4.57* = 490#/ln. * 

“Tb 22.^6 x 2 x .125 
* f 0 ydA = area of each portion A and B in 

Fig. a times arm from centroid to neutral axis. 

= 1.75 x .75 x 2.625 + .25 X 3 X 1.5 = 4.57 



Determine shear stress on section 1-1, 3/4" from 
top surface. 


__ 610 X 3.94 _ xorz^i/4*. * 

r s - 06 V 3 - 7 — - 4 ~ 3#/ln * 


fa ~ 


* 4 3 25 ydA = 2. Ox .75 x 2.625 = 3.94 (See Fig.b) 


Method II Solution - (Difference of Bending Stress..) 



Fig. c shows a length of bean 1 inch long cut 
from the beam of Fig. A12.6 beginning at left re- 
action and extending 1 Inch toward 100# load. The 
bending moment at left end of strip Is - 24000"# 
and at right end = -*24000 + 610 = 23390*#, or a 
difference of 610"#. Thus the difference of the 
horizontal tension and compressive stresses on 
the strip forces in Fig. c equals that due to 
610"# of moment as shown In Fig. d., where f b for 
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outer fiber = 610 x 3 a* 80.5#/ln.* and fh for 

W 

point 3/4" from top of beam ~ 2.25 x 80.5 = 

Oo 

60.05#/ln.* The horizontal shear load on section 
a-a at neutral axis (Fig. d) equals the total 
pull on a strip face between neutral axis and 
extreme f i ber . Hence, 

Load on Portion A = area x average stress 

= 1.75 X .75 x 80.5 +60.05 

5 

= 92# 

Load on Portion B = 3x .25x80,5 = 30.15# 

Total load above neutral axis = 92 + 30.15 = 
122.15#, therefore f 9 at neutral axis » 122.15 

2 x .125 

= 490#/in. ft (checks solution 1) 

For section 3/4** from top of beam:- 

f s - load on portion A plus load on web 
above section 1-1/shear area. 


„ _92 + y2 (.25/1.75) 
f 6 2 x. 125x1 

Example Problem 2 


= 423 /in.* 


Shear at a-a = V a - 350 + 600 * 850#. The cal- 
culations for the neutral axis and the moment of 
inertia have been calculated in Table 4 of Chap- 
ter A3 and thus will not be repeated here. The 
results are given in Fig. A12.9. Bending stress 
on the extreme upper fibers: 

ib T “ -4160#/SQ.in. 

1 * (compression) 

Bending stress on the extreme lower fibers: 

* Ny 36670 x -2.91 _ 
fb = y = = 3920#/BQ.in. (ten- 

sion) 

The maximum shear stress occurs at the neutral 

g aq 

f s (N.A. ) 1 v / 0 * y^A 


. *7 


— 33.3 



p - 
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therefore f S/ . 7 A N = 860: 
& (N.A.) 


= 377#/sq. in. 

/ 3.09 


Shear stress at section 1-1: s V / 2 ' ^ ydA 


/ ydA = 234+ (1.295)2 = 4.93 (see Table A. 
2.08 Portion 1 drops out) 

therefore f S(1 _ 1 } = = 308#/sq.ln. 

Shear stress at section 2-2 

r »(Mi 7 !'!!>• 


Given the double cantilever beam carrying a 
distributed load as shown in Fig. A12.8. (1) 

Let it be required to determine the maximum bend- 
ing stress on the beam section at section a-a, 
Just adjacent to support Hg, Fig. A12.9 shows a 
cross-section of the beam at point a-a on the 
beam. (2) Also, determine the shearing stress 
intensity at points 1-1 and 2-2 on the cross sec- 
tion of Fig, A12.9 and also the maximum shearing 
stress. 

Solution 1 Sy Uee of flexure and Shear formulae: 

Bending moment at section, a-a: Ma_ a -500 
x 50 + 360 X 33.3 = 3667 0*#, 

Note: The distributed trapezoidal load has been 
replaced by two resultant forces. See Fig.A12.30 


where ydA = 2(.5x .5x2.84) - 1.42 (See Fig. g) 


therefore *s( 2 ~ 2 ) 


850 x 1.42 


= 44,4#/sq. in. 


Tab 1. A <S.e Tigm 
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Area 

1 

Ay 

S.M « .» * l.MS 
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1.094 

ll.li 1.0 
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Expianation:- 

Column #3 gives the average stress on each 
of the 6 portions. For example, the stress on 
portion (1) varies from zero at the neutral axis 
to 2.09 fh = .674 fb at the upper edge of (1). 
05 


Second Method of Solution Equilibria* of Sending 
Stresses 


Thus, the average stress = ,674 fb + 0 = *337 fp. 

T 



Fig. A12.ll shows a free body of the por- 
tion of the beam to the right of section a-a. 

The bending stress Intensity diagram is shown 
by the horizontal arrows acting on the beam 
face at section a-a. Fig. A12.12 shows the 
cross-section of the beam at section a-a. 

The general procedure will be to determine 
the total bending stress load on each portion, 

1 to 6, of the cross-section and then the moment 
of each of these loads about the neutral axis, 
the summation of which must equal the external 
bending moment. 

This method of solution involves more cal- 
culations than Method 1, where formulas are 
used, however, the student should obtain a bet- 
ter understanding of the Internal force action 
by this second method of solution which will be 
valuable In later considerations when dealing 
with the design of aircraft beams, stressed 
above the proportional limit, a condition for 
which the beam formulas, as derived, do not ap- 
ply. 

In Fig. A12.ll, let fp be the intensity on 
the most remote fiber, or 3.09" above the neu- 
tral axis. Table B shows the calculations of 
the total stress on each of the portions of the 
cross-section and their moment about the neutral 
axis, all in terms of the unknown stress, fp. 


Table B 


1 

2 

3 

4 

S 

0 

Portion 

Boo 

rig. 

Aia.ia 

Aron 

A 

Araraga 

Straaa 

in 

toran 

of fb 

BUM 

|vH 

Wm 

Baiiatlng 

-(4)»(5) 

mm 

1.045 

-.337fb 

*.3S3f b 

1.39 

- .490 l„ 


1.00 

-.757 

-.757 

2. 35 

-1.790 

mWm 

1.00 

*.937 

-.937 

2.02 

-2.190 

a 

1.09 

.350 

.397 

-1.44 

-0.557 


0.50 

.579 

.323 

-1.93 

-0.022 

1 

1.50 

.021f b 

1.237fb 

-2.57 

-3.100 fb 

Total* 

0.19 


O.OOOfb 


-9.82 fb 


On part 3 or 3' , the stress on the lower edge - 
.674 fb and fb on the upper edge. Then, the 
average stress = (1+ .674) fb - .837 fp. Column 
5 

#5 is the distance from the neutral axis to the 
centroid of the load on each of the blocks. For 
portion (1) the stress pattern is triangular, and 
y = 2/3 x 2.09 = 1.39". On portions (2), (3), 

(5) and (6) the bending stress distribution is 
trapezoidal, and the arm is to the centroid of 
this trapezoid. 

The total internal resisting moment of -8.82 
fp from Table B equals the external bending mom- 
ent of 36670"#. 

Thus, fb = -36670 = - 4160#/in.\ which 

~0 F 

checks solution (1). 

For equilibrium, the total compressive 
stresses on the cross-section of the beam must be 
equal to the total tensile stresses, or ZH must 
equal zero. Column 4 of Table B gives the total 
load on each portion of the cross-section and the 
total of this column is zero. 

The bending stress on the lower fiber of the 
cross section Is directly proportional to the 
distance from the neutral axis or, fb lower “ 

|^|g x 4160 = 3930#/ln. * 

Shear Stresses 

Fig. A12.13 shows a free body of a strip one 
inch wide. Section a-a is taken as one face and 
the other face b-b is taken one inch away. 

The external bending moment at section b-b 
is less than at a-a thus, the arrows are shown 
of shorter length. The difference between these 
bending forces on each face of the beam strip is 
the horizontal shearing force tending to shear 
this beam strip which is 1" long. 

The difference in bending moment between the 
two faces which are 1" apart equals 850 x 1 = 850"# 
(see Fig. A12.10) . Thus, if we multiply the val- 
ues of column 4 of Table B by 850 = .0231, we 

366^5 

obtain the difference in the loads o& each por- 


tion, (1) to (6) of the cross section of Fig. 
A12.12, hence: 


For Portion (1) Load= , 

,0231 x (-.363) x 4160 = -34# 

it 

(2) 

It - 

" x (-.757) x 4160 = -73# 

It 

(3 3' ) 

It - 

" x (-.837) x 4160 = -80# 

It 

(4) 

It 

■ x ( .387) x 4160= +37 

It 

(5 5') 

It - 

" X ( .323) x 4160 = +31 

It 

(6) 

It - 

" x 1.237 x 4160 = 119# 

Klf5. 

A12.14 

shows 

these forces applied to 


the 1 inch beam length. The horizontal shearing 
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force at any section equals the summation of the 
forces above or below the particular horizontal 
section being considered. 
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Thus, for a section at the neutral axis, 
shear force - 80 + 73 + 34 = 187#; shear area = lx 
.5= .5 sq. in. hence, f s - 187 = 374#/sq. in. 

• 5 

At section 1-1, shear force = 80 ♦ 73 = 153# . f 8 - 
1B3 

JY75 * 306#/sq.in., which checks solution #1. 


Table C 


1 

2 

3 

4 

5 

8 

7 

6 

8 

is 

toBdlRg 
Mom at 

M 

Bond. Stress if, « «y/I 

Total Bonding Strooo Load 
on:- 

Oat Top 
or 

lottw 
Fiber 
y .4" 

Point 
1" From 
Top or 
•otto* 

F ** 3" 

Point 
3" From 
Top or 
Bottom 
y • 3" 

Portion 

"A" 

. 

Portion 

Portion 

«C" 

132 

175 

218 

79,300"# 

105,000"# 

130,800"# 

±8180 

±6180 

±8180 

±8135 

±83** 

±8135 

±4090 

±4090 

±4090 

7187# 

7157 

7187 

5113# 

10334 

15338 

Ssa 

ooo 

rt HH 


Table C shows the results of the calculation of 
the bending stresses at 3 points on each side of 
the neutral axis, for the three stations. For 
example, for station 132, 

r b = t 79 |o%" 4 = - B180#/ln.* for the top 

or bottom edge of the beam. 

fb for a point 1" from the edge - 3/4 x 8180 - 
t 6135"/in. 8 


Example Problem 3. Boan With Variable Moment Of 
Inertia. 

Fig. A12.15 shows a cantilever beam loaded 
with a single concentrated load of 600#. The 
beam cross-section at stations 132, 175 and 218 
are as shown. The complete picture of the bend- 
ing and shear stresses on these three cross sec- 
tions will be determined. 




f —4r—Y-43-< 


-M' 


4% 

■3 ’~~ M 

LEU 


<5 05* 




<«0 


uK! 


r 

1 


sv * 




T 


8’ 


J 


St a 2/8 
I‘ ’64.0 ml 


StA /?5 
P5!33m' 


STA /32 . 
38.67* 


Pie. A12-13 


fb for a point 2" from the edge = 1/2 x 8180 - 
4090#/in. 8 

From the results in Table C, it should be 
noticed that the change in moment of Inertia be- 
tween the three stations is directly proportional 
to the change in bending moment, hence the same 
value for the bending stresses for all three sta- 
tions. Columns 6, 7 and 8 give the total bending 
stress load on portions A, B and C of the three 
cross-sections (See Fig. All. 15). These values 
equal the average stress on the portions times 
the area of the portion; for example, for station 
132, the load on portion A: 

load ® x 1 x 1 = 7157#, and for por- 

tion C: 

load = * 9 x 2 x .25 = 1023# 

Fig. A12.16 shows the tension and compressive 
stresses acting on a portion of the beam between 
stations 175 and 218. Fig. A12.18 showB the re- 
sulting horizontal shear stress pattern resulting 
from the loads in Fig. A12.16. For example, if 
we take a section along the beam 1" from the top 
or bottom edge of the beam and treat this portion 
as a free body as shown in Fig. A12.21 applying 
2H = 0, 

2H = -7157 ♦ 7157 + f 8 x 43 X .1 = 0 f S = 0 


Bending Moments 

M 132 = ~ 600x 132 * - 79 > 200 *# 
M 175 = -* 600 x 175 K - 105 , 000 "# 

M 218 = “ 60 ° X 218 = -^aoo*# 
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Fig. A 12-21 


and similarly, treating the portion between the 
edge of the beam and a point 2" from the edge 
as a free body diagram as shown in Fig. A12.22, 

2H = -7157 + 7157 - 15336 ♦ 10224 + f s X 43 X .25 
= 0, therefore f s =477#/in. 

Obviously, the shear stress on portion C Is con- 
stant, since the end load on this portion at 
both stations is the same, or 1023#. 

Fig. A12.18 shows the general shape of the 
shear stress distribution on the beam section at 
any point between stations 175 and 218. The 
shear stresses between stations 132 and 175 
would be the same, since the change In bending 
moment and moment of Inertia have been made the 
same as between stations 175 and 218. 

Figs. A12.19 and A12.20 show the shear 
stress patterns if the formula f<? = V/ydA be 

lb 

used for each station. The discrepancy Is con- 
siderable as the equation does not apply to 
beams of varying section. 


For the beam shown in Fig. A12.23 and A12.24 de- 
termine the following: 

(1) Shear diagram 

(2) Value of maximum positive and negative bend- 
ing moment. 

(3) Maximum tensile and compressive stress by 
two methods. 

(4) Maximum shearing stresses by two methods. 

(5) Shearing stress Intensity at section 1" from 
bottom edge of beam. 



Problem (2) 

Fig. A12.25 shows a cantilever wing beam. The 
beam cross-section at the support points R x and 
R a Is shown In Fig. A12.26. The Tee section and 
all flange plates are 1/8" thick. The plates 
are spot welded to Tee. Determine the following: 

(1) Maximum bending tensile and compressive 
stresses. 

(2) Maximum shearing stress. 

(3) Shear load per Inch of span on spot welds at 
sections 1-1 and 2-2 (See Fig. A12.26) 



Fig. A12-26 


(NOTE) Neglect web area In computing beam sec- 
tion properties. Neglect any effect of taper of 
beam In depth or section on bending and shearing 
stresses. Solve without use of flexure and 
shear formulas. 





CHAPTER A13 

UNSYMMETRICAL BENDING 


A13.1 General. Aircraft structures present 
many beams whose cross-sections are unsymmetrl- 
cal. A common case is the wing box beam since 
the airfoil shape is generally an unsymmetrlcal 
one. This chapter reviews the various equations 
and methods for determining the bending stresses 
in the bending of unsymmetrical sections. 

Fig. A13.0 illustrates a box beam consist- 
ing of four corner flange members connected by 
sheet webs and walls. The axial loads in the 
stringers at beam section ABCD will be determin- 
ed using the flexure formula f - Me 

I 

* 
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ARB A OF SACF 
* /Jf./V. 


= bending moment about x axis - 100 x 100 = 

10 , 000 "# 

Mb = 0 

I xx = l (4® + 6® + 4® + 2*) - 72 in. (Neglects webs 
and walls) 

Flange member A:~ 

f =■- Me - 10,000 x 6 = 833.3 pel . 

T 

Total load on member A = f times area of A 
= 833.3 X 1 = 833.3# 

By similar calculations, the total loads in 
the other corner members B, C, and D equal 277.7#, 
-555.5# and -555.5# respectively. Fig. A13.0 
shows these resulting internal resisting loads 
on the four corner members. 

The entire beam will now be checked for 
static equilibrium of moments. 

Mv of internal forces - 833.3 x 6 + 277 .7x2 + 

555.5 (4 x 2)“ 10,000 in. lb. This equals the 
external M x of 10,000 in. lb. 

Mg of internal forces = ( 833.3 - 277.7) 

7.5 = 4170 in. lb. However the external Mg = 0. 
Thus there is an unbalanced moment in the xy 
plane of 4170**#. This result means that the 
beam section is not bending about the axis xx in 
resisting the given external loads as shown but 



must bend about some other axis which will devel- 
op internal stresses which will produce internal 
resisting moments which will balance the external 
bending moments. 

Since the beam formula f « Me must be modi- 

I 

fied to give the true stresses in the bending of 
unsymmetrical sections, the modifications or 
derivations will be taken up in detail. Since 
this chapter makes use of such terms as Principal 
Axes, Product of Inertia etc., reference should 
be made to Chapter A3. 

A13.2 Derivation of Equation for Bending Stress 

In the following derivations, it will be 
assumed that the plane of the external loads con- 
tains the flexural axis of the beam find hence, 
thebeam Is not subjected to torsional forces 
which, if present, would produce bending stres- 
ses If free warping of the beam sections was 
restrained, as occurs at points of support. The 
questions of flexural axes and torsional effects 
are taken up in later chapters. 



Fig. A13.1 represents a cross-section of a 
straight cantilever beam with a constant cross- 
section, subjected to external loads which lie In 
a plane making an angle 0 with axis Y-Y through 
the centroid 0. To simplify the figure, the flex- 
ural axis has been assumed to coincide with the 
centroidal axis, which in general is not true. 

Let NN represent the neutral axis under the 
given loading, and let 0 be the angle between the 
neutral axis and the axis X-X. The problem is to 
find the location of the neutral axis and the 
bending stress f at any point on the section. 

In the fundamental beam theory, it is assum- 
ed tliat the unit stress varies directly as the 
distance from the neutral axis, within the pro- 
portional limit of the material. Thus, Fig. A13.2 


Ala. i 
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Illustrates how the stress varies along a line 
such as mm perpendicular to the neutral axis 
N-N. 

Let f represent unit bending stress at any 
point a distance y n from the neutral axis. Then 
the stress f on da Is 

t = ky n (1) 

where k is a constant. Since the position of 
the neutral axis is unknown, y n will be express- 
ed for convenience in terms of rectangular co- 
ordinates with respect to the axes X-X and Y-Y 


Thus, y n = (y-x tan 0) cos 0 

= y cos 0-x sin 0 (2) 

Then Eq. (1) becomes 

f-k (y cos 0-x sin 0) (3) 


This equation contains three unknowns, f, 
k, and 0, For solution, two additional equa- 
tions are furnished by conditions of equilibrium 
namely, that the sum of the moments of the ex- 
ternal forces that lie on one side of the 
section ABCD about each of the rectangular 
axes X~X and Y-Y must be equal and opposite, 
respectively, to the sum of the moments of the 
internal stresses on the section about the same 
axes. 

Let M represent the bending moment in the 
plane of the loads; then the moment about axis 
X-X and Y-Y is M X =M cos 0 and M y = M sin 0. The 
moment of the stresses on the beam section 
about axis X-X is / f da y. Hence, taking mom- 
ents about axis X-X, we obtain for equilibrium, 

M cos G = / f da y 
= / k (cos 0 y*da - sin 0 xyda) 

- k cos 0 / y*da - k sin 0 / xyda (4) 

A13.3 Method 1. Stresses fro* Moments about the 
Principle Axes 

In equation (4), the term / y*da is the 
moment of inertia of the cross-sectional area 
about the X-X, which we will denote by I x , and 
the term / xyda represents the product of iner- 
tia about axes X-X and Y-Y. We know, however, 
that the product of inertia with respect to the 
principal axes is zero. Therefore, if we se- 
lect XX and YY In such a way as to make them 
coincide with the principal axes, we can write 


equation (4): 

M cos G « k cos 0 I x (5) 

In like manner, if moments are equated about the 
Yp-Yp axis, we obtain 

M sin G » - k sin 0 I y - -(6) 


To find the unit stress f at any point on the 
cross-section, we solve equation (5) for cos 0 
and equation (6) for sin 0, and then substitut- 
ing these values in (3), we obtain the following 
expression, giving f the subscript b to repre- 
sent bending stress 



whence 



The minus signs have been placed before each 
term in order to give a negative value for f 
when we have a positive bending moment, or M*p 
is the moment of a couple acting about Xp-Xp, 
positive when it produces compression in the 
upper right hand quadrant. My p is the moment 
about the Y p -Yp axis, and is also positive when 
It produces compression in the upper right hand 
quadrant , 

A13.4 Method 2. Stresses by use of Neutral Axis 
for Given Plane of Loading 

The direction of the neutral axis NN, measur- 
ed from the XXp principal axis is given by divid- 
ing equation (6) by (5). 

Tan 0 = - I x tan Q (8) 



The negative sign arises from the fact that 
0 Is measured from one principal axis and 0 is 
measured In the same direction from the other 
principal axis. 

Since equation (8) gives us the location of 
the neutral axis for a particular plane of load- 
ing the stress at any point can be found by re- 
solving the external moment Into a plane perpen- 
dicular to the neutral axis N-N and using the 
moment of inertia about the neutral axis, hence 



I n can be determined from the relationship ex- 
pressed In Chapter A3, namely, 

In 52 Ix cos*0 ♦ I y 8in*0 (10) 


A13.5 Method 3. Stresses fro* Moaonte, Section 
Properties end Dlstences Bef erred to any 
Pair of Beet angular Axes through the 
Centroid of the Section 

The fiber stresses can be found without 
resort to principal axes or to the neutral axis. 
Equation (4) can be written: 

Mx ■ k cos 0 I x -k sin 0 I*y - - — - (11) 

where I x = / y*da and Iw =/ xyda, and JL 
* M COB 0 
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In liks manner, If moments are equated about the 
Y-Y axle: 

My® -k Sin 0 Iy + k COS 0 Ixy (12) 

Solving equations (11) and (12) for sin 0 and 
cos 0 and substituting their values In equation 
(3), we obtain the following expression for the 
fiber stress f^>: 



For simplification, let 

k i “ I*y/(Vy " I- xy) 
k. - Iy/(lxly - I a xy) 
k 8 ® Ix/( J xIy • I# xy) 

Substituting these values in Equation (13): 


In determining the bending moments and 
shears on a wing due to air loads, It is custo- 
mary to resolve the loads for all conditions in- 
to two rectangular planes, as for example, 
parallel and perpendicular to the thrust line* 
Then, If the section properties are computed 
about centroidal axes parallel to these refer- 
ence wing axes, method (3) can be used without 
further resolution of the wing bending moments, 
whereas, if method (1) was used, the wing bend- 
ing moments about the wing reference axes would 
have to be further resolved about the principal 
axes at each beam section. 

Since bending moments about one principal 
axis produces no bending about the other principal 
axis, the principal axes are convenient axes to 
use when calculating internal shear flow distribu- 
tion. 


fb = ~ (kJMy-kxMx) x- (k^x-kxMyJy- - (14) 

In Method 2, equation (8) was used to find 
the position of the neutral axis for a given 
plane of loading. The location of the neutral 
axis can also be found relative to any pair of 
rectangular centroidal axes X and Y as follows: 
since the stress at any point on the neutral 
axis must be zero, we can write from equation 
(14) that: 

(k.My-k J Jrt JC )x ®- (k^Mx-kiMy) y for all 
points located on the neutral axis. From Fig. 
A13.1 tan 0 = y 
x 

Thus tan 0 = - (k 0 My-k x M y ) n <-\ 

(kj£-lcjfy) ' ’ 

It frequently happens that the plane of the 
bending moment coincides with either the X-x or 
the Y-Y axis, thus making either M* or M y equal 
to zero. In this case, equation (15) can be 
simplified. For example if My = 0 


tan 0 = (16) 

and if M x = 0 

tan 0 a Ig (17) 

*xy 


A13.6 Advantages and Disadvantages of the Three 
Methods 

Method 2 (Bending about the neutral axis 
for a given plane of loading) no doubt gives a 
better picture of the true action of the beam 
relative to its bending as a whole. The point 
of maximum fiber stress is easily determined by 
placing a scale perpendicular to the neutral 
axis and moving It along the neutral axis to 
find the point on the beam section farthest away 
from the neutral axis. In airplane design, 
there are many design conditions, which change 
the direction of the plane of loading, thus, 
several neutral axes must be computed for each 
beam section, which is a disadvantage as com- 
pared to the other two methods. 


A13.7 Deflections 

The deflection can be found by using the 
beam section properties about the neutral axis 
for the given plane of loading and the bending 
moment resolved in a plane normal to the neutral 
axis. The deflection can also be found by re- 
solving the bending moment into the two princi- 
pal planes and then using the properties about 
the principal axes. The resultant deflection is 
the vector sum of the deflections in the direc- 
tion of the principal planes. 


A13.8 Illustrative Problems 


Example Prob- 
lem #1 
Fig. A13.3 
shows a unsymmetri- 
cal one cell box 
beam with four 
corner flange memb- 
ers a, b, c and d. 

Let it be required 
to determine the 
bending axial stress 
In the four corner 
members due to the 
loads P x and Py act- 
ing 50" from tne 
section abed. 

In this example 
solution the sheet 
connecting the 
corner members will 
be considered ineffective In bending. 
868 will be determined by each of the 
ods as presented in this chapter. 


^•6000 



Fig. A 13-3 


The stres- 
three meth- 


Solutlon #1 

The first step common to all three methods 
is the calculation, of the moments of inertia 
about the centroidal X and Y axis. Table A13.1 
gives the detailed calculations. The properties 
are first calculated about the reference axes 
x’x’ and y'y* and then transferred to the paral- 
lel centroidal axes. 
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Calculation of Centroid of Section: 


- 2Ax f -28.8 

v a zHzL. = T a 

x 2A T7T 


10.667" 


- _ ZAy' _ 16 
* “ ZA “2.7 


6.926" 


I x » 176 - 2.7 X 02§*= 81.18 

l y = 460.8 - 2.7 x 107557* = 153.58 

Ixy = - 192 -(2. 7x -10.667x5.926) =-21.33 

Solution by Method I (bending about principal 


axes 

The angle 0 between the x axis and the 
principal axes Is given by the equation, 


tan 2 0 


2 I xy 2 (-21.33) -42. 


I y -I x 153.58-81.18 72.40 


= -.589 


159.34 in.* 


1 1 > 

I 


Fig. A 13-3 a 


j:S7 






2 0 = 30° - 30* , 0 = 150 « 16' 

I X p = I x cos* 0 + Iy sin" 0-2 I xy sin 0 cos 0 

= 81.18 X 7^648 ^ 153.58 X 72636*- (-21.33 X 
-.2636 x .9648)2 

= 75.56 + 10.67 - 10.85 = 75.38 in.* 

lyp = l x sln8 0 ♦ Iy cos*0 4* 2 1^ sin 0 cos 0 

- 81.18 X 72535*+ 153.58 X 79647*+ 10.85 « 


axes. These distances are readily determined 
from elementary trigonometry. 

The external bending moment about the X and 
Y axes equal, 

M* ® 6000 X 50 = 300,000"# 

My * -1600 X 50 = -80,000"# 

These moments will be resolved into bending mom- 
ents about the Xp and y p principal axes. 

M Xp = 300,000xcos 15 0 -15* - 80000 x sin lS°-lb' 

= 289700 - 21000 = 268700"# 

My p = -300000 x sin lS 0 -^ - 80000 x cos lS^lS* 

= -79000 - 77200 = - 156200"# 

(Positive moments produce compression in upper 
right hand quadrant) 

Calculation of Stresses 

f h = _ 7p _ M yp x p 
J xp lyp 

Stringer a 

Xp - — 6.74, yp a 4.45 
_ 268700 x 4.45 -156200 X -6.74 

hence f b 150^ 

= - 15900-6600 - - 22500#/ln . * 

Stringer b 

X p = 9.75’ , y p = 4.82 
# _ 268700 x 4.82 -156200 x 9.75 


f b 


-17180 + 9570 


7610#/in. 


Stringer c 


Xp = —3 . 58 f y p — —7 • 12 
_ ^ -268700 X -7 . 12 -156200 x -3 . 58 


= 25400 - 3520 - 21880 

and similarly for stringer d, fp = 21900 

Solution by Method #2 (Neutral Axis Method) 

Let © f = angle between yy axis and plane of 
loading. 

tan «' - sffi E * - 2667 


hence 9* = 14°-56' 


6 = 14°-66' + 15°-15' = 30°-ll' 


Let a = angle between neutral axis NN and the 
Xp axis 

tan a «- *x p 9 ~ 76 ’ 38 x ~ 0 - 6816 


= .275 


159.34 


Fig. A13.3a shows the location of the principal 
axes, as well as the perpendicular distances 
from each corner member to each of the principal 


hence a = 15°-24' (see Fig. A13.3b) 

Since the angle between the X axis and the 
neutral axis Is only 9', we can say %= I x = 81.18 

Resolving the external bedding moments norm- 
al to neutral axis, we obtain 
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% “ 
300200"#. 
given by, 


300000 x .9999 + 80000 x sin 0°-9 f * 

The bending stress at any point is 


fb 


f b = ”n Y n 
In 


* -{ .00674 X - 80000 + .00177 x 300000 )x - ( .012794 
x 300000- .00177 x~ 80000 )y hence f b = (8) x 
-(3697)y hence f b = 8x -6.33 - 3697 x 6.074 = 
-22450 


Stringer A 

y n = 6.074 + 6.33 X .0026 = 6.087" 


* _ -300 200 X 6.087 

f *> sns — 


22600#/m." 


Stringer b 

y n = 2.055" 

, -300 200 x 2.05 

f b 5TTTS 


- 7570 


Stringer c 
y n = - 6.92 
„ _ -300 200 X 

f b gj^g- 


5.92 


= 21850 


Stringer b 

X = 10.667, y = 2.074 
f b = 8x10.667 -(3697 ) 2 . 074 = 85 - 7660 * -7575 
Stringer c 

x = - 5.333, y = - 5,926 
f b = 8x -5.333 -(3697 X -5.926) = - 42 + 21900-21862 
Stringer d 

x = 10.667, y = - 5.926 
f b = 8x 10.667 - (3697 x -5.926) =85 + 21900 = 21985 


Stringer d 
y = - 5.95 

* -300 200 x - 5.95 

rfc 5T7T5 


22000 



Solution by Method #3 (Method Using Properties 

About X and Y AxesT i 

Mx = 300000, M y = -80000 

I x = 81.18, I y = 153.58, 

Ixy = “ 21-33 

—21 33 

Ki = Ixy/(Ixl y - %) * Sl.i8xlSiSfi- S1.3S" = 

—21 . 33 aai rjrj 

T25IS ~ - 00177 

K, = Iy/U x Iy- I*xy) * 153.58/12016 = .012794 
K. = I x /(l x l y - I*xy) * 81.18/12016 = .00674 
f b »-(!UMy-Ki*k) x- (KiMx-KiMy)y 
Stringer a 


NOTE: The stresses f b by the three methods were 
calculated by 10" slide rule, hence the small 
discrepancy between the results for the three 
methods 

Error Is Stresses Due to Assumption That section 
Bends About X and Y Centroldal Axes Due to and 



Stringer a 

y = 6.074, x = - 5.33 

f h = - 300000 X 6 , 074 -80000 x - 5.33 

5TIS 15335“ 


-25190 


Stringer b 

y = 2.07, x = 10.667 
„ _ 300000x2.07 -80000x10.667 

f b 808 15335 


-2110 


In like manner for stringers c, and d 
f b ^ = 19130 and f b(d ^ = 27440 

Comparing these results with the previous re- 
sults it is noticed that considerable error ex- 
ists. Under these eroneous stresses the intern- 
al resisting moment does not equal the external 
bending moments about the X and Y axis. 


Kxaagle Problaa 2 

Fig. A13.4 shows a portion of a cantilever 
2-cell stressed skin wing box beam. In this ex- 
ample, the beam section is considered constant, 
and the section is identical to that used in 


X * - 5.333", y = 6.074" 
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Stress on stringer (9) 

y n . = (9.04* 14.24 x .083) .9966 = 7.84" 

fb.“ - = - 30300#/sq. in. 

Stress on stringer #12 

yn 1B = (6.80 + 8.22x .083) .9966 = 6.10 

fbx. a ~ 7 - 09 i|ay 10 = 23600#/sq.ln. 

Solution by Method #g 

Mx = 713000"#, My = - 38000"# 

I x = 186.46 I y = 431.7 1^ = - 36.41 

The constants K lt K a , and K„ are first determin- 
ed 

Kl = hy/tWy - ia xy) = . 3 6.4l » a 

-.00046 

K« = Iy/dxly -I xy) = 186.46x431.7 - 36.41“ = 

OT55 = - 00645 

K» = I x /(I x Iy - Ixy ) = 793000““ * 002355 
Stress on Stringer #1: 

yx = 4.39", Xx = - 17.41" 
f b =- (k»M y -kxM x )x - (k,M x -kxM y )y 

f bx c [• 002355 x (-38000) - (-.00046 x 713000)] 
-17.41 

- £.00545 X 713000 - (-.00046 x (-38000 )]4. 39 
= - (238.5) - 17.41 - (3868) 4.39 
= 4150 - 17000 = - 12850 pel. 

Stress on stringer #9; 

y. = 6.89", x. = 15.39" 
f b. = - [238.53 15.39 = [3868] 6.89 = -30320#/ln* 

Stress on Stringer #12: 

yx. = - 5.55", Xx. = - 9.11" 

fbx. =-(238.5](-9.11)-[3e68] (-5 .55) = 23620#/ln* 

NOTE: In the three solutions, the distances 
from the axis In question to the stringers 1, 9, 
and 12 have been taken to the centroid of each 
stringer unit. Thus, the stresses obtained are 
average axial stresses on the stringers. If the 
maximum stress Is desired, the arm should refer 
to the most remote part of the stringer or the 
skin surface. 

Approximate Method 

it Is sometimes erroneously assumed that 
the external bending moments M* and My produce 
bending about the X and T axes as though they 


were neutral axes. To show the error of this 
assumption, the stresses will be computed for 
stringers #1 and #9. 

Stringer #1 

y x = 4 + .39 = 4.39 

X x = - 33.16 + 15.74 = - 17.41 

f b = - M x y - MyX x 

*x !y 

fb = “ 713000 X 4.39 (-38000 X -17.41) 

156752 5317 ? “ 

-18330#/in\ 

Stringer #9 

y. = 6.89, x, = 15.39 

fh = - 713000 X 6.89 (-38000X15.39) 

— 1202 ISO 

-25000#/ln" 

A 13. 9 Problem 



(1) In Fig. A13.6 the angle section is 
subjected to a bending moment about the XX axis 
equal to 200,000 in. lb. Calculate the bending 
stresses at points A, B and C. 

(2) The Z section in Fig. A13.7 is sub- 
jected to a bending moment of 80 in. lb* about 
axis XX and zero moment about ZZ. Find the 
bending stress at Joint A by the three methods 
explained in this chapter. 



(3) The beam section in Fig. A13.8 iB sub- 
jected to Mxx a 160,000"# and tfgg = 32000"#. 
Calculate the bending stress Intensity at each 
of the six stringer points. Assume bottom skin 
effective in bending and all remaining akin in- 
effective in bending. UBe two methods of calcu- 
lation. 

(4) The beam section in Fig. A13.9 is sub- 
jected to bending moments M* = -300,000"# and 
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» -125000"#. Assume the lower skin, the 
curved side and the vertical webs as ineffective 
in bending. Calculate the bending stress in- 
tensity at the midpoint of the six stringers A 
to F. 



(5) Fig. A13.10 shows a cross-section of a 
wing bos type beam. The effective section is 
represented by the 14 flange and stringer units. 
Table A shows the area of each of these units 
and their centroid distances from the reference 
V and X* axes. 

Compute the stresses at the centroid of 
each stringer due to the following bending 
moments 


TABLE A 




4.30 26.70 

3.60 31.70 



Mx * 500,000"# 


M* a -107,500"# 


































CHAPTER A14 

SHEAR FLOW - BENDING OF OPEN SECTIONS 


AX4.1 introduction. In many cases of beam de- 

sign, it is important to know where to locate 
external loads so that the beam will bend with- 
out twisting. This chapter deals with bending 
of beams with open sections. Closed and cellular 
sections are treated in following chapters. 

A14.2 Shear Center 

When a beam bends without twisting, due to 
some external load system, shearing stresses are 
set up on the cross sections of the beam. The 
centroid of this internal shear force system is 
often referred to as the shear center for the 
particular section. The resultant external shear 
load at this section must pass through the shear 
center of the section if twist of the section Is 
to be prevented. Thus, if the shear center is 
known, it is possible to represent the external 
load influences by two systems, one that causes 
flexure and the other which causes only twist. 

AI4.3 Equation for Internal Flexural Shear Stress 
Distribution for Prisuatlc Beams 



The general expression for flexural shear 
distribution for beams of uniform section was 
derived in Chapter A12. A second derivation 
will be given to emphasize the fundamental re- 
lationships. 

Fig. A14.1 shows a cantilever beam extend- 
ing from the section ABCD and supporting the ex- 
ternal load P, assumed as so located as to pro- 
duce bending about the X-X axis as the neutral 
axis without twist of the beam. The direction 
of the coordinate axes have been taken as shown. 
Fig. A14.2 shows a free body of a small portion 
of differential length which has been cut out 
from the upper flange. Under the external load 
P it is evident that the upper flange is in com- 
pression. 

In Fig. A14.2, Cy'= total compressive stress] 
on the body at station Y* and C y that at station 
Y. Obviously, Cy* Is greater than Cy, since the 
cantilever bending moment Is greater at station 
Y f . The other forces on the free body in the Y 
direction are the shearing forces on the sides at| 
section a and b, represented by qyb and qya* 

For equilibrium in the Y direction, 2Fy =0, hence] 

-qyb dy ♦ <%r a + (C # y -C y ) * 0 

SLizSx 
3y 

*b 

zdA (Refer to Art, 
A12.3) 


or Qyb * Qya ♦ 
but (C'y-Oy) 


Furthermore, we know from elementary mech- 
anics that the intensities of shearing stresses 
on planes at right angles to each other at any 
point in a body are equal. 

Thus at section b (Fig. 14.2), -q yt) =-Qxk °r 

in general qy = Qx \2) 

and in a similar manner, It can be shown that qy 

* q 2 (3) 

Thus, having determined the Intensity and 
direction of the horizontal shear stress q y from 
equation (1), the shear stress in a plane at 
right angles Is of the same intensity. 

A14. 3m Sena* of Shear Flow q in XZ Plane. 

The sense of the shear flow in the XZ plane 
is easily determined from a consideration of the 
forces on a differential cube cut from the sec- 
tion at a point where the shear flow intensity 
has been computed. Figs, a, b, c and d illus- 
trate the determination of the sense of 0 % and 
qz at the four points A, B, C and D on the cross- 
section of the beam of Fig. A14.1. The sense of 
a q y Is given by equation (1), however It is like 
wise obvious from the figures, since C’y or T'y 
is greater than Cy or Ty for the given beam ana 
loading. For equilibrium of the cube, the shear 
flow Qx or qz must act as shown which thus gives 
the sense of the shear flow as shown on the beam 
section in figure A14.1. In general when the 
sense of the shear flow Is established at a point 
it will act contlnously in this direction until 
equation (1) reverses its sign. 


A14.X 
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The following general rules for 
establishing the sense of the 
shear flow on the cross-section 
of a beam in the xz plane are 
convenient. Rewriting equa- 
tion on a modified form. 

q = ~2 2 zA (4) 

*x 

when bending is about axis xx. 

q = j*ZxA (6) 

when bending is about axis zz. 

V z is positive when up. 

V x is positive when acting toward the right, 
z is positive when measured above x axis. 

x is positive when measured to the right of z 
axis. 

If in elation (4) or (5) the summation SzA 
or XxA is carried out in a clockwise direction 
around the cross-section of the beam, then a re- 
sulting positive value of q means that the shear 
flow on section at the particular point is in a 
clockwise sense. If the summation is carried 
out in a counterclockwise direction, then the 
equations for q should be written 
V 

q - - | Z zA, that is with a minus sign in order 
to make the above rule hold. 



A14.4 Shear Center For Sections Possessing One 
Axis of Symmetry 

Fig. A14.3 shows a channel beam carrying a 
100# load as a cantilever. The problem is to 
determine where the 100# load is to be placed 
laterally so as to cause the channel to bend 
about the symmetrical axis XX without twisting. 
The beam has been cut at section ABCD and we 
have from statics that the internal stress sys- 
tem must hold the external load in equilibrium. 
In other words, the following equations must be 
satisfied: 

2F Z *Q, 2M x * 0, ZM y *0, 2F X *0, ZFy * 0, 

ZM z = Q 

From the fundamental beam theory, for bend- 
ing about the neutral axis XX, the internal 
fiber stresses normal to the XZ plane form a 
couple TC (see Fig. A14.4) which equals the 


bending moment of the external load about the 



Fig. A 14-5 



Fig. A 14-6 


XX axis. Thus, ZM X = 0 is satisfied. Since T = 

C, ZFy = 0 is also satisfied. 

The internal shear stress pattern must now 
be determined before we can set up the remaining 
equations of equilibrium. From article A14.3, 
we have equations (1), (2) and (3) which provide 
the means of determining the internal shear 
system. 

Fig. A 14. 5 shows the shear stress intensity 
diagram as well as the direction of the shear 
forces on the cross-section. The calculations, 
using Eq. (1) for determining this shear pattern, 
are as follows: 

Ixx for the section = .2667 in. 4 

Consider a point at the edge b of the upper 
flange. The longitudinal shear stress at this 
point is obviously zero, or 

/zdA = 0 since dA - 0 

ConsMer point a (intersection of the center 
lines of flange and web). Substituting in Eq. (1) 

<ja = q b - S* » zdA = 0 - (lx .1x1) -3?. 5# 'la 

X * Jb * 2867 

(♦) Is clockwise) 
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Mill 


At a point on the XX axis: 

% = <la-^/ a z«A = 37.5-L^ (lx .lx .5) = 

56.3#/in. 

Due to symmetry, it is obvious that q yc - 
♦ 37.5 and q yd = 0. The expression /zdA tells 
us that the shear intensity varies as a straight 
line between b and a, while from a to the axis 
XX, it varies as kz", or parabolic. 

Since shear intensities in planes at right 
angles are equal at any point, the shear stress 
diagrams plotted in Fig. A14.5 also represent the 
intensities on the beam section in the XZ plane. 
Then, the total shear force on flange ab = Qab = 

x 1 22 18.75# and similarly Q cd = 18.75# 

Qac = 37.5 X 2 + (56.3 - 37,5) .667x2 = 100# 

V 

The minus sign before the y term in the 

above equations is due to the fact that zda 

is carried out in a counterclockwise direction, 
(See rule in previous article). Fig. A14.6, 
cube (1) and (2) illustrate how the sense of q 
can be determined by considering equilibrium of 
cubes . 

Having determined the Internal shear pat- 
tern, the following equilibrium equations must 
still be satisfied. 

2F X = 0, and Q cd are the only x forces: 
hence 18.75 - 18.75 = 0 

2F Z ~ 0* The external shear force and the 
internal force Qac are the only Z forces. 

hence - 100 + 100 = 0 

2M Z - 0. This is true since no forces have 
moments about the Z-Z axis. 

2M y = 0. This expression says that the mom- 
ent of the force forces about any axis perpen- 
dicular to the XZ plane must be zero. Assume a 
moment axis on the center line of the channel 
web at the neutral axis XX. The moment of the 
internal force system about this point equals 
18.76 x 1 * 18.75 x 1 - 37.5"# (clockwise). Qa C 
has no moment since it passes thru the moment 
axis. Since ZMy must equal zero, the external 
shear force must produce a moment of -37.5"#. 

To do this, the external ehear force V z = -100# 
must act at a distance 37.5/100 - .375" to the 
rear of the channel web. Thus, the shear center 
for bending about the axis XX lies .375" back of 
the centerline of the web channel. (See distance 
e Fig. A14.3) 

Therefore, we can state that for sections 
possessing one axis of symmetry, in bending 
about the symmetrical axis as the neutral axis, 
the shear center does not lie in a plane per- 
pendicular to the neutral axis through the 
center of gravity of the section but lies at 
some distance from the C.O. of the section. 

However, for bending loads parallel to the 
plane of the symmetrical axis, which causes 


bending about the other principal axis as the 
neutral axis, the shear center will lie in the 
plane of the symmetrical axis. This is evident 
from inspection of Fig. A14.7. If the Internal 
stress pattern is determined by £q. (l), it 
will give the results shown diagrammatically in 
Fig. A14.7. It is evident that the resulting 
position of the vertical components of the in- 
ternal shear system lies on the symmetrical axis. 
Therefore, for equilibrium the external shear 
must lie in the plane of the symmetrical axis, 
or e must equal zero. Fig. A14.8 shows a sym- 
metrical I section. For bending about axis XX 



ShtorCwritr 

Fig. A 1 4-7 



Fig. A 144 


without twisting, It is e vldent that the shear 
center lies on the Z-Z axis, since the resultant 
of the Internal shear pattern lies on the Z-Z 
axis or e ~ 0 for location of the external shear 
load. 


A14.5 Additional Illustrative Examples 

Example #1 Equal Leg Angle Section for Bending 
About the Symmetrical Axis (see 
Fig. A14.9) 

For bending about axis XX, the Internal 
shear stress pattern from equation (1) will give 
that shown in Fig. A14.9. The vertical compon- 
ents of the two Internal shear forces Qa will 
equal V in magnitude. The horizontal component 
of the internal system equals zero, and the re- 
sultant of the internal sys- 
tem must pass through point 
0, since the moments of the 
separate Internal forces 
about 0 is zero. The shear 
center is therefore at 0 
and the external V load 
must act through the point 
0 to prevent twisting when 
bending about axis X-X. 

Example #2 Unequal Flanges H Section 

Problem:- To find where to place the ex- 
ternal load V = 100 to cause bending about axis 
X-X with no twist. It will be assumed that the 
web takes no bending axial loads. 

Ixx of Flange (1) = .2x 10 s = 1C. 67 



Ijoj of Flange (2) =^x .3x6 


12 


5.40 


Total 22.07 

Determination of the internal shear syctem:- 
Flange (1) 


A14.4 
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Point at axis 


x-x 


Point a 


%t- - ^ 4°zda = - ^£^x .2x5x2.5 = 11.36#/in. 
Points a and b 

Qa 58 % * 0 Bince / zdA * 0 

Q* ~ area of shear Intensity 
curve (see Fig. A14.ll) = 

2/3 x 11.35x10 = 75.5# 

Flange (E) 

Point on axis x-x 

n ..J*S0jc.Bx3xl.5«6.11#/ln. (see Fig. 
22,07 A14.12) 



qa = 0 since / zdA = 0 
Point b 

Qb “ + Ti®4 4 bz<U = "^4 X * 6x ,06xl 3 

-1.19#/ln. 

Point f 

<lf = <lb + <lc = 1*19 + 3.16 = 4.35#/in. 

Point x 

* ' ^ - XR l t M * 4 ' 36 - 1 -® « 

.5 = 5.54#/in. 


Then Q = area of Fig. A14.1E = 2/3 x 6.11 x 
6.= E4.5# 


Now, 2F Z = 0 * 24.5 + 75.5 - 100 * 0 satisfied. 
2 M = 0 


Take moments about a point on Q, 

ZM = -1006 + 75.5x10 = 0 e = 10 = 7.55" 

Hence the shear center lies at a distance of 
7. 55* from the center line of flange (2) 

Example Problem #3 



Determine the shear center for bending about 
axis X-X for the section shown in Fig, A14.13 


Fig. A14.14 shows these values plotted on 
cross-section. The variation of stress between 
e and d has been drawn as a straight line which 
is approximately true. The stress Intensity for 
the lower half is, of course, identical to that 
for the upper half. 

The total internal shear force on each por- 
tion equals the area of the shear diagrams. 

Hence 

1 IQ 

Qab " x = -299# 


Qcd ~ 


3.16 + .76 

g 


x 1 = 1.96# 


Ode * .76 x-^ = .15# 


Q ff < =4.35 x 2+ (5.54 - 4.35) .667 x 2 = 10.30# 


Fig. A14.15 shows these forces acting on the 
section. The direction of these stresses is 
easily determined by a consideration of the for- 
ces on a differential cube as explained in 
article A14.3. Since we assumed a shear force of 
-10 acting on the section, we will check to see 
if 2F Z of the internal stresses = 10 

2F Z * 10.3 - .15 - .15 = 10 

Take moments about the intersection of Q;; , 
and the XX axis of the internal system: 


of section = .2094 (based on £ dimensions) 

For convenience, we will assume a shear load of 
V * 10# acting down which causes tension in the 
upper half of the beam due to bending. Calcu- 
lation of the internal shear pattern: See 
Fig. A14.14 

Point e 

q© « 0 since / zdA = 0 
Point d 

dd*o-y£ 4 dz<1A = ~ 72553 x ,4x • 06x - 8 * 

.76#/in. 

Point c 

“ 75552 4° z<1 * !s • 76 -7Si53 xlx ,06 x 

1 ■ 3.16#/ln. 


2M = + 1.96x1x2+. 15x1x2 - .297x1x2 = 3.63"# 

(clockwise) 

The external shear force must produce an op- 
posite moment of this magnitude If no twisting 
18 to take place. Therefore, the shear center 
lies 3.63 = .36" to the left of the vertical leg 
T5~ 

web of the section. (See Fig. A14.13) 

AM.. Mia With Constant Flos Sba»r V.b. 

Fig. A14.16 shows a beam composed of heavy 
flange members and a curved thin web. For bend- 
ing about axis X-X the web on the compressive 
side of the neutral axis absorbs very little 
compressive axial stress, since buckling will 
occur at low stresses, particularly when the 
curvature of the sheet is small. On the ten- 
sion side, the web will be more effective, but 
If the flange areas are relatively large, the 
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proportion of the bending stresses carried by 
the web is very small and for all practical pur- 
poses, the flexural web shear stress is constant 
between flanges. In other words, in the formula 

q » | / zdA, if the effect of the web is negli- 
gible, the term /zdA Is constant and therefore q 
is constant. 



Let q equal the shear stress per inch, and since 
it is constant, we will assume q = 1 for simpli- 
city. 

The direction of the resultant of the shear 
stresses on the web is obviously in a direction 
parallel to the line AB or a line Joining the 
ends of the web, because the components of the 
shear stress normal to this line are zero. The 
magnitude of the resultant shear flow is qh or 
h since q = unity. Since the moment of the re- 
sultant about any point must equal the moment 
of the shear flow system, we will take moments 
for convenience about point 0. 

(1 x h)e -* L x 1 x r 

hence e « ^ * where e Is the distance from 

0 to the resultant of the shear flow pattern. 
Thus, to prevent twisting in bending about axis 
X-X, the external shear load must act at a dis- 
tance e ss Lr from the center of curvature of the 
¥ 

circular web. 

A14.7 General Relationship* for Rasul tante of 
Constant Flos Sheer Pattern* 

The following general relationships rela- 
tive to the resultant of a constant flow shear 
pattern are useful in the solution of certain 
types of thin wall beams, as illustrated in 
later chapters. 

Referring to Fig. A14.17: (1) The magnitude 

of the resultant of the shear flow pattern Is 
equal to hq, where h is the length of the line 
Joining the ends of the web and q Is the shear 
stress intensity per running Inch. (2) The di- 
rection of the resultant is parallel to the line 
BC, a line joining the ends of the web. (3) The 


line of action of the resultant with references 
to the line BC equals e * 2A , where A is the 

h 

enclosed area formed by the web and the closing 
line BC. 
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For the beam with a curved 
web as shown in Fig. A14. 
18, determine the position 
of the external load of 
1000# so that the beam will 
bend' about axis XX without 
twist. Assume that the web 
takes no flexural axial 
loads . 

For equillbrium:- 

2V » -1000 + lOq = 0 . \ q = 

100#/lnch. 


ZF X = -q x 5 + q x 5 = -500 + 500 * 0 
ZM 0 = -1000© + q n r . r = 0 
= -lOOOe ^ IOOtix 6" =0 


. \ e = 7870 = 7.87" 
1000 


Therefore, the shear center is 7.87" to the left 
of point 0, on axis X-X, because axis X-X is an 
axis of symmetry. The distance e could also be 
solved for using the general relationship given 
in item (3), that is, e = 2A, where A Is the area 

¥ 

between the web and line CD'. 

Hence, e = = 7.87" as found before 


an open beam section com- 
posed of eight flange members or stringers con- 
nected by thin sheet to form the webs and walls. 
The stringers are numbered a to h and the areas 


Example Problem #5 
Fig. A14.19 s: 



Fig. A14-19 

of each are given on the figure. Assuming that 
the thin webs and walls do not take flexural 
bending loads, compute the shear center for the 
cross-section, assuming the beam section is con- 
stant spanwise. 
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Solution 

Determine the centroidal principal axes. 

The vertical position of the section cen- 
troid by observation, due to symmetry, is midway 
between the flange members. 

To find the horizontal position of the sec- 
tion, take moments about the left end of the 
section on line be. 


x 


.4x15+ .2 x 10+ .2x5 

o 


5.625" 


I x = .8x5*x2 = 40 in. 4 

l z = .8 x £7325* + .2x7625* .2x47375* + .4 x 
075 * = 64.4 in. 4 

Horizontal Position of Shear Center: 

To find the horizontal position of the 
shear center, we find the horizontal location 
of the centroid of the internal shear flow sys- 
tem due to bending about the principal axis X-X. 

For convenience, to eliminate large decimal 
values for shear stress values, an external 
shear load of V ~ + 100# acting normal to XX 
will be assumed. 

Calculation of Internal Shear Flow System: 

Beginning with stringer a, the shear 
stress per inch along the section will be com- 
puted. Since the skin is considered ineffective 
in taking bending axial stresses, the shear 
stress will be constant between stringers. The 
general expression for the shear stress per 
inch = q s Vg 2 z A s = 100 £ z A -- - 2.5 2 zA. 

Ix 40 

(minus sign due to counter clockwise summation 
around section), qab --2.52Z A —2.5 (5x.l) 

= - 1.25#/in. (The subscript ab refers to the 
shear flow q adjacent to stringer a on the side 
toward b ) . 



Qef » 0 -2.5 (-5x.l) - 1.25#/ln. 

Qf© “ 1*25 

q tg = 1.25 -2.5 (-5X.2) = 3.75#/in. 
Qgh = 3.75 -2.5 (5X.2) * 1.25 
Qhg = 1 « 25 



Fig. A14.20 shows the results in graphical 
form. The circular dots represent centroids of 
the flange stringers. The shear flow values are 
assumed to change at these centroid points. 

For equilibrium of the external and intern- 
al shear forces in the plane of the beam cross- 
section, 2F X , ZF z and m must equal zero. 

ZF X =* -5x 1. 25 + 5x1. 25-5x1. 25 + 5x1.25 = 0 

(check) 

ZF z » 100 - 10x6.25 - 10x3.75 + 1.25 X .5x4 
-1 .25 x .5x4 = 0 (check) 

For 2M = 0, take moments about some point such as 

C. 

ZMc = -100 x + 10 x 3.75 x 15 -1 .25 x .5 x 2 x 5 - 1 .25 x 
.5x2x10+ 1.25 x .5x2x 15 = 0 

Hence x - 562.5/100 = 5. 625”. Therefore 
to prevent twisting of the section, the external 
vertical shear load must act through a point 
5.625 w from side be, which locates the horizontal 
position of the shear center. 

Calculation for Vertical Position of Shear Center : 

For convenience as before, we assume a shear 
load V x = 100# acting normal to the principal axis 
ZZ, and compute the internal shear system to re- 
sist this external load assuming bending about 
axis ZZ without twist. 

a = -doo/ 64 . 4 ) zx a = -1.552 x a 

l z 


= -1.25 

q bc ^ -1.25 -2.5 (5x.4) = -6.25#/ln. 
Qcb 3 -6.25 

qc d = -6.25 -2.5 (-5X.4) - -1.25#/tn. 
Ode = -1*25 

= -1.2b -2.5 ( -bx . 1 ) - 0 
led = 0 


Starting adjacent to stringer a and proceed- 
ing counterclockwise around the beam section: 

(Jab = -1 -5S 2 x A = -1.55 (-.625 x .1) * .0971#/ln. 

(clockwise) 

Qba = .0971 

dbc = -OS 7 ! -1.55 (-5.625 x .4) =3.592#/ln. 
q cb * 3.692 

qcd = 3.592 -1.56 (5.625 X .4) * 7.087#/ln. 
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% c « 7,087 

* 7.087 -1,55 (-.626 x .1) = 7.X84#/In 
Qed - 7 - 184 

Qef * 7.184 -1.56 ( 4.375 x .1) = 6,504 
q f0 « 6.604 

Qfg - 6.504 -1.55 (9.375 X .2) = 3.589 
qgf = 3.589 

qgh - 3.689 -1.55 (9.375X .2) =.674 

Fig. A14.21 shows tho shear flow pattern in 
graphical form. The circular dots represent 
the centroids of the stringers. 



Checking to see if 2F Z = o, 

ZF z = 3.592 X 10-3.589x10+ .5 x .09 71- .5 
X .09 71 + 5 X .674 - .5 X .674 +.5X .097 
- .5 x .68 - .5 x 6.504 + .5x 7.087 = 0 (check) 

Check to see If 2F X = 0, 

2F X = 100+ 5 x .09 71 + 5x .674-5 (7.087 + 7.184 
+ 6.504) = 0 (check) 


The first step is the calculation of the 
position of the principal axes and the moment of 
Inertia about the principal axes. As for as 
effective flange material is concerned the beam 
section is identical to the beam section of Fig. 
A13.3 of chapter A13, thus reference should be 
made to Art. A13.8 for the necessary calcula- 
tions for the principal moments of inertia. 


The resultant of the Internal shear flow is 
a horizontal force of 100#. To find its loca- 
tion, take moments about point 1/2” below c. 

2M C = 5 (.09 71 + .674) 11 + 10x3.589x15 + 

( .5 X .09 71x5) - (.5 X .674 X 10) +( .bx 
,674x15) + (.5x 6.504x15) + .5x .68x 
10- (.5 x .097x6) - 100 z = 0 
- 643 

.*. z = I56 = 6.43 w below side cdef as shown. 

Fig. A14.22 shows the resultant position of 
the shear center for the section. 


J 
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Solution Shear Center Locations for Bending 
About Xp Principal Axis . 

For simplicity a shear load V z s 100# will 
be assumed. p 

q = 2 z_ A = -(100/75.38 ) 2 ZpA = -1.328 

Ix P 
2Zp A 

qac « -1.328 (4.45x1) =-5.91#/in. 

Qca = *"5 • 

q C d = -5.91-1.328 (-7.12 x .8) = 1.65#/ln, 

q^ c = -1.65 

q db = 1.65-1.328 (-2.90X .4) =3.19#/in. 

Fig. A14.24 shows the shear flow diagram for 
bending about Xp axis for an external shear load 
of 100# 


A14.8 Shear Flow and Shear Center for Uneyn- 
■etricml Open Beam Sections 

In the bending of unsymmetrical sections 
without twist the bending is referred to the 
principal axes, and thus the properties and 
distances to stringers must be In reference to 
the principal axes when substituting in the gen- 
eral shear flow equation. If shear flow is cal- 
culated by use of the A P axial loads in the 
stringers, as explained in the example problem 
which follows, then the A P loads must be found 
by flexural equations for unsymmetrical bending 
as given in chapter A13. 

Exa m ple Problem #6 

Fig. A14. 23 shows an unsymmetrical channel 
section with four concentrated flange members 
a f b, c and d. The web members connecting these 
flanges will be neglected in computing the sec- 
tion properties or in other words the flarfges 
provide the entire bending resistance. 



Check 2F Z and 2*x = 0 

2F Z * 100 x cos 15° -15* -12x5,91-8x3.19*96.47 
-70.97-25.5 = 0 

2F X » 100 sin 15° - 15’ - 16 x 1.65 = 26.36 - 26.36 * 0 
The resultant of the internal shear flow pattern 
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equals - 100# acting parallel to the Zp axis. 

To find the location of the resultant take 
moments about some point such as d. 

ZMd = lOOe - 12 x 5.91 x 16 = 0 
hence e = 1134/100 = 11.34" 

Thus for bending about the Xp axis the shear 
center lies on a line parallel to the 2p axis 
and located a distance 11.34" from point d. 

Shear Center for Bending About the Principal 

Mil 

I Zp = 159.34. Assume V Xp = + 100# 

100 

Therefore q = - 2 XpA = - .627 2XpA 

qac * - .627 (~6.74x 1) = 4.22#/ln. (clockwise) 
q cd = 4.22 - .627 (-3.58 x .8) = 6.02#/in. 
q^p = 6 .02 - .627 (11.80 x .4) = 3.05#/ln. 

Fig. A14.25 shows the resulting shear flow dia- 
gram. 

Check 2F X and 2F Z = 0 

2F X = 100 COS 15° - 15 1 - 16 x 6.08 = 96.47 - 96.47 = 0 

2F Z = -100 Sin 15° - 15' + 4.22 x 12 + 8 x 3.05 = 0 

The resultant of the Internal system Is 
-100# parallel to Xp axis. To find Its location 
take moments about point d. 

2Mq « lOOe + 4.22 x 12 x 16 = 0 hence e = 811/100 
» 8.11" (see Fig. A14.25) 

The shear center proper Is therefore given 
by the two reference distances e In figures 24 
and 25. 



A14.9 Solution By Considering A P loads In 
Flange Members 

The equation q » Vg 2 zA can be written 

q = gj p 2 z A. For a particular string- 
er or flange member of area A, this expression 
represents the change In the axial load on the 
stringer over a length dx and If dx Is taken as 
1", the change In axial load per Inch of 
stringer due to bending of the entire beam sec- 
tion represents the change In shear flow in the 
connecting web or wall as you pass from one 


side of the stringer to the other. 

To illustrate, the shear flow pattern for 
the first part of example problem #6 will be de- 
termined by considering the A P loads in the 
stringers: 

The change in bending moment about the Xp 
axis per inch of beam = A M = 1 x 100 - 100"#. 

The change in the stringer axial loads due 


to this moment of 100"# equals AP-- 




A, 


where A is the area of a particular stringer and 
z is the distance from the Xp axis to this string- 
er. For stringer a (see Fig. A14.23). 


. „ - #100 x 4.45 i 
* p 708 ) 

1.0 =-5.91# 

For stringer c 


. „ /lOOx-7.12 
A P 75.3§~ , 

) .8 = 7.56# 

For stringer d 


^ p =-( l 00 J : z o - 90 

^ 75.38 

).4 = 1.54# 

For stringer b 


. „ _ /lOOx 4.82 1 

A p --(-705- J 

1 .5 = - 3.19# 


Fig. A14.26 shows the resulting A P loads In 
the stringers. Starting with stringer a or d the 
horizontal shear in the connecting webs obviously 
equals 2 A P of all forces to one side of the sec- 
tion being considered. 



Thus the shear q between a and c = 5.91#. 
Between c and d, q = 5.91 - 7.55 = - 1.65 and be- 
tween b and d, q = 3.19#. The shear flow In the 
plane of the cross-section Is erf the same Inten- 
sity and the direction is easily determined by In- 
spection or by drawing a simple free body diagram 
as shown in Fig. A14.26 for the web portion be- 
tween a and b. 

The resulting shear flow diagram is of course 
identical to that of Fig. A14.24. This method 
making use of the A P loads is quite useful in 
dealing with tapered wing boxes and will be dis- 
cussed in later articles. 


A 14 .40 Problems 

(1) Determine the shear flow diagram and the 
shear center location for bending about the hori- 
zontal symmetrical axis for the section in Figs. 
A14.27 to A14.29. 
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(2) Determine the shear center of the un- 
syrametrical section of Fig. A14.30. Consider 
the web as Ineffective in resisting bending 
stresses . 



(3) Determine the shear center of the sec- 
tion of Fig. A14.31. Assume the flange members 
a, b, c and d as the only effective material in 
resisting bending loads. All four stringers 
have same area. 



(4) Determine the shear center location 
beam section of Fig. A14.32. All material Is 
effective. The Z stringers (a) and (b) are 
1-1/2 inches deep and have an area of .5 sq. 
inches each. 


I kf'-4 



(5) Determine the shear center for the 
beam section of Fig. A14.33. Assume only the 8 
stringers as being effective in bending. Area 
of stringers (a) and (b) « 2 sq. in. each. All 
other stringers 1 sq. in. each. 



(6) Determine the shear center for the un- 
symmetrical beam section of Fig. A14.34. Assume 
sheet connecting the four stringers as ineffec- 
tive. Areas of stringers shown on Fig. 


/£>*%*/ 



Fig. A 14-35 

(7) In Fig. A14.35, the shell structure is 
subjected to a torsional moment M - 50,000 in. 
lb. The shell skin shown dashed is cut out, 
thus the torsional moment Is resisted by the 
constant shear flow on the two curved sheet ele- 
ments ac, and bd. Determine the value of the 
shear flow. 

(8) Determine the moment of the constant 
flow force system in Fig. A14.36 about point 
(0), Also find the resultant of this force 
system. 



Fig. A14-37 Fig. A 14- 3 8 


(9) In Fig. A14.37, the four stringers a, 
b, c and d have the same area. Assume the webs 
ineffective in resisting bending stresses. De- 
termine the distance (e) to produce bending about 
the horizontal axis without twist. 

(10) For the wing cell beam section in Fig. 
A14.38, determine the location of the shear cent- 
er. Assume webs and walls ineffective in bend- 
ing. 




CHAPTER A15 

SHEAR FLOW - CLOSED SECTIONS 


A15.1 introduction. The wing and fuselage of 
the present day metal covered airplane is essen- 
tially a single or multiple box beam. A stress 
analysis of such a structural unit involves con- 
sideration of the distribution of the Internal 
resisting shear stresses. This chapter deals 
only with a simplified elementary treatment of 
shear flow in cellular beams in order to acquaint 
the student with the general principles. Later 
chapters will apply these general principles to 
practical airplane problems. Chapter A14 should 
be studied before undertaking this chapter. 

A15.2 Single Cell - 2 Flange - Bon Beam 

Fig. 15.1 shows a single-cell-2 flange 
beam. The vertical web and leading edge skin is 
assumed Ineffective in taking bending axial 
loads, or in other words, the two flange members 
A and B provide the bending resistance. 



It is obvious that the external loads must act 
in a vertical direction or parallel to AB as the 
two flanges have negligible bending resistance in 
the horizontal direction. The external loads, 
however, do not have to lie in the plane of AB, 
as the closed cell formed by the web and skin 
can resist torsional moments due to the external 
loads. Since the web and skin have been assumed 
to take no bending axial loads, the flexural 
shear flow on each part will be constant; how- 
ever, the distribution between the web and skin 
cannot be found directly as in an open section 
because the point of zero-shear is not known. 

For equilibrium in the plane of the cross-sec- 
tion we know that ZF z and 2F X for the internal 
shear system plus the external load system must 
equal zero. Likewise, 221 about any axis normal 
to the beam section of all internal and external 
forces must equal zero. 


Assumed static 
flexural shear flow. 
SF Z «0, ZF x «0 


q is assumed 
zero at 



plus constant 
shear flow to 
make ZM y a 0 



gives the 
true shear 



Fig. A 15-4 


Fig. A15-2 


Fig. A15-3 


q is assumed 
zero at 




Fig. A15-* 



q is assumed 



Fig. A 15-5 


Fig. A 15-9 



Fig. A15-10 


solution Method l (Internal Shear Flow For Cell 
of Fig. 15.1 

Assume a value for the internal shear flow 
stress at some point and compute the balance of 
the internal flexural shear flow consistent with 
this assumption. For illustration Fig. 15.2 
shows the flexural shear system if we assume the 
shear is zero at point C and Fig. 15.5 shows the 
results if the shear is assumed zero at a point 
midway between A and B and Fig. 15.8 shows the 
shear pattern if a shear flow of 5# acting coun- 
ter clockwise is assumed at point C. The circu- 
lar dots represent the centroids of the flange 
numbers A and B and the flange material is 
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assumed concentrated at this point in computing 
the shear flow. 

In Fig. A15.2 if the internal shear at C is 
zero then the shear is also zero between C and 
B, and C and A, since the skin is ineffective in 
bending . 

%a = 0 + 2 Az = 0 + (.5x5) - ~10#/ln, 

(~ is counterclockwise flow) 

Note: I x = .5 x 5* x 2 = 25 

Taking moments about a point on line AB of 
all shear forces both Internal and external: 

2M^b = 100 x 10 = 1000”#, which means that 
an unbalanced moment of -1000”# exists, which 
can be balanced by adding a constant shear flow 
for the entire cell of intensity:- 

*--~£ = - CTo ~ T2 = ~ 6 - 21#/ln - Adclln s tnls 

constant shear flow (Fig. A15.3), which still 
leaves 2F Z and 2F X = 0 to that of Fig. A15.2, we 
obtain the true shear flow as shown in Fig. 

A15.4. 

In Fig. A15.5, it was assumed that the 
shear stress at a point D midway between A and 
B was zero. With that assumption, the flexural 
shear flow forACB is calculated as follows: 

dacb ~ 0 + 2 Az = 0 + — gg- ( . bx— 5 ) - 10#/ in . 

Taking moments about point D: 

ZMD * 100 x 10 + 10 x 2 x 80.52 - 2612”#, This 
moment must be balanced by a constant internal 
shear flow of q * - JM ■ - 2612 « -16.21#/ln. 

2A 2 x 80.52 

(See Fig. A15.6) 

Adding this constant shear flow to that of Fig. 
A15.5, we obtain the final shear flow of Fig. 
A15.7 which, of course, checks the first solu- 
tion in Fig. 15.4. 

In Fig. A15.8 an arbitrary value of q * -5# 
per inch was assumed on the skin BCA. With this 
assumption, the shear flow on BA = qba = ♦ 

-100 (.5x5) * -15#/ln. 

“25” 

Taking moments about the line AB: 

2M « 100 x 10-5 x 2x 80.52 - 194.8”#. For 
equilibrium, this moment must be balanced by an 
additional shear flow of q = - 194.8 - - 

2x60.52 

1.21#/ln. Adding this constant shear flow (Fig. 
A16.9) to that of Fig. A15.8, we obtain the true 
shear flow of Fig. A15.10 which Is Identical to 
Figa. A15.4 and A15.7. 

Solution Method a (Equilibrium of Shear Flow 
Resultant Vectors) 

Since the web and leading edge skin were 
assumed ineffective for resisting bending loads, 
the shear flow on each of these two portions 
will be cbnstant. Let Qab be the resultant 
shear flow on web AB. Since the web Is straight, 


the location and direction of this resultant 
shear force is obviously along AB. Let QaCB 
the resultant of the shear flow on ACB. By the 
simple relationships given In Chapter A14, the 
direction and location of Qacb 1s readll y deter- 
mined. The direction of Qacb 1s parallel to the 
closing line of the leading edge ACB, or the 
line AB. The location of Qacb relative to the 
closing line AB equals 

2x . ^ a = 2x - i6. 10 » (see Fig. A15.ll) 



The magnitudes of and can be found 
by statics. Taking moments about a point on Qab> 
ZNab = 100 x 10 - QaCB x 16.10 = 0 Hence, QacB * 
62.1# acting with sense as assumed. 

The shear flow intensity qacb = *62,1 r 

“ 15 " 

-6.2i#/m. 

ZFz = -100 - 62.1 + QaB = °» QAB = 162.1# 

• Qab = -162.1 = -16.21#/ln. , which gives the 

“To” 

same resulting shear flow system as found In 
previous solutions. 

solution Method 3 (Shear Center Method) 

In this method, the shear flow system for 
bending of the cell without twist is first de- 
termined. The centroid of this shear flow system 
locates the so-called shear center. Then, any 
external torsional moment about this shear center 
must be resisted by a constant shear flow around 
the cell, the magnitude of which is q - T # per 

2a 

inch. 

Due to the fact that the beam section is a 
closed one, the flexural shear flow is statical- 
ly indeterminate, since the value of q is unknown 
at any point. 

The general procedure is to assume a point 
of zero shear flow or assume a definite value 
for q at some point, as was done in solution 
method #1 and compute the flexural shear flow 
consistent with the given beam section. The 
assumed static flexural shear flow system will, 
in general, cause the beam cell to twist, but 
since we deeire the shear flow system which will 
cause the beam to bend without twist, we must 
add a constant shear flow system which will 
cancel the torsional deflection due to the 
static shear flow system , 
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The centroid of these combined two shear 
flow systems locates the shear center for the 
beam section. 

In this solution, we will assume a shear 
flow of q = 0 at point C. The resulting shear 
flow system will be identical to that in Fig. 
A15.2, since the same assumption was made. Fig. 
A15.12 repeats this system, and Fig. A15.13 
shows the unknown constant shear flow system of 
q#/ln. which must be added to make the total 
shearing strain around the perimeter of the cell 
equal to zero, or, in other words, make the twist 
zero. 



The shearing strain per inch of the perimeter = 

where t * sheet thickness and 0 = modulus 

of rigidity. Since Q Is constant and only 
relative deflections are necessary, it may be 
omitted In calculations. The total shearing 
strain 

6 around the perimeter of the cell equals: 

6 = 2 ^- - ( 1 ) 


Thus, the area of the shear flow diagrams 
in Figs. A15.12 and A15.13 divided by the cor- 
responding skin thickness equals the total 
shearing strain. 

For the shear flow system of Fig. A15.12, 

* -10 x 10 „ 

6 = —M ( ‘ 


For the shear flow system of Fig. A15.13, 


6 


a 


23.26 q 

-.W“ 


11 q 


To5“ 


( 3 ) 


(Note: 23.28 equals the length of .025 
sheet) 

Adding equations (2) and (3) and equating 
to zero, since the cell must bend without twist, 
and solving for value of q, we obtain, q = 
2.08#/in. (positive and therefore In the direc- 
tion assumed). Then adding the shear flow sys- 
tems A and B to constant flow q of 2.08, we ob- 
tain the shear flow system C of Fig. A15.14, 
which is the shear flow system for bending 
about axis X-X without twist. 


The location of the resultant of this shear 
flow system locates the horizontal position of 
the shear center of the cell. 

2F Z = 10 X 7.92 + 10 X 2.08 - 100# 

2F X s -2.08 X 8.5 + 2.08 X 8.5 - 0 

Therefore the resultant is a force and its 
location can be found by the principle of moments. 

Taking moments about B, 

Mb- = 10 x 2.08 x 16,1 * 335"#, hence distance 
from line AB to line of action of the resultant 
internal shear flow of 100# equals, 

- 

x « = 3.35" to left of AB. (Fig. A1S.14 

shows location). 

Due to symmetry of the cell about the X axis 
the vertical location of the shear center is of 
course on the X axis. 

The original 100# external load produces a 
moment of 100x13.35 = 1335 in lb. For equilibrium 
a resisting constant shear flow q which will pro- 
duce a moment of - 1335 must exist, hence. 

q = M/2A = -1335/161.04 = -8, 29#/in. (See Fig. 
A15.15) 

Adding shear flow systems "C" and "D" gives 
the final shear flow system "E" of Fig. A15.16. 



It should be noticed that the web or skin 
thickness does not influence the magnitude of the 
shear flow system in a single cell beam. A change 
In thickness, however, effects the unit shearing 
stress and therefore the shearing strain and thus 
in computing angular twist of the cell, the web 
and wall thickness does influence the amount of 
twist for a given torsional load. In the shear 
center solution, it Is known what portion of the 
shear flow is due to torque or pure twist, and 
also that due to bending without twist, which 
fact is sometimes of importance. 

A IS. 3 Torsional Dafloctlon of Coll In feaaplo 
Proble* 

The resulting shear flow system as given in 
Fig. A15.16 should produce the same torsional 
deflection or twist of the cell section as the 
shear flow system of Fig. A15.15, which Is due 
to torque about the shear center of the section, 
and furthermore, the shear flow system of Fig. 
A15.14 should produce no twist of the cell. To 
check these statements, the twist due to all 
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three shear flow systems will be computed. 


To find Qcda take moments about point (b) 


i 


From Chapter A5, 9 = 2 q r 

-BBT 


or 


20AG =2qj 

For the shear flow system of Fig, A15.16:- 
,4, - 9*0 

For the shear flow system of Fig. A15.15:- 
8,29 x 23.28 ^ 8.29x11 


(5) 29AG = 


T02^ 


TOT 


9990 


For the shear flow system of Fig. A15.14:- 


/*** 



_ 2.08x23,28 , 2.08x1 7.92xl0_ n 

20A0 _g + .04 .04 

If the actual angular twist is desired, 
solve equation (4) or (5) since A and G 
are known quantities. The result is the 
twist per unit length of beam. 

A 16. 4 Single Cell-3 Flange-Uneyraetrical Beam 
Section 

With 3 flange members not in a straight 
line the box beam can resist bending due to 
loads in any direction and torsional resistance 
is provided by the closed cell. This type of 
wing box beam is quite common in small and medi- 
um size airplanes. 

Fig. A15.16a illustrates a 3- flange -unsym- 
metrlcal single cell beam subjected to an ex- 
ternal load of 100# as shown. Let it be re- 
quired to determine the Internal shear flow re- 
sisting pattern assuming the web and walls are 
ineffective in resisting bending loads, which 
means the shear flow is constant between flange 
members . 



solution i (Equilibrium of Resultant Shear 
Vectors) 

Fig. Alb. 17 shows the resultant shear vec- 
tor on each portion of the cell wall. Since the 
portions ab and be are straight, the line of ac- 
tion of the shear force on these portions coin- 
cides with the web or wall. The location of the 
constant shear flow on portion eda is parallel 
to line ac and acts at a distance of 2 A/L from 
line ca = 2 x 57.1/11.31 * 10.1". 

The sense of the three unknown resultant 
shear vectors is assumed as indicated by the 
arrows . 


2W b * (-100 sin 300) 10 4- 17.13 Q cda = 0. 
Therefore Q cda = 500/17.13 = 29.17#; and q cda 
Q cda /11.31 = 29.17/11.31 = 2.58#/ln. 

To find Q C fc use 2F X = 0. 

2F x =29.17x 1 - 100 sin 30° + 8 Q r .b = 0 

V2 8.2fc 

hence 

Qcb 230 * 2 #* which gives q cb = -30.2/8.25 = 
3.66#/in. 

To find Qa b , take 2F Z = 0 

2F Z = 100 cos 30° + 29,17 x 1 - 30.2 X 2 

OS * 

Qab “ 0 

hence 

Qab = 100# which gives qab = 100/10 = 10#/ln. 

Fig. Alb. 17a shows the resulting shear flow 
diagram. 



It is of course not necessary to deal with 
the resultant vectors since the moment of the 
constant shear flows can be considered directly. 
Thus in Fig. A15.l7b, assume the three unknown 
shear flows q c <ia» Qab* Qbc a8 acting In the 
clockwise direction. To find the value of Qc^a 
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2Mb *2 (26*1 ■♦•64 + 8) Q c<la - 10 x 50 = 0 

hone© Qeda » 2,58#/ln. 

In the above equation, the moment of the 
constant shear flow system q c qa about point b 
equal twice the cell area times q ccia . 

Then to find % c take 2F X * 0 

2F X = 8x2.58 -100 sin 30° -8.25 qbc * 0 

hence q^ = - 3.66#/in. 

and In a similar manner by using 2F Z = 0, q^ 
will be found equal to 10#/in. 

solution 2 (Shear Flow From Bending About 
Principal Axes) 

Table AlS.la shows the calculations for the 
moments of inertia of the section about the 
principal axes. 
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-8 -(2.3 x 4.783 x - 1.739) . 11.13 
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tan 2 0 ■ 
2 0 


_ 2 X 11.13 22.28 amt 

V i x * aonoa " -54t34 3 9105 

42® - 19‘ , 0 « 21° - 9.5' 

Ix + i t *i n 20 - 21 XE sin 0 cos 0 • 49.38 


22,26 


x . 9326 2 + 25.04 x .3609 2 - 2 x 11.13 x - .3609 x .9326 
• 42.96 ♦ 3.26 + 7.5 • 53.72 

I S p • Ix ®in 2 0 ♦ I* co»20 ♦ 2 sin 0 cob 0 . 6.42 + 
21.78-7.5 • 20.70 xz 



Fif. A15-18 

The external shear load of 100# Is resolved into 
components normal to each principal axis. 


Vzp = 100 sin 38° - BO. S' * 62.73# 

V Xp = -100 cos 38° - 50.5' * -77.87# 

Calculation of internal shear flow assuming 
shear flow q between a and c equals zero. Due 
only to V Zp = 62.73# 

Q = Vz P ZAZp 


6P 7^ 

Qab = 5 §T 7 g (1*5.50) *6.42#/ln. 

Qcb = ‘§oi (*5 x- 4.87) =2.84#/ln. 


Due to Vv - 
P 


77.87# 


< - V*p 2Ax r 


77 R7 

Qab 35 "25775 ^ x = 

qbc = 1.01 - |~|2 (.8 x 3.35) = - 9.08#/ln. 

Figs. A15.19 and A15.20 show the resulting shear 
flow diagrams in resisting the external shear 
loads as shown. Both of these force systems 
will satisfy ZF z and 2F X = 0. To check ZM = 0 
take moments about point b. 

2M b = - 100 sin 300 x 10 - - 500*#. Thus for 
equilibrium a constant shear flow producing a 
moment of 500 w # Is necessary. 



V v »7 7B7 



S»*S7 



A1S-20 


T 500 

hence balancing q = g- * 2xWl c 

(97.1 equals enclosed area of cell) 

Adding a constant shear flow of 2.57 to that of 
Figs. Alb. 19 and A15.20 we obtain the final shear 
flow of Fig. Alb. 21 which checks solution #1. 
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Solution 3 (Shear Center Method ) 

In this solution we find the shear flow 
system which causes the section to bend without 
twist. The resultant of this system passes 
thru the shear center of the section. Then the 
moment of the external forces about any point 
on the line of action of the resultant will 
produce pure torsion. 

Assuming the shear flow q on portion ac as 
in Solution #2, we obtain the shear flow pattern 
of Fig.s A15.19 and A15.20. 

The total shearing strain around perimeter 
of cell equals 6 = 2 qL. Substituting, but 
to 

omitting 0, since it is constant. 

* 6.42x10 . 2.84 X 8.25 . 1.01x10 

6 — + — 35 — + — ro5~" 

= 1285 + 587 +. 201 - 1870 = 203 

. 04 

This total relative shearing strain of 203 must 
be canceled by a constant shear flow of q. 

Total shearing strain due to q = 6'=qxl0 + 

TOT 

qx 8.25 ♦ qx 20.57 * 1090 q 
.04 ^03 

6 + 6' = 0 or, 1090 q + 203 = 0 

hence q =-203/1090 =- .186#/ln. 

Adding this constant shear flow to that of Figs. 
A15.19 and A15.20 we obtain the shear flow sys- 
tem of Fig. A15.22. 




The resultant of the shear force system In 
Fig. A15.22 will pass thru the shear center 
of the section. One point on the line of 
action of the resultant can be determined by 
finding the intersection of the Z and X com- 
ponents of the resultant. From Fig. A15.22:- 

2F Z = -0.186 X 8 -6.426 X 2 - 7.244 x 10 
* ^86.78 lbs. 

Take moments of z components about point (b) 

= O.lbb x 114.2 = — 2l .23 in. lbs. 

-86.78 X = -21.23 

hence, x = -ai. 23/86. 78 = -0.245” from b. 

SFy = -0.186 x 8 + 8 x 6.426 = 50.0 lbs. 

Take moments of x components about (b) 

ZM b = ^6 X 0.186 x 10 * -14.9 In. lbs. 
hence z = -14.9/50 = -0.298" below b. 

See Fig Al5.22a for results. 

The moment of the external load system 


about shear center equals - 50 x 10.298 - 86.67 x 
.245 =-536"#. For equilibrium 536"# is neces- 
sary which is produced by a constant shear flow 

i * * dnSh ■ 

Adding this constant shear flow of 2.75#/in. to 
that of Fig. A15.22, we obtain the same resulting 
values as given by previous solutions. 

Solution 4 (Shear flow by changes in 
flange axial loads) 

Relative to flange loads a 3-flange single 
cell beam is statically determinate. Fig. A15.23 
shows a one Inch length of the beam, with the 
external load acting on the aft face of cantilev- 
er beam as shown. 



For equilibrium of flange loads 
2% * 0, ZM z = 0, and ZFy = 0 
Selecting reference rectangular axes at stringer 


b, we obtain 

2M* * 2 P c + 10 P a - 86 .67 x 1 = 0 1 

ZM z = 8 P c -50X1 = 0 2 

ZFy = P £ — Pp * p C = 0 — - — — — — — -3 

Solving the 3 equations we obtain 
P c = 6.25# 

P a a 7.42# 

Pb = 13.67# 


The sense of each flange load is as assumed 
in the figure namely compression in c and a and 
tension in b. For solution purposes assume that 
shear flow in portion a d c of cell wall Is zero. 
Then the resisting shear flow Qy in the y direc- 
tion between flange members a and b « - P a » - 
7.42#/ln* Hence <& = 7.42#/in. 

Similarly the shear flow <jy between c and b 
equals the load in flange c * - P c «-6.26#/in. 
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and thus q In plans of cross section between c 
and a * 6.25#/in. 

Fig. A15.24 shows the resulting shear flow 
diagram. Taking moments about any point such 
as b we find M b = - 100 x sin 30° x 10 * - 50Cf# 
(The shear flow has zero moment about b) 

For equilibrium 500"# is necessary which 
is given by a constant shear flow of q = 

600 = 2.58#/in. adding this constant flow 

2T977I 

to that of Fig. A15.24 we obtain the final re- 
sults as obtained in previous solutions. 

If we had assumed in starting the shear 
flow calculation that the shear flow was zero 
between a and b Instead of between a and c, 
than the shear flow due to change in flange 
loads over a beam length of one inch would be as 
indicated in Fig. A15.25. 

Taking moments about any point as b. 

ZM b =* 100 Sin 30° x 10 - 7 .42 x 11.31 x 17.13 = 

- 500 - 1444 = - 1944"# 



Fig. A 15*25 


For equilibrium a constant shear flow of 
q = 1944 = 10#/in. Adding this constant flow 
2x67.1 

to that of Fig. A15.25 we obtain the final 
shear flow as previously found. 

A 15. 5 Single Cell-Distributed k Multiple Flange 
Example Problem #1 

Fig.AlS.26 8 hows a cantilever box beam 
supporting a load of 100# as shown. Determine 
the internal shear flow system on the cross- 
section abed. In this example problem, the 
entire cross-section will be assumed as effec- 
tive in resisting bending loads. The moment of 
inertia about the X axis = 62.5 in 4 . Since XX 
is an axis of symmetry, the X and Z axes are 
principal axes. 



Fig. A 15-26 

solution l The flexural shear flow is statically 
indeterminate, since the shear flow at any point 
Is unknown. The flexural shear flow will be made 
statically determinate by assuming the shear flow 
at point 0 (Intersection of X axis and ad) « 
zero. 

Fig. A15.27 shows the static flexural shear 
flow for this assumed condition. 

q 0 = 0 (assumed), ^ « 100/62.5 = 1.6 
v a 

qa-O+^Z 2 zA = 0 + 1.6 x 5 x .1 x 2.5 - 2#/in. 
l x o 

a 

Qb * Qa ♦ 1*6 2 zA 
b 

= 2 + 1.6 x 20x .05 x 5 - 10#/ln. 
o' 

do* ~ Qb + 2 zA 

b 

= 10+ 1.6 x5x .06X2.5 = ll#/ln. 



Ais-ar 


Continuing around the cell wall, the balance of 
the static shear flow is obtained. Since the 
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section Is symmetrical about axis XX, the shear 
flow will be symmetrical. The flexural shear 
flow as found satisfies the equations SF Z and 
ZF X - 0 for equilibrium of internal and external 
shear loads, ZMy of external and Internal shear 
forces about any point must also equal zero for 
equilibrium. Take moments about point d, using 
the resultant shear load Qab> Qbc on each wal1 
of the cell, which equal the area of the shear 
flow diagram in ab, and be respectively:- 

ZMq » 120 x 10 ♦ 106*7 x 30 * 3334"# as an un- 
balanced moment. To make 2Md = 0 a constant in- 
ternal shear flow must be added to create a 
resisting moment of -3334"#. Therefore, the 
resisting constant shear flow q = M = -3334 

3L 2x10x20 

-8.34# per in. Adding this constant shear 
flow to that of Fig. A15.27, we obtain the true 
internal shear flow of Fig. A16.28. 



hence, q » *~6.36#/ln. 

Fig. A15.29 shows the resultant shear flow 
pattern if a constant shear flow of q * - 6.36#/ 
in. is added to the shear flow of Fig. A1S.27. 



The location of the resultant of this shear flow 
system will give the horizontal position of the 
shear center for the sectionl Due to symmetry 
of the section about the X axis, the vertical po- 
sition of the shear center will be on the X axis, 
because for bending about the Z axis, the shear 
flow would be symmetrical and thus, the resultant 
would coincide with the X axis. 


Solution 2 Sttoar Center Method. In this solu- 
tion, we determine the centroid of the internal 
shear flow system, which will exist if the 
beam bends about axis X-X without twist. The 
external shear load can then be resolved into a 
force acting thru this internal shear flow cen- 
troid or shear center plus a torsional moment 
about the shear center. 

The solution is started by assuming a value 
for the flexural shear flow and computing the 
shear flow system, as for example, that in Fig. 
A16.27. 

The total shearing strain around the box 
circumference due to this shear flow, assuming Q 
as constant and unity as relative values of 
shearing strain only are needed, equals: 


. ZQL _ f2 x 5 
t 


(10 + 2) 20 


[am + r~Z~l .55 + 

] 


(11-10) .667x5 

T5B 


2 * 7000 


10 x 5 

~75s~ 


(Notes: The quantity above is written for the 
covering on one side of the X-X axis, hence the 
equation is multiplied by 2*) If the cell wall 
does not twist when bending, the relative value 
of 7000 must, therefore, be canceled by a con- 
stant shear flow of q#/in. which will create a 
total shearing strain of -7000. The shearing 
strain for a constant shear flow of <#/ln, is: 



7000 


Fig. A15.29 also shows the resultant shear 
load Q on each portion of the cell wall which 
equals the area of the shear flow diagram for 
various portions as shown. 

2F Z = - 56.9 - 43.1 - - 100, which balances 
the external load of 100# 

2F X = 0 by observation. Take moments about 
point 0, the Intersection of axis XX and side ad 

ly »•<»)«> . 7.80 ,» 

Hence the shear center lies on the X axis, 7.9" 
from side ad. 

The moment of the external shear load of 
100# about the shear center * 100 x 7.90 * 790#. 
For equilibrium, ZMy = 0. Therefore, a constant 
shear flow q must be added to create a resisting 
moment of -790"#. 

Q = 2a = 2~X 200 = “ 1 * 98 #/ ln * 

Adding this constant shear flow of -1.98#/ln. to 
that of Fig. A15.29, we obtain the final shear 
flow system which is Identical to that of Fig. 
A15.28. 

Torsional Deflection. The torsional deflection 
per unit length of the cell can be computed by 
using a constant shear flow q * - 1.98#/in. 
which represents the pure torsion on the cell. 
Thus, 
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2A 0©»2 f - (g04l °; ( | C>)1<96 * * 2178 


The student should check this result using the 
shear flow of Fig. A15.28 

Fig. A15.30 shows the position of the shear 
center with respect to the center of gravity of 
the cross-section and also the centroid of the 
moment of inertia of the cross-section, that is, 


z „ Sxz a A 

x " nm 


Sometimes it is assumed that the Bhear center 
lies at a point as given by equation (a) which 
in general is true only for special cases. 



Kmiple Pr ob #2 

Fig. A15.31 shows the cross-section of a 
single cell box beam. The Bectlon is identical 
to the beam section of Fig. A14.19 of Chapter 
A14, except that the top cover, or skin, is ex- 
tended between stringers a and h, thus making 
the section a closed one. The problem is to 
find the Internal shear flow system when resist- 
ing the external shear load of 100# acting as 
shown. As assumed in Chapter A14, the covering 
is considered ineffective in resisting bending 
flexural load. 

In bending about the X axis, the flexural 
shear flow is statically Indeterminate, since 
the value at any point is unknown. If we as- 
sume the shear flow q between a and h = zero, 
then the flexural shear flow consistent with the 
given loading and beam section will be identical 
to that of (Fig. A14.20 Chapter A14) and which 
is repeated in Fig. A15.32. 

If and ZT X are considered for the in- 
ternal and external shear loads, they will be 
found to be zero. 

To check ZWy * 0, take moments about point C 

ZMC = -100X7.5 *10x3.75x15 
- 1.25 X 5 - 1.25 x 10 + 1.25 
X 15 =-187.5"#. 

Therefore, to make Me = 0, a constant resisting 
ehear flow of M * 187.6 = .57#/", must be 

3X SxTTxTg 

added to the shear flow system of Fig. A15.32 to 



Fig. AIM! 

give the final internal shear flow system of 
Fig. A15.33. The student should check these re- 
sults by using the shear center method. The 
thickness of walls and webs can be assumed, 
since they have no effect on the shear flow 
system if the web is considered ineffective in 
bending. The amount of twist of the cell will 
of course, be affected by the web and wall 
thickness. 



A 15,0 Uvuijraa trie a 1 -Multiple Flange-8 ingle Cell 

Beam. 

Fig. A15.34 shows a 16 flange single cell 
box beam. This section is identical to the beam 
section of Fig. A13.13 which the section proper- 
ties about the principal axes were calculated. 

In Fig. A15.34 two external loads of 100# are 
assumed acting at indicated. 

The problem will be to calculate the in- 
ternal shear flow system in resisting these two 
external loads. Table A15.1 gives most of the 
required calculations in tabular form. The 
shear flow between flange members (1) and (10) 
is assumed zero. Under this assumption the 
shear Is computed for bending about the two 
principal axes. 
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‘t-JfczAx ^=.229 2 Ax p 

Iz P 

q. = ^ 2 Az p = j^2_ 2 A Zp = .552 2 Az p 
Ix P 

Columns 6 and 10 of Table All.l gives the values 
of q x and q a . The next step Is to check ZMy = 0 
of the internal and external shear loads. Mom- 
ents are taken about the centroid of the section. 


The moment of the shear flow q t and q* on the 
cell wall between two adjacent flange members 
equals the shear flow times twice the area of 
the triangle formed by straight lines Joining 
the moment center 0 and the extremities of the 
cell wall between the two stringers. Column 11 
of Table A15.1 gives the double areas, which 
have been determined by use of a planimeter. 

Columns 12 and 13 give the moment of the shear 
flow q x and q a about point 0. Hence SMo - 
-297.7 + 1766 + 5 x 100 + 100 x 3 = 2268 in. lb. 
For equilibrium SMq must equal zero which means 
that a constant shear flow q must be added to 
create a balancing moment of - 2268 in. lb. 

Q = It = tt-tL = -2.3#/in. (Note 493 = total en- 
c* Closed area of cell). 

Adding q to q x and q* of table A15.1, the 
final shear flow system of Fig. A15.35 is ob- 
tained. 
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115.7 Two Cell-Multiple Flame Box Beam. 

Fig. A15.36 shows a two cell cantilever 
beam with 10 flange stringers. The cross-sec- 
tion Is constant. Let It be required to deter- 
mine the internal shear flow in resisting the 
1000# load acting as shown. For simplification, 
the top and bottom sheet covering and the three 
vertical webs will be considered ineffective in 
taking bending flexural loads. Since the beam 
section is symmetrical about the X axis, the 
beam will bend about this axis in resisting the 
given external load. The amount of inertia of 
the section about the X axis equals 250 in. 4 



Solution l (Without use of shear center) 

The internal shear flow is statically in- 
determinate to the second degree, since the 
shear flow at any point in each cell is unknown. 
Therefore, to make the flexural shear flow 
statically determinate, a value for the shear 
flow q in each cell will be assumed at some 
point, and the flexural shear flow for each cell 
will then be calculated, consistent with the as- 
sumed conditions. These resulting static shear 
flow systems will, in general, produce a differ- 
ent total shearing strain around the perimeter 
of each cell, or in other words, produce a dif- 
ferent cell twist. Since full continuity exists 
between cells, this condition cannot exist, and 
therefore an unknown constant shear flow of qi 
in cell (1) and q« in cell (2) must be added to 
make the twist of both cells identical. This 
fact gives us the basis for one equation and the 
other equation necessary for the solution of the 
two unknowns q x and q, is given by the require- 
ment of equilibrium, namely, that the moment of 
the external and the Internal shear forces about 
any point In the plane of the cross section 
must equal zero. In Fig. A15.37 the flexural 
shear flow has been assumed as zero Just to the 
left of stringer c in cell (1) and Just right of 
stringer c In cell (2). The balance of the 
flexural shear system consistent with this as- 
sumption is calculated as follows; 



Cell (1). (Starting with stringer c and going 
counterclockwise around cell) 

q =- jZ 2Az =-^t^ 2 A z = -4 2AZ 

hence, q c t> - 0 

Qba = 0-4x .5x5 = -10#/ln. 
qaa’ - -10-4x2x5 = - 50#/ in. 
qa'b’ = -50 - 4 x 2 x -5 =-10#/ln. 
q b ' c » = - 10 - 4 x .5 x -5 = 0#/in. 

To obtain q in web cc f integrate from c to c' 
or clockwise, which eliminates the minus sign 
before the equation. Thus 

qcc’ = 0 + 4(1x5) = 20#/ln. 

Cell (2) 

<lccl = 0 

qde = 4( .5 x 5) = 10#/in. 
q ee ’ = 10+4(1x5) = 30#/ln. 
qg.jj, = 30 + 4(1 x -5) = 10 
qa-c- = 10 + 4(.5 x -5) = 0 
q cc , = 0 -4(1x5) = -20#/ln. 

Fig. A15.37 shows a plot of shear flow, plus q 
is clockwise flow. Fig. A15.38 illustrates the 
unknown constant shear flow systems q x and q* 
which must act on cells (1) and (2) respective- 
ly to produce the same cell twist when added to 
the shear flow system of Fig. A15.37. The sense 
of qi and q, has been assumed clockwise or 
positive in each cell. 



Hf. AIM* 

The angular twist of a cell - grg 2 q L/t or 


2A03 - 2 q L/t 

For cell (1) (See Fig. A15.38) 
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2A 


-10x5 50x10 10x5. 
“jB 755 ^S" + 


20x10 . 
To3~ + 



Tsl" • Hence ’ 2A»O0i= 1200 Qi - 333q, 

- 6670 (1) 

For cell (2) 


2AaGe* = 


10X5X2,30X10 20x10, 3X 10 a ,10a 
.'03 + “704 i03 + *7oF * + .04 * 


~ ggl* . Hence, 2A.00„ = -333 qi + 1250 q . + 4170 

- -( 2 ) 

Since there Is continuity between cells, Q x = 

©a. Also since area of each cell Is the same, 

Ax * A». Equating (1) and (2), 

1533 qx - 1583q« - 10840 = 0 (3) 

One other equation IS necessary to solve for un- 
knowns q* and q*, and It Is given by the moments 
of the external and Internal shear forces about 
any point in the plane of the cross section, 
which must equal zero for equilibrium. 

Take moments about point (b) of the shear 
flow system of Figs. A15.37 and A15.38 and also 
the external shear load of 1000#, which in this 
case haB no moment about our assumed moment 
center , 

ZMb = - 50 x 10 x 5 + 20 x 10 x 5 + 10 x 30 x 15 + 200 Ql 

+ 200q* = 0 hence, 200 qi + 200q^ + 3000 - 0 (4) 

Solving equations (3) and (4) for q x and q a , we 
obtain 

q x = -4.07#/in. q* = -10.80#/in. 

The final or true internal shear flow sys- 
tem then equals that of Fig. A15.37 plus that of 
Fig. A15.38 when q x = - 4.07 and q. = - 10.80#/ 
In., which gives the shear flow diagram of Fig. 



Solution #2 (By use of shear center) 

In this solution, we find the flexural 
shear flow for bending about axis X-X without 
twist. The centroid of this internal shear 
system locates the shear center. The moment of 
the external shear load about the shear center 
produces pure torsion on the 2 cell beam. Thus, 
adding the shear due to this pure torsion to 
that of pure bending, we obtain the final re- 
sisting internal shear flow. 


In bending about axis X-X without twist, 
the shearing strain for each cell as given by 
equations (1) and (2) must equal zero. Hence: 

1200 qi - 333q a - 6670 *0 (5) 

-333qi + 1250q« + 4170 *0 (6) 

Solving equations (5) and (6) for qi and q„, we 
obtain q« = - 2.0#/in. q* - 5.00#/in. 

Therefore, taking these values of q x and q* in 
Fig. A15.38 and adding the results to that of 
Fig. A15.37, we obtain the shear flow pattern of 
Fig. A15.40 which is the shear flow system for 
bending without twist about X axis. The centroid 
of this shear system locates the shear center. 

In Fig. A15.40, check: 

2V = 0 = -10 x 45-10 x 28-10 x 27 = - 1000#, 
which checks the external shear of 1000#. 2H-0 

by observation of Fig. A15.40. 



ea a 15 - 40 

(Values in #/in.) 


To find the horizontal position of the centroid 
of the shear flow in Fig. A15.40, take moments 
about point a: 

Zt% = 10 X 27 X 10 + 10 X 20 X 20 
+ 5 x 8x10 - 5 x 2x10 = 8600 w #. 

. • . x = 8600 = 8.6** to the right of web aa f . 
looo 

The external shear load of 1000# acts 5" to the 
right of aa\ and therefore causes a moment about 
the shear center equal to (8.6 - 5.0) 1000 = 3600"# 
To resist this torsional moment, a constant tor- 
sional shear flow qt(i) and qt(2) must act on 
cells (1) and (2) respectively. 


The values of qt(i) and qt(2) can be found 
by using equations (16) and (17) of Art. A5.ll 
of Chapter A5. Thus 


«t(u 


2 |~ a.o A x + a la A) "j 

= " 2 |_a«. A i » + a l ,A. + a. 1 A,» J 

(K) 10 ^ 10) A 10 „ 

05 .55 .33) 100 *.35* 

m : ». w loo-vis. 


200 


l (28 " .55 ’ .03) 100 ’ + .5S x 800 * * 


(16 . IB “15TT77. „_i 158200 

(j 5S + J5B + .5S) 10 °] T ~ 2 |_3Tl96666j T • 


00254 T 


q t (i) * .0Q254T. But, T = 3600"#/in. and the 
resisting torque must therefore he - 3600”#. hence: 


q t (i) * .00254 X (-3600) * -9.17#/ln. 
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^ ra.xA. + &i.A 
"H ~SiIg5555 . 


10) 

.55) 
-M1S6666 


T 

10. 


_ l [oaKsS*^) 100 + ii x200 

" s l 


= .00245T 


hence: q t ( 2 ) = .00246 x -3600 = -8. 85#/in. 


— »* SsS ?fe 


10 8*85x10 
~~703 


8000 
Cell (2) 


3QGA, « 3 + 


10 9.17x10. 



Therefore, if we add to the shear flow sys- 
tem of Fig. A15.40, a constant shear flow tot 
-9.17#/in. to cell (1) and -8.85#/in. to cell 
(2), we will obtain the true Internal resisting 
shear flow of Fig. A15.41, which checks solution 
#1, any discrepancy being due to slide rule ac- 
curacy. 



Torsional Inflections 

The angular twist of each cell is the same. 
The value of the angular twist e per unit length 
of the beam can be found using the shear flow 
pattern of Fig. A15.41 which is the true result- 
ant shear flow, or the pure torsional shear flows 
of qt(i)= ~9.17#/ln. and qt(2) - -8.85#/ln. may 
be used if desired. 

The results will, of course, be the same. For 
example : 

For cell (1) due to qt(l) = -9.17#/ln. and 
Qt(2) = ~8.85#/in.« 


8000 

Cell (1) Final stresses 


Fig. A15.41 


o™. _2qL_ (14.17x5)2 . (4.17x5)2 

2 eo ^-— -j — sr*nn ' 


54.17x10 

ToS 


- 26.68 x 10 

ro3 


= 8000 


Cell (2) Final stresses 

_ 2qL . (10.85 X 5)2 ^ (0.85x5)2 . 26.68x10 

29GA -~ — — ro3”7 oT~7 — 7o3 

- 19.15X 10 _ 


.04 


8000 


A15.8 UnsyMetr leal -Multiple Flange-Two Cell Bean 

Fig. A15.42 shows a two-cell wing beam with 
16 flange members. This beam section is identi- 
cal to the single cell beam of Fig. A15.34 of 
article A15.6 except that an .032 interior web 
has been added between stringers #3 and #12. 

The same external loads are used as in the ex- 
ample of Fig. A15.34. 

The internal resisting shear flow is stati- 
cally indeterminate to the second degree. The 
flexural shear flow for bending about the prin- 
cipal axes for the given loads will be computed 
based on an assumed value for q at two points, 
one in each cell. For this example the shear 
flow q at points c and c* will be assumed zero 
(see Fig. A15.42). Under this assumption the 
shear flow will be exactly the same as for the 
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single cell of Fig. Alb. 34. The calculations 
will not be repeated here but the results will 
be copied direct from column 6 to 10 of table 
A15.1 and entered direct In table Alb. 2 of this 
article. The moment of this static shear flow 
about the section c.g. will be the same as the 
single cell, thus columns 11, 12, and 13 of 
table A15.1 are recooies in table A15.2 without 
further explanation. A constant shear flow q^ 
in cell A and qe in cell B will be added to the 
static flexural shear flows cu and q a to make 
the twist of each cell the same and also to make 
the moments In the XZ plane equal to zero. 

Table Alb. 2 gives most of the calculations in 
tabular form. 

The twist of each cell due to q L , q 8 , q^ 
and q B will now be written. 



Q ~ 2 q L Since G is constant it will be omit- 
t ted. 

“§AG~ 

For Cell "A " 

Enclosed area of cell W A W - 102.5 sq. In. 


e A = g ' x kg (31.7 + 100.6 + 1491 q* - 416 <©) 

Or 8 A = 7.27 q^-2.03 ($+6.85 - (7) 

For Cell "B " 

Enclosed area = 391 sq. In. 

08 ^ S T M ( - 2S6 + 7873+2154 qs -416 q A ) 

or 9g = - .533 q^ 4 2.76 qg ♦ 9.68 ------ -(G) 

But 0* = Qg, bence equating (V) and (8) 

7.803 qx-4.97 qg - 9.00 = 0 (0) 


For equilibrium the moments of external and in- 
ternal shear forces about the Y axis must equal 
zero. Take moments about c.g. of section: 

-297.7 * 1766 ♦ q^ (2 x 102.5) ♦ qg (2x391) 4 100x5 

4 100x3 - 0 or 

205 q^ 4 782 qg 4 2268.3 =0 (10) 


Solving equations (9) and (10) for q* and qg 

CJA * - .55#/ln. qg a - 2.76#/in. 

Adding these constant shear flows to q x and q, of 
table A15.2 we obtain the final shear flow as 
shown in Fig. Alb. 43. Comparing this figure 
with Fig. A15.35 we see the effect of adding the 
interior web on the shear flow. 



A15.9 Thr#e-C© 11 -Multiple Flange Box Bean. 

Fig. Alb. 44 shows a 3-cell box beam subject- 
ed to an external shear load of 1000# as shown. 

The section Is symmetrical about axis XX. The 
area of each stringer Is shown In parenthesis at 
each stringer point. The Internal shear flow sys- 
tem which resists the external load of 1000# will 
be calculated assuming that the webs and walls 
take no bending loads, or, the stringers are the 
only effective material in bending. The moment 
of inertia about the XX axis of effective materi- 
al equals 250 in 4 . (Note: this beam section Is 
Identical to the two cell beam of Fig. A15.36 
plus the leading edge cell (3). 



Solatia, #& (Without use of shear center) 

The system is statically Indeterminate, to 
the third degree, since the value of the shear 
flow q at any point in each cell is unknown. 

The value of the shear flow will be assumed 
at a point m each cell and the flexural shear 
flow for bending about the XX axis will be da- 
te mined consistent with this assumption. A 
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constant unknown shear flow q x , q*, and q» for 
cells (1) and (2) and (3) respectively will be 
added to the static flexural shear flow so as to 
make the angular twist 6 of each cell the same, 
since If any twisting takes place, all cells 
must suffer the same amount. Furthermore, for 
equilibrium, the moment of the Internal shear 
flow system plus the moment of the external 
shear load must equal zero. Thus, four equa- 
tions are available to solve for the four un- 
knowns qi , q», q«, and 9. 

For bending about axis XX, the flexural 
shear flow will be assumed as zero at a point 
Just to the left of stringer a in cell (3) and 
Just to the left and right of~stringer c in 
cells (1) and (2) respectively. One might con- 
sider the cells as cut at these three points. 
Fig. A15.4S shows the flexural shear flow under 
these assumptions. Since the leading edge cell 
(3) has no stringers and the covering is con- 
sidered ineffective in bending, the shear flow 
will be zero on the leading edge portion since 
the shear flow was assumed zero Just to the left 
of stringer a. The resulting flexural shear 
flow for the 3 cell section will therefore be 
identical to Fig. A15.37 and the calculations 
for the flexural shear flow will be identical to 
those in Art. A15.7. 



Fig. AIMS 

Fig. A15.46 shows the unknown constant 
shear flows qx, q*, and q» which must be added 
to the flexural shear flow of Fig. A15.45 to 
make the twist 9 of each cell the same. The 
sense of each has been assumed positive in each 
cell. 


The value 90 will be computed for each cell. 

Cell (3) 

20A.O = 

„„ _ 10x50 . 15.71 „ . 10Q, 10q 1 

2ex 39.40 = __ + _ ggg . q, + gg .- <5g 

or 90 = 10.5q» - 2.56qi + 127 (11) 

Cell (1) 

2^0 = 

+ tS* " 155* * T5S* hence 00 = 6< li - - 1 

33.34 (12) 

Cell (2) 

29A.G = — 

0*39. 

3 x 10 x q« . lOq. 10qi 
753 .04 " .03 

hence; 00 = 6.25q» - 1.67qx + 20.83 (13) 

Taking moments of the Internal shear flow systems 
of Fig. A15.45 and A15.46 and the external load 
of 1000# about stringer a and equating to zero:- 

ZMa = 10 x 20 X 10+ 10 X 30 x 20 - 6 x 1000 - 78.6q,+ 

200qi + 200q» ■= 0 

= 3000 + 78 . 6q» + 200qi + 200q. * 0 - - (12.1) 

Solving equations (11) (12) (13) and 13.1) for the 
unknown q it q„, q» and 00 we obtain: 

q x = - 2.12#/ln. 

q. = - 7.09#/ln. 

q» = - 14.5#/ln. 

00 = - 19.9 

Adding these constant shear flows to the flexural 
shear flow of Fig. A15.45, we obtain the true in- 
ternal resisting shear flow as shown In Fig. 

A15.47 . 
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Solution #2 (By use of the shear center) 

In this solution we find the internal shear 
system for bending about the X axis without 
twist. The centroid of this shear system lo- 
cates the horizontal position of the shear cent- 
er. The given external load produces a moment 
about this shear center. The Internal torsional 
resisting moments are determined by the method 
explained in Chapter A5. 

If the beam bends without twist, then 00 
for each cell equals zero. Thus, equations (11) 
and (12) and (13) are equated to zero, giving 
the following three equations: 

10.bq a - 2.54qi + 127 - 0 (14) 

-q s + 6q x -1.67q a - 33.34 = 0 (lb) 


Example problem 3 of Art. A5.14 of chapter 
A5 shows the distribution of the resisting tor- 
sional stress for this Identical 3-cell box for 
an external torque of -100,000**#, Thus, we will 
take - 2205 = - .02205 times the result in that 
100000 

example problenr, hence; 

Q X - - .02205 x 234.1 = - 5.16#/in. 

q 2 = - .02205 X 208.8 = - 4.60#/in. 

qg = - .02205 X 143.4 = - 3.16#/in. 

Adding these constant shear flows to those of 

Fig. A15.48, we obtain the same values as in 
Fig. A 15 .47 by the first solution. 


-1 ,67q x + 6 .25q« + 20.83 = 0 (16) 

Solving for q x , q« and q 5 we obtain, 

q x = 3.03#/in; q a - -2.53#/in. q a = -11.36#/ln. 

Adding these constant shear flow systems in each 
cell to that of Fig. Alb. 45, we obtain Fig. A15. 
48, the shear flow system for bending without 
twist. To find the centroid which locates the 
shear center, take moments about some point as 
stringer a. 

211 a s 25.56 x 10 x JO + 27.47 x 10 x 20 + (3.03 + 
7.47) 5 x 10 -(6.99 + 2553) 5x 10- 10x 11 

X 11.36 x 7.88 * = 7205*# 

(“Location of resultant flow on curved portion - 

I5'~ 2 *10 9, 4 = 7,88 " from llne aa ") 

Then X = j|2^ = 7.205" to the right -or a = horl- 

zontal location of the shear center for bending 
about axis XX. 


IV'/OQO* 
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A15.10 Problems 

(1) Figs. A15.49 and A15.50 illustrate 
single cell 2 flange beams. Assuming the webs 
and walls ineffective in resisting bending- axial 
loads, determine the internal shear flow system 
for each section in resisting the given external 
loads. Solve by all three methods as Illustrated 
In article A15.2. 


No )66to 



Fig. A 15*49 Nfl* A15-50 


(2) Figs. A15.51 and Alb. 52 Illustrate 
single cell 3 flange beams. Assuming the web and 
wall skin as ineffective In bending determine the 
Internal shear flow system In resisting the ex- 
ternal loads as shown. Solve by the various meth- 
ods of article Alb. 4 



(3) Fig. Alb. 53 shows a rectangular box beam 
supporting a 1000# load as a cantilever beam. 
Assuming all material effective determine the In- 
ternal shear flow system. Solve by the two meth- 
ods of article A15.5. 


The external load V - 1000# acts at a point 5** 
to the right of a. Therefore, the moment of 
the external loa3 about the shear center = 1000 
X (7.205 - 5) = 2205"# 

This pure torsional moment Is resisted by a con- 
stant flow torsional stress in each cell. 
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single cell beam section. Assuming the eight 
stringers as effective only In resisting bending 
loads, determine the Internal shear flow system 
in resisting the external load of 100# applied 
as shown. Determine the shear center for the 


(8) Determine the internal shear flow pat- 
tern for the beam section in Fig. A15.58. The 
four flange members have equal areas. Webs are 
ineffective. 




Fig. A 15-56 


(5) Determine the internal shear flow sys- 
tem for the loaded beam section in Fig. A15.55. 
Assume stringers A, B and C as the only effec- 
tive material. 

(6) For the two cell beam section in Fig. 
A15.56 determine the internal resisting shear 
flow system if the two flange members A and B 
take all the bending stresses. 


taod* 



(9) Calculate the Internal shear flow pattern 
for the beam section in Fig. Alb. 59. Area of 
each flange member is given on the figure. Con- 
sider web members ineffective in bending. 



Fig. A 15-60 


(10) Assuming all webs ineffective In bending 
determine Internal shear flow system for 3 cell 
beam section in Fig. A15.bG. 





ju6,xa 
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(11) The twelve flange members for the beam 
section in Fig. Alb. 60a have same area. Assuming 
all webs ineffective in bending, determine the 
internal shear flow system for the given ex- 
ternal loading. 

A15.ll Shear Flow For Slagle Cell Beaee of 
Variable Moment of Inertia 

The previous part of this chapter dealt 
entirely with beams of constant moment of iner- 
tia along the flange direction. In airplane 
wing and fuselage structures, the common case is 
a beam of non-uniform section in the flange di- 
rection. In cases where the change of the 
cross-sectional areas is fairly well distributed 
between the various flange members which make up 
the beam cross section, the shear flow results 
as given by the solution for beams of constant 
moment of inertia are not much in error. For 
beams where this is not the case, the shear flow 
results may be considerably different from the 
actual shear flows. This fact will be illus- 
trated later by the solution of a few example 
problems . 

A15.12 Th# Determination of the Web Shear Flow 
System By Considering Changes in Flange 
Load. 

Fig. A16.61 shows a single cell distributed 
flange beam. Consider the beam acts as a canti- 
lever beam with the bending moment existing at 
section (A) being greater than that existing at 
section (B) and that the bending moment produces 
compression on the upper surface. By the use of 
the flexural stress equations, the bending 
stress on each stringer can be found, which if 
multiplied by the stringer area gives the string- 
er axial load. Thus at beam section (B), let 
Pi, Pa, Ffe, etc. represent* the axial loads due 
to a bending moment M. The external bending 



Fig. A15-42 Fig. A1543 Fig. A 15-44 


moment at section (A) is M + AM, hence the 
stringer axial loads at section (A) will equal 
Pi ♦ A Pi, P* + AP a , P, + A P e , etc. These 
stringer axial loads are shown on Fig. A15.61. 

Imagine the upper sheet panel 2, 2* 3, 3* 
is cut along the line (a-a). The average shear- 
ing stress q y in the Y direction along any sec- 
tion between flange stringers (3) and (4) equals 
the sum of the flange forces acting in the Y di- 
rection. Fig. A15.62 shows a free body for de- 
termining the q y shear stresses on the Bheet be- 
tween stringers (3) and (4). Since 2Fy must 
equal zero, the resisting shear force Q on the 
line bb must equal AP» and hence the average 
shear per inch equals®qy = AP»/d. In like man- 
ner for the shear stress in the panel between 
stringers (4) and (5), the average shear flow 
qy = (AP a 4 AP* )/d (See Fig. A15.63). 

Fig. A15.64 shows panel (3, 3’, 4, 4’) iso- 
lated as a free body. Taking moments about 
corner 4* : 

ZM, > * AP ** d xb-q x b <1 = 0, hence qx = AP a /cl 

Thus for rectangular sheet panels between 
stringers, the shear flow (& or qg equals the 
average shear qy in the sheet parallel to the 
stringers. A general shear flow equation using 
the AP loads in the stringers over a beam length 
of d can thus be written as follows: 



dn = do ♦ 2 i T — (I 7 ) 

Xxumple Problems: 

Two example problems will be given to il- 
lustrate the difference between the results ob- 
tained by equation (17) and the general shear 
flow equation which applied only for beams of 
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Fig. A15.65 shows a square single cell beam 
with six flange stringers. Between points B and 
C, the beam has a constant flange section which 
is shown in section B-B. The numerals beside 
each stringer represent the area of the stringer. 
Between points B and D, the flange material 
tapers uniformly with the flange material at 
point A as indicated in Section A-A. It should 
be noticed that the increase in flange area is 
obtained by Increasing only corner stringers b 
and c. The shear flow on section A-A will be 
computed by the general equation for beams of 
constant sections and by equation (17) which 
deals with the change in flange loads. 


Axial load in each of the stringers a, b, and 
c = 1000x1 = 1000# 


Considering Sectio n A-A: 




50Q00 X 5 = 10Q0 psl> 


Axial load In stringer (a) = 1000x1 = 1000# 

Axial load in stringer (b) or (c) = lOOOx 2 = 2000# 


These resulting axial loads are shown acting 
on the portion between points A and B In Fig. 
A15.68, which equals the results as shown in Fig. 
A15.69. 


solution l - Using the Shear Flow Expression For 
Beams of Constant Section 

It will be assumed that stringer (a) at sec- 
tion A-A is split in two with half the stringer 
area acting with web ab and half with web ac. 

If webs are considered ineffective In bending 
then 

qab--|j^A = x .5 x 5 = 10#/in. 

Qbb' *10+T5g29x2x5 = 50#/ln. 

Proceeding around the cell the balance of the 
shear flow could be calculated, but due to sym- 
metry enough values have been found for the 
shear flow to draw the complete shear flow pic- 
ture for bending about the X axis when it is as- 
sumed that one half of the area of stringer (a) 
acts with each adjacent web. Fig. A15.66 shows 
the resulting shear flow diagram. The resultant 
of this shear flow pattern is a 1000# force in 
the Z direction and Us location through the 
midpoint of the box since the flow is symmetri- 
cal. The external load of 1000# also acts 
through the midpoint of the cell hence the ex- 
ternal load is in equilibrium with the shear 
flow system of Fig. A15.66, which therefore Is 
the final shear flow system for this method of 
solution. 



A 15-66 Fig, A 15-67 

Solution No . 2 - Considering AP Loads in Flange 
Stringer 8. 


Bending moment at section AA = lOOOx 50 = 50000 

in. lb. 

Bending moment at section B8 = lOOOx 30 = 30000 

In, lb. 


Considering Section B-B: 

~ Banding stress intensity at midpoint of 
stringers by the flexural formula: 



30000 x5 


isr 


a 


1000 psi. 



Having found the AP flange loads over a 
length (d) of 20", the shear flow can be computed 
by equation (17). 

It will be assumed that one half of the AP 
load In stringer (a) will flow to each adjacent 
web. However, there is no AP load in stringer 
(a) hence qab ~ Qac “ 0. Then 

Qbb’ =0 + 2 ^0+~~ = 50#/ln. 


Qb*a’ r W> + 2 



-1000 

20 


= 0 


Due to symmetry the left side of cell would 
give the same results. The results are plotted 
in Fig. A15.67. Since the increase in section 
moment of inertia between beam points B and A is 
increasing at the same rate as the external bend- 
ing moment, the average shear of 5G#/ln. is con- 
stant between the two beam sections A and B. 
Comparing Figs. 66 and 67, we find the first 
method gives a shear flow of 10#/in. In the top 
and bottom webs, whereas actually it is zero. 

This seems reasonable since the entire Increase 
of flange area was placed in stringers b and c. 

example Problem So. 2. 


The same boam as in Problem 1 will be used 
except that the cross-sections at beam points B 
and A are as shown In Fig. A15.70. The increase 
in flange area between beam points B and A has 
been placed entirely in stringer (a) which 
changes from 1 sq. in. at B to 3 sq. in, at A. 


Seer to* 
A-A 


i 

i l ' i 

C a * 


fc A * 

X* * 


r** „ 



/GO" f 

c' 4 o* 


w 4 

i / 

i 

r T 7 


Fig. A 15-70 
Secrwv 
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Solution No. 1 

The same assumptions will be made as in ex- 
ample problem 1, whence 

<lab = |^ 2 z A = ^xl.5x5 = 30#/ln. 

qbb' a 30 + X 1 X 5 = 50#/in. 

Fig. A15.71 shows the plotted results. 


beams of constant section. Likewise the true 
shear flow between stringers a and b is the 
same as between b and b’’ . This seems reason- 
able as all the area increase in the stringers 
was placed in stringer a. 

These simple examples show that variation 
in the section moment of inertia can produce con- 
siderable change in shear flow as compared to 
that obtained by equation for constant section 
beams. 


Fig. A15-71 


Solution No. 2 



m 


Fig. A 15-72 


The axial loads in the stringers at section 
B-B are the same as in problem 1. 


At station A-A 


*b-J- 


Mz _ 50000 x 5 


1000 psi 




Axial load in stringer (a) = 1000 x 3 = 3000# 

Axial load in stringer (b) or (c) - 1000x1 

= 1000# 

Fig. Alb. 73 shows the results, which gives 
the AP loads of Fig. Alb. 74. The web shear flow 
can now be calculated as in example problem 1. 
ft will be assumed as before that one half of 
the AP load in stringer (a) will flow to each 
adjacent web, whence 




$/ «•- A15-73 Fig. A 15-74 


= 2 T = S t50#/ln - 

q bb - = 50 + 2 ^ = 50 + 0 = 50#/ln. 

q b < a' = 50 ♦ 2 ^ = 50 + 0 = SO#/in. 
qa' c' = 50 + 2 s 50 + = -50#/ln. 

qc< c t * -50+ 2 ^ = -60 + 0 = -50#/ln. 

Fig. A15.72 shows the plotted results. 
Positive shear flow means clockwise flow in 
cell. In this problem, the resulting shear in 
the top and bottom webs is 50#/ln. instead of 
30#/ln. as given by the shear flow equation for 


A15.13 Shear Flow in Tapered Web 

Since the airplane wing and fuselage struc- 
tures taper in section, the web panels between 
flange memb- 
ers are usual- * IlSSf*** 

lir A * _Y T A, , IT 


ers are usual- * 
ly tapered in 
width. Fig. 5*' * 

A15.75 shows a A 
tapered canti- ^ q| 
lever beam ' J 

carrying a ^ 
load V at end. 

The flange re- 
actions at the ^ 
left end have 
been found by 
simple statics. 

A free body -r— 

diagram of the 1 
web is shown . ' 

in Fig. A15. 76. °‘ 

Take mom- _L_ 

ents about Fig. ais- 76 
point (0): 

2Mq = vT“ Qi bi ( 


i 

: A, 



Fig. A 15-75 


a. j~. ^ 




- cl b x d - 0 


whence 


= ( bi ) ^ - 

, L - 9a. b » 

bx dT 


hence q» 


Substitute value of q a in (18), we obtain 


q» = (^)qa (is) 

Thus having the average shear flow along the 
stringer side of the tapered web panel, the shear 
flow on the large end can be found by equation 
(19). 


A 15. 14 Kx aupl. Proto 1.. of Itau Flo* In Tepered 
Mult Ip 1. Fiance Single C.ll Bonn. 

Fig. A16.77 shows a tapered single cell 
beam with 6 spanwlse stringers or flange members. 
The beam Is loaded by a 1000# load located as 
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shown. Assuming the mbs ineffective In bending 
the internal resisting shear flow pattern will 
be determined. 

In this solution the shear flow at Station 
120 will be determined by considering the AP 
flange loads over a length of 30” or between 
Stations 90 and 120. 





Consider section at station 120: 


Bending stress - fp 


1000 x 120 x 5 


Horizontal component of axial load in 
stringers * fp A (where A - area) 


P a - 4 x 1333 - 5332# , P b -- 3 X 1333 = 3999# , 
P f . = 2 X 1333 - 2666# 

Consider section at Station 90: 

„ _ 1000 x 90 x 4.25 _ 

f b = 1410 psl . 


P a - 3.25 X 1410 = 4583#, P b - 2.5 X 1410 

3525, P c = 1 .75 X 1410 - 2468 

The change in axial load AP In the stringers be- 
tween stations 90 and 120 equals the difference 
of the above loads. Thus AP a ~ 749, APb - 474, 
APf ; -198. 


Fig, A15.78 shows these AP loads acting on 
the wing portion. Assume the shear flow in web 
aa* Is zero. The 


average shear flow in 
each web panel over 
the length of 30" will 
be calculated by eq. 
(17). 

q y - qo + 2 ^ , Hence 
q y(ab) =0 + 749/30 = 



24.97#/in. 


Since panel ab la tapered in width from 6" 
at Station 120 to 5. 5" at Station 90, the shear 
flow station 120 can be determined 


from Equation (19) 
hence 


^(ab) 


24.97 x 5.5/6 = 
22.83#/ln. 


q y(b C ^ = 24 • 97 + 474/30 = 

1 ' 40.77#/in. 


q xfb C r 40 - 77x6 - 5/6 = 

[ } 37.4 


q yr v = 40.77 + 198/30 = 
lCC j 47.37#/in. 

QZ/^pi \ r 47 .37 x 8,5/10 - 
; 40.2#/in, 



q y ( c t b , j - 47.37 - 198/30 = 40.77 

Qx( c . b . } ~ 40.77 x 5.5/6 = 37.4 

q y (b , a , j - 40.77 - 474/30 - 24.97#/in. 

q Xfh , , v =24.97 x 6.5/6 = 22.83 (See Fig. Alb. 79 for 
' best results) 


IN PLANE FORCES PRODUCED BY INCLINATION 
OF FLANGE MEMBERS 

Since the box tapers in depth and width, the 
flange stringers are not normal to section 120, 
thus X and Z force components are produced on 
section by flange loads. 

Stringer (a) P x - 5332 x 2/120 = 89#, P z « 5332 x 
3/120 = 133# 

Stringer (b) P x * 3999 x 0 ~ 0, P z ~ 3999 x 3/120 - 
100 

Stringer (c) P x = 2666 x 2/320 - 44.5, P z - 2666 x 
3/120 66.6# 

These in plane forces Induced by flange loads are 
also shown In Fig. A15.79. 

The equilibrium of the loads in Fig. Alb. 79 
will be checked: 

ZF z “ 1000 - 266 - 200 - 133.2 - 10 x 40.2 - 1000 - 1001 .2 
2F X - 0 by observation (Check) 

Take moments about stringer (a): 

ZYli r -3 X 1000 + 200x6* 133. 2x 12+ 10X40.2X 
12 4 89 X 10 - 44.5 X 10 * 22.03 X 6 X 10 4 37 .4 X 6 X 10 - 
8680 in. lb. 

For equilibrium, a 
moment of -8688 Is requir- 
ed, which can be produced 
by a constant shear flow u 
q - M/2A - -8688/240 - -36.2#/ *• 

in. Adding this constant 
shear flow to that of Fig. 

Alb. 79, we obtain the final 
shear flow at Station 120 
as shown in Fig. Alb. 80 
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PART B 


CHAPTER Bl 

COLUMN THEORY - COLUMNS WITH STABLE CROSS SECTIONS 


The modern airplane structure Is essentially a thin shell with or without stiffening units. 
The design of this general type of structure involves a consideration of instability in both elas- 
tic and plastic range of stresses. A considerable amount of theoretical and experimental work has 
been done In this special field of structures, but much still remains to be done before the many 
semi -empirical methods of design now being used can be eliminated. 

Part B summarizes and discusses some of the theory and experimental results which are avail- 
able and which form the basis of the various methods for the design of thln-wall aircraft struc- 
tures. The application of the information in part B to the design of monocoque and semi-monocoque 
airplane structures is taken up in detail in several of the chapters of part c. 


GENERAL COLUMN THEORY 


Bl. 0 Methods of Column Failure 


In general all types of column failures may 
be classed under two headings, (Ref. 4), namely, 

(1) Primary or general failure of column as 
a whole. 

(2) Secondary, or local failure. 

Primary or general failure is any type of 
column failure in which the cross sections are 
translated, rotated, or both translated and ro- 
tated but not distorted in their own planes 
(Figs, (a) and (b). Secondary or local failure 
of a column is defined as any type of failure In 
which cross sections are distorted in their own 
planes but not translated or rotated. (Figs, (c) 
and (d). 



(«) Translated < b > T^arslated $ rotated 



S£co«5A*y Oft Local Failooc 


Thus to determine the critical strength of 
a column section from short to long column 
lengths, the critical strengths In bending, 
twisting and local crippling must be found to 
obtain a complete picture as to the action of a 
particular section when used as a column. Fig. 


(e) illustrates how the strength of some sections 
may vary when loaded as a column. 

For a slenderness ratio L/£ between (o) and 
(a) the critical column strength will be deter- 
mined by the local buckling or crippling strength. 
For longer column lengths between (a) and (b) col- 
umn failure may be due to twisting and for still 
longer lengths (b) and (c) failure will be due to 
bending or translation of the sections without 
rotation. 

This chapter deals mostly with the bending 
strength of columns. The twisting strength of 
columns Is touched on lightly near the end of the 
chapter. The crippling or local strength of a 
column is discussed in detail in chapter B5. 
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Bl.l Coluan Buckling 

Fig. Bl.l shows a column subjected to an 
end load P and a side load F. If load P Is very 
small It will take a certain load F to deflect 
the column the small distance A. If load P Is 



increased it will take a smaller load F to de- 
fleet the column the same distance A, until 
finally as load P is increased it will take only 
an infinitesimal load F to deflect the column 
the distance A. This maximum load P Is called 
the column critical load P C r- The column will 
buckle or bend sideways If this P cr load Is in- 
creased a very small amount. This illustrates 
therefore that the buckling strength of columns 
is a function of their bending stiffness. 

If the column of Fig. B1.2 Is given an in- 
itial deflection A it will return to Its origi- 
nal straight condition. If load P Is slightly 
less than the critical load P cr . 

Bl* 2 Euler’s Equation for Critical Column Load 


is y = sin 2* if p is the end load, the bend- 

k tl X 

lng moment at any point = M *= Py - P sin — * 

By the well known "moment area" principle 
(see Chapter A7; art. A7.14), the deflection of 
a point (A) on the elastic curve away from a 
tangent to elastic curve (B) equals the first 
moment of the M/E I diagram between (A) and (B) 
about (A), 




Thus in Fig. B1.3, the deflection of point 
(0) away from tangent at midpoint c equals unity 
in our assumed conditions and it also equals the 
first moment of the area of the M/EI diagram be- 
tween (0) and (C) about (0). (Fig. B1.4). 

The value of the ordinate for M/E I diagram 
at any point x from 0 isJP_ sin njc 

El L 

The total area under the curve is, 
area = ^/ sin Jxdx=^ [- jj cos 5 xl 


Euler's equation is, for pin end columns, 

p - fl a EI where P cr is the maximum col- 
cr L* umn compressive load. 

L = column length 

E = Modulus of elasticity of the material 
I = least moment of inertia of cross-section 

For a column with end restraint or fixity, the 
coefficient C is added or 

P cr = C rf EI/L a (1) 

The equation was first derived by Euler 
many years ago. Derivations are given in prac- 
tically every textbook on mechanics of materials, 
using a method involving a differential equa- 
tion relating curvature to bending moment or by 
use of energy relationships. 

If one knew the shape of the deflected 
column, the critical load P could be found by 
simple considerations of deflections, assuming 
the column in a sort of neutral equilibrium in 
the deflected position. 


2pT pT 

hence area = and half area = 


The center of gravity of the half area is 
Ax a / x da 

( Sl } * = Jf / /2 x s in l x dx , 

i L/2 

= x = / x sin p x dx 
n o L 


Integrating this simple expression and solving 
for x we obtain: 

x - L/n 


Taking moments about point (0) of the M/EI dia- 
gram between 0 and C about 0: 


yo = 1 = 


PL L = PL* 
nEI ’ n ~ ti*EI 


hence, 


_ n*EI 

L* 


Suppose for example that the shape of the 
deflected column curve follows a sine curve 
relationship with deflection at midpoint equal 
to unity. . See Fig. B1.3 

The equation of the deflected column curve 


which is the Euler equation, and thus the as- 
sumed sine curve was the proper one for the 
deflected elastic curve of the column. 

Suppose that the elastic curve of deflected 
column had been assumed as a parabola with unit 
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deflection at midpoint. Pig. B1.5 shows the 
M/EI diagram. 

1 2 

The area of one half the diagram * g Lx 

P , _ PL 
m } " 3eT 

Taking moments about 0 of the area between 0 and 


to the free length. Any degree of end restraint 
effects only the free length. The degree of re- 
straint is denoted by the letter C called the 
end fixity coefficient. Thus Eulers equation 
can be written, 

p ~ c nisi 
^ L 5 


y ° al = m ■ A l= Im hence ' 

4-8EI _ 9.6 El which compares with P = 9.9EI/L* 
P = g-jja - L « t 0 f the euXqj. equation or an 
error of 3 percent. 



For a column pinned at both ends, C » 1, hence 
P = n*EI/L? 

For a column fixed at both ends, 0-4, hence 
P=4n a EI/L 9 

For a column pinned at one end and fixed at the 
other C - 2.25, hence, P = 2.25 n* EI/L* 

For a column fixed at one end and free at other, 
C = 1/4 hence P = .25 n*EI/L a 



PfcftABOlA 
Cl IS CONSTANT 


Rg. B1-5 


This general method of attach is useful in 
solving columns with variable moment of inertia 
and variable E. That is, the shape of the de- 
flected column curve is guessed, which gives 
a definite M/EI diagram, and if the resulting 
elastic curve checks the assumed one the problem 
is solved. Thus problems which are too compli- 
cated for strictly mathematical approach can be 
solved readily by this method although the pro- 
cedure involves considerable arithmetic. 

Bl, 3 Long and Short Columns. End Conditions. 

Tests show that for column stresses below 
the proportional limit of the material, the col- 
umn strength can be accurately calculated by the 
Euler equation. However, when the column stresses 
begin to exceed the proportional limit the Euler 
equation gives a column strength greater than 
that actually given by tests. The reason for 
this fact is because the stiffness of the materi- 
al changes above the proportional limit, that is, 
E is less and is not constant. It is customary 
to call columns which fall in the Euler range 
long columns and those columns which do not fol- 
low the Euler curve as short columns. Bnplrical 
curves are then fitted to the test data and we 
obtain the many short column equations such as 
Johnson's parabolic equation and the straight 
line column equations. The student should re- 
fer to Fig. C2.2 of chapter C2 for a comparison 
of these curves. Chapter 02 gives infonnation 
regarding the practical design of columns* 

End Conditions 

In the Euler equation the distance L refers 


B1.4 Use of Euler* s Equation for Stresses Above The 
Proportional Limit. Double Modulus and 
Tangent Modulus Theories. 

When the stress in a column exceeds the pro- 
portional limit, E is not constant but varies with 
the stress, thus Eulers equation will only hold 
for the entire range of stress if an effective 
modulus E e is used. Thus to make Eulers equation 
general it should be written. 

P = C n a Eel/L* 

There are two well known theories for deter- 
mining a value for the effective modulus E e , name- 
ly, the "Double Modulus" and the "Tangent Modu- 
lus" theories. 


Double Modulus Theory 

When the column stress exceeds the propor- 
tional limit and the column reaches its critical 
load It starts to bend, causing the fibers to 
stretch on one side and shorten on the other which 
in turn subtract and add to the direct column 
stresses. Since the modulus E varies with the 
stress above the proportional limit, we have a 
varying modulus on the column section due to 
this bending. An effective E to use for this 
condition is given by Engesser (Ref. 1 and 2) 
and is expressed as follows: 


Rectangular Section 


4EE* 

e « T7STW1 * 


For I- section 
2EE 1 

E*gTF 


E is the effective or reduced modulus of elasti- 
city 


E* * tangent modulus of elasticity 

E - modulus of elasticity (below proportional 
limit. Using this value of effective E, Euler's 
equation can be used for columns throughout the 
stress-strain range, or 


P = n* EI/L* 


Tangent Modulus Theory 

Engesser (Reg. 1 and 2) originally suggest- 
ed that the strength of columns stressed above 


SX.4 
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the proportional limit could be closely estimat- 
ed by substituting the tangent modulus E 1 tor 
the initial modulus E of the material, or 

P=cn" E' I/L* (2) 


which may be written in terms of area and radius 
of gyration as 


P _ c n" E' 
A TITfT*" 


(3) 


For convenience in plotting this equation, it 
may be written. 


L/t 



The tangent modulus theory seems to check 
actual test results better than the double modu- 
lus theory which should be more correct if col- 
umns were perfect specimens. 


Therefore if the stress strain curve of the 
material is known, the column strength through- 
out the range of stresses can be closely calcu- 


rlse to the various straight line and parabolic 
short column formulas. (See chapter C2). The 
mechanical properties of materials are constant- 
ly being Improved and new materials are being 
rapidly developed for which there is practically 
no column test data available. The column bend- 
ing strength as calculated by the modified Euler 
formula using the tangent modulus is very useful 
in studying the column bending strength for new 
materials. It is always best to check such cal- 
culated curves by a couple of tests for column 
lengths where stresses are above the proportional 
limit of the material. 

Figs. Bl.lO, to Bl.ll show the bending col- 
umn curves for stable cross sections for aluminum 
alloy and stainless steel materials. These 
curves do not show the local strength or the 
twisting strength for column sections which are 
unstable. The use of these column curves will be 
referred to in chapters B5 and B6. Table Bl.l 
illustrates calculations for obtaining these 
column curves. 


lated by the tangent modulus theory. Stress 
strain curves of various airplane structural ma- 
terials are given in chapter Cl. Figs. B1.6, 

B1.7 and B1.8 taken from technical paper No. 1 
of the Aluminum Research Laboratories give com- 
parison of actual column strengths as determined 
by tests with the calculated strengths using the 
double modulus and tangent modulus theories. 

This report gives many other comparison curves 
all of which show a close agreement of the ac- 
tual strength with that computed by the tangent 
modulus method. 

Fig. B1.9 shows a further comparison for an 
I section of 248T aluminum, as given in NACA re- 
port NO. 656 (Ref. 3). 

Thus for a column section for which there 
are no test data, the column strength curve can 
be calculated by the tangent modulus method and 


TmbU Bl.l 

Calculations for determining column curve 
for 24 ST sheet Material. 


(For columns with stable cross-sections) 


*C - i 

*!• 

x 10® (pal) 

L/f ,Tf| k'/fc 

**KiKf c 

5000 

10.5 

144 

4900 

10000 

10.5 

102 

9800 

20000 

10.5 

72 

19300 

27500 

10.5 

61.3 

26000 

30000 

10 

57.4 

28300 

31000 

9.15 

54.0 

29400 

32500 

7.75 

48.5 

30600 

35000 

5.62 

39.6 

32900 

37500 

4.40 

34,0 

35000 

40000 

3.30 

28.6 

37500 

42500 

2.55 

24.4 

39600 

45000 

1.90 

20.4 

42200 

47500 

1.60 

18.25 

44600 

50000 

1.35 

16.30 

46500 

55000 

0.90 

12.7 

51500 


then only a couple of tests need be made to sub- 
stitute the calculated curve in the region 
where column stresses are above the proportional 
limit of the material. 

B1.5 Column Curves of Sections with Stable Crons 
Sections. 

TO obtain a complete picture of the column 
strength of a particular section from short to 
long lengths, the best way of course is to make 
a series of accurate tests covering the complete 
range of column lengths. A curve of the plotted 
results will show the true column strength re- 
gardless whether the failure is due to bending, 
twisting or local crippling. For many sections 
such as round tubes, streamline tubes etc., com- 
plete test information has been obtained. In 
the stress range above the proportional limit of 
the material the test results do not follow the 
Euler column formula with constant E and thus It 
has been conventional procedure to fit an empir- 
ical curve" to the test data in the stress region 
above the proportional limit, which has given 


* The tangent Modulus for the colwnn stresses in the 
flret column are taken from the stress-modulus curves of 
Fig. Cl. 17 of chapter Cl. 

** The stress -modulus curves are for a Material which has 
a yield strength of 43000 psi and B of 10.5 x 10® psi. 

These values ars corrected to the standard values of 40000 
and 10.300.000 by use of the material correction factors Ii 
and K (as explained in ABC-5) L/fc values are than plotted 
against these corrected stresses. 

B1.6 Johnmon-Bulsr Coluan Formula 

As discussed in Art. B1.0 many columns fall 
due to local buckling or crippling. The ques- 
tion of local buckling of column sections is 
considered In detail in Chapter B5. The Johnson- 
Euler column formula (Eq« 5) has been widely used 
to cover both bending and local failure of col- 
umns. In this equation f is considered as the 
local crushing or crippling stress. For design 
convenience this equation has been plotted for 
aluminum alloy and stainless steel as shown In 
Figs. B1.12 and B1.13. The use of these curves 
is discussed in Chapters B5 and B6. 

F c - P/A = f - (6) 
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Bl. 7 TmniontI Instability of Column. 

The calculation of the torsional Instabili- 
ty of a column is more involved as compared to 
bending instability, Lundquist and Fllgg (Ref, 
4) give the general equation for the critical 
failing stress of a concentrically loaded column 
which is subject to a twisting failure as fol- 
lows: 


f crlt. 




n* E 
L'o 


where GJ * torsional rigidity of the section 
E - Young's modulus 

Ip = polar moment of inertia of the cross- 
section 

L 0 = effective length of column 

CgT 55 torsion-bending constant, which is 
dependent upon the location of the 
axis of rotation and the dimensions 
of the cross-section. 

The main difficulty in solving the above 
equation is the determination of the term Cbt* 

For columns acting alone, that is, not attached 
to sheet, twisting failure will occur by rota- 
tion of the column sections about the shear cent- 
er of the cross-section. If the column is at- 
tached to a sheet, the center of rotation will 
move due to the restraint offered by the sheet. 

A rather complete discussion of this prob- 
lem of column twisting is given in (Ref. 4) and 
the student should refer to it. 

For closed sections as columns, the tor- 
sional instability is not the critical factor. 

For open sections, particularly the angle or 
bulb angle section, the critical strength as a 
column may be due to torsional Instability, par- 
ticularly when attached to a sheet which tends 
to cause free leg to roll or weave. 

As pointed out in (Ref. 5), the cross-sec- 
tion of a loaded column usually suffers a dis- 
tortion, which may cause a shift in the axis of 
resistance of the member from the axis of load- 
ing. This shift causes the loading to be eccen- 
tric which produces a moment on the column which 
causes the member to deflect with the result that 
a shear is produced on the affected sections 
whose magnitude is P sin i, where I represents 
the slope of the bent section and P the axial 
load on the column. Such shear stresses produce 
forces on the elements of an open section which 
may cause it to rotate as a whole or may Increase 
the bending of a deflected element. 


Figure B1.14 illustrates the direction of 
shear forces acting on the sections of various 
open sections when the axial load is applied 
eccentrically. In Figure a, bending subjects 
one leg to compression and the other to tension, 
which tends to twist section as a whole. When 
the eccentricity is along the other axis, the 


Bi.e 

tendency is to fail by bending the outstanding 
portions inward or outward due to the shear forc- 
es, as shown in Figures b to f, the direction de- 
pending on whether the point of loading is one 
side or the other of the centroid and on whether 
such flanges are bent inward or outward. Sketches 
(e) and (f) do not present a true picture of the 
acting shear forces since they are unsymmetrical 
sections and the axes considered are not princi- 
pal axes, thus section would tend to deflect about 
both axes. 


(1) Plot a column curve for 24 ST extruded 
material over 1/4 Inch thick. Use tangent-modu- 
lus values from curve of Fig. Cl. 7 in Chapter Cl. 

(2) Compare the curve obtained In problem 
(1) with that obtained by using a reduced modulus 
E as given by the equations for E in Art. B1.4 


-Centroid r Point of 



Tendency to twist. 



Tendency to bend about 
center of back and cause 
legs to collapse inward. 



Tendency same as H b". 

Greater bending is partially 
compensated by greater 
stiffness of flangs. 


1 


(•) 


-Ik*: 


^Cent roid 


j pPol nt of load 


Tendency to rotate 
about plane "o". 


Ifonent about center of back 
reduced by forces on flanges 
and stiffness of outstanding 
legs is increased by flanges. 


(f) 
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O 
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Tendency to twist. 
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CHAPTER B2 

BUCKLING STRESSES FOR FLAT SHEET 


B2, 1 Introduction. 

In the major structural units, wing, tail 
and body of the modern metal covered airplane 
the flat or curved sheet is an important element. 
The structural designer requires information as 
to what stresses will cause a sheet to buckle at 
what stress will buckles become permanent and 
finally what ultimate load will the sheet carry. 
This chapter discusses the buckling strength of 
flat sheet. The following chapters discuss the 
other problems. 

B2.2 Buckling Coutprouslve Strength of a Flat 
Isotropic Sheet 

Eulers equation for the critical column 
buckling load is P C r = n* EI/L® . In this equa- 
tion the term El is referred to as the flexural 
rigidity factor. Pig. B2.1a shows a beam in 
bending. The shortening of the upper fibers due 
to bending stresses produces transverse strains 
which tend to widen the beam, whereas the length- 
ening of the fibers on the lower side produces 
transverse strains which tend to decrease the 
beam width according to Poisson's ratio for the 
particular material. Fib. B2.1b shows the dis- 
torted cross section. The beam theory as gen- 
erally used assumes this transverse distortion 
of the beam section can take place without res- 
traint. 

c p : y U 

(«) (b) 


F cr = n ~ - ~ >HL/^ | , ,for a plate thlcKnes8 

t, £ = t/Vl§> hence 

F °r = W C FTFl Eg)*-- (2) 

Equation (2) is for a plate simply supported at 
the loaded edges and free on the two sides (Fig. 
B2.2) . Plates in practical structures very 
seldom occur with free side edges, the general 
condition usually ranging somewhere between free- 
ly supported and fixed edges. If the side edges 
in the direction of the load- 
ing are restrained against 
buckling, the plate as a 
whole will buckle or bend 
in two directions under the 
critical end load since the 
width of the plate as a 
whole will be considerably 
strengthened in Its abili- 
ty to carry a compressive 
load in one direction. 

The ratio of the length of the plate to its 
width when the sides are restrained influences 
the buckling strength. Thus In Fig. B2.3 if the 
side edges of the plate are freely supported are 
prevented from bowing normal to the paper and the 
rectangular plate tends to act as a series of 
square plates with buckles in each square, since 
it is prevented from buckling in a single long 
wave. Thus in equation (2) we can replace L by b 
the plate width. 
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Experiments on flat plates (width large 
compared to thickness) show that distortion of 
the cross section takes place only near the 
edges (Fig. B2.1c) (Ref. (1) and (5)). It can 
be shown that if the plate iremains flat, (Ref. 
(1)) the flexural rigidity factor El is increas- 
ed by the term 1/(1 -|i*), where ^ is Poissons 
ratio, or the flexural rigidity factor becomes 
EI/<l-n*). 

Thus Eulers equation for flat sheet can be 
written, 

r* — n EX \ 

p cr * Trrprz ' (1) 

or In terms of stress 



Hence the general expression for critical buckling 
compressive stress can be written 


fcr 


= K E 



(3) 
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where K is a function of a/b and the degree of 
edge restraint. 

Fig. B2.4 shows the plot of the factor K 
for various conditions of edge restraint versus 
values of the aspect ratio of the sheet a/b. 

The peaks in the various curves indicate a changB 
in the number of buckles. 

Equation (3) is often written, 

k n* St* 


where K s * 


Figs. B2.5 and B2.5a give a plot of K 0 
values versus a/b values. 


when the term k does not include the values n*/ 
12(1 -H 8 ) 

In practical airplane structures with metal 
covering, the edge restraint on the sheet panels 
dependB on the bending and torsional rigidity of 
the stiffeners which break the sheet up into 
panels. The problem of determining this true 
edge restraint has been studied by several per- 
sons. (Ref. 6 and 7). 

In general for light stringers and formers 
it is usually assumed that all four edges of the 
sheet are simply supported. 

B2.3 Buckling Shear Strength of Flat Inotropic 

Sheet. 

In chapter A4 Art. A4.3, it was shown that 
an element of plate under a pure shear loading 
produces both tensile and compressive stresses 
on the plate element which act at an angle of 45 
degrees from the direction of the shear stress 
and that the value of these tensile end compres- 
sive stresses along diagonal paths are equal to 
the Intensity of the shear stresses. 

Thus buckling of a plate subjected to a 
pure shearing load Is due to the Induced com- 
pressive stresses. The diagonal tensile stres- 
ses tend to restrain the buckles or folds due to 
the compressive stresses at right angles with 
the tensile stresses. 

The general equation for the buckling shear 
stress thus takes the same form as that for 
sheet subjected to edge compression. (Ref. 1) 


= K (9’ 


where, 

Fs cr = intensity of the unlfoimly distributed 
shear stress in psi at the point of in- 
itial buckling 

ji » Poissons ratio, usually taken at .3 for 
metals. 

b 9 Short dimension of sheet in inches. 

t » sheet thickness. 

K * A factor depending on degree of restraint 
of sheet edges and also on the sheet as- 
pect ratio a/b. where (a) is the long 
dimension of the sheet* 

equation (4) is usually simplified as follows:- 
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B2.4 Banding Buckling Strength of Flat Inotropic — 

Shnnt. 

The buckling bending strength of flat sheet 
has also been theoretically determined. (Ref. 1), 
The critical buckling stress can be written, 

^b(cr) ~ ® ("t/k* -( 5 ) 

Fig. B2.6 gives a curve for the value Kb for a 
sheet simply supported on all four edges. 



K, B (t/b)* 
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B2.S Buckling Stmngtn of Flat Isotropic Shsst Under 
Cosfclned Loadings. 

The following relations express the condi- 
tions of buckling under combined loading accord- 
ing to Ref. 8. 






•2*4 
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Compression and Bending 


Rb 1,75 + Rc = 1 (6) 

Compression and Shear 

R s 1,6 + Rc “ 1 ~( 7 ) 


projected ordinate and obsclssa values of point 

( 2 ). 

( 4 ) The factor of utilization or strength 
ratio le obtained as the ratio of the applied 
to the allowable value of either stress ratio 
as follows 


Rb 2 ♦ R 8 2 


Bending and Shear 
1 - -( 8 ) 


where R c = f B , R b = gb > Rs = fg— 

Fc(cr) Fb(or) F s (cr) 


pig, B2.7 shows a plot of these Interaction 
equations. (See chapter C3 for general discus- 
sion of theory of stress ratio and interaction 
curves ) . 



•2*6 Margins of Safety For Combined Two Load 
flyiteas, 

Prom (Ref. Q), when only two applied stress 
systems are Involved and when these remain in 
constant proportion, the margin of safety may be 
determined from Pig. B2.7 by the following pro- 
cedure 


Consider the case of combined bending and 
compression, the interaction curve being defined 
by the equation 


Rb 


1.75 


+ R c = 1 


u = Rfr = Rc _ 
Rb a R °a 
For our example, 
.37 _ .52 


-(9) 


U 


.5 


= .74 


(5) The true margin of safety then can be 
computed from the following equation:- 

M.S. = Q-1 0-0) 

For our example, 

1 

M.S. = .74 - 1 = .35 


For the stress interaction relationship represent- 
ed by the equation R b *+R s * = 1, the margin of 
safety can be expressed as follows:- 

M.S. = 1 -1 (ID 

VRb a + Rs* 


B2.7 Combined Compression, Shear and Bending 
Loading. 

From Ref. 8, the conditions for buckling are 
represented by the interaction curves of Fig. B2.8, 
This fl<mre tells whether the sheet will buckle 
or not but will not give the margin of safety. 
Given the ratios R c , R s and R b :- if the value of 
the R c curve defined by the given value of R b and 
R s is greater numerically, than the given value of 
R c , then the panel will buckle. 

The margin of safety of elastically buckled 
flat panels may be determined from Fig. B2.9. The 
dashed lines indicate a typical application where 
R c = .161, R s = .23, and R b » .38. Point 1 is 
first determined for the specific value of Rg and 
R b . The dashed diagonal line from the origin 0 
through point 1, intersecting the related R c /R s 
curve at point 2, yields the allowable shear and 
bending stresses for the desired margin of safety 
calculations. (Note when R c is less than R s use 
the right half of the figure; in other cases use 
the left half). (Ref. 8) 


(1) From the computed applied stress com- 
pute values of stress ratios R b and K c * Assume 
they are R b = .37 and R c = .52. Point (1) on 
Pig. B2.7 represent the Intersection of these 
values. 

(2) Draw straight line from origin (0) 
through point (1) and extend line until it inter- 
acts the proper interaction curve at point (2). 

(3) Read the allowable Hb a and Rc a # the 


•2.8 Problua. 

(1) A 248T sheet 3" x 9* x .051" has the 3" 
sides simply supported and the 9* sides free. 
Determine the buckling load if the compressive 
load Is applied normal to the 3" sides, 

(2) In problem (1) if all edges were simply 
supported what would be the buckling load* 

(3) In problem (1) If the 9" sides were 
fixed and the 3" sides freely supported or pinned 




ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 
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what would be the buckling load. 

(4) Fig. B2.1Q shows a 4" x 8" x .032 24ST 
sheet loaded by a test frame In pure shear. 

The frame provides groove sup- 
ports thus giving a simply 
supported sheet edge condi- 
tion. What value of P x and 
P 9 will cause Initial buck- 
ling of the sheet. 

(5) A sheet panel 5" x 12.5" x .051 of 
24SRT material has all edges simply supported. 
The sheet Is subjected to combined compression 
and shear loads which produce stresses as fol- 
lows 

f c = 2400 psi., applied normal to 5" side 
and f s = 2800 psi. Will the sheet buckle under 
the loads. If not what Is the margin of safety. 

(6) A 24ST sheet 3" x 12" x .040" has all 
edges simply supported. It Is subjected to the 
following combined stresses 

f c = 3000 psi., ffc = 10000 psi., f R = 8000 
psi. The f c and fp Btresses are normal to the 
3" side. What is the M.8. on buckling strength 
under the given combined stresses? 



Pl«. M-10 
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INTERACTION CURVES TO DETERMINE THE MARGIN 
OF SAFETY IN ELASTICALLY BUCKLED FLAT PANELS - 
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CHAPTER B3 

BUCKLING STRENGTH OF THIN WALLED 
CYLINDERS AND CURVED PANELS 


B3.1 Gtttiral 

The buckling critical stress for thin wall 
cylinders and large curved thin sheet panels Is 
of considerable importance In airplane structur- 
al design since In general tests show that the 
critical buckling stress is equal or near the 
ultimate strength. This chapter gives a resume 
of available theory and experimental data on 
this subject. Application of the data in this 
chapter to practical design is given in part C 
of this book. 


B3.2 Buckling Conpreealve Strength of Thin-Walled 
Circular Cylinders. 


There is considerable experimental data 
available on the buckling compressive strength 
of thin-walled cylinders. (Ref. 1 and 2). A 
resum^ of theoretical studies (Ref. 1) arrives 
at the following general form for the critical 
buckling stress. 


f c(cr) 

where, 


= K c E t/r 


( 1 ) 


t = wall thickness in inches 
r * cylinder radius in inches 
E - Young's modulus for the material 
f c(cr) = crltlcal buckling stress (psi) 

K c = a term which is constant for a given 
buckled wave form. 


Experiments to determine the value of K 
have been made (Ref. 1 and 2) and the results 
show that K Is a function of the r/t ratio of 
the cylinder, but that it is much less than the 
theoretical value for large values of r/t and 
approaching the theoretical value at low values 
of r/t. 

Aluminum Alloy Cylinders 

Fig. B3.1 shows the results of tests on 
aluminum alloy cylinders (Ref. 1). The curve c 
represents the lower limit of data for the most 
perfect cylinders. Care should be used in using 
curve C as a design allowable curve since the 
data as plotted does not show clearly how the 
buckling stress varies with the L/r ratio of the 
cylinder. Equation (2) is recommended as a more 
general basis for obtaining the allowable com- 
pressive buckling stress. 


Steel Cylinders 

Fig* B3.2 taken from (Ref. 1) shows results 
on circular cylinders of various materials in- 
cluding steel. Curve C is the same as on Fig. 
B3.1 for aluminum alloy cylinders. In Fig. B3.2 


it is noted that curve C falls above most of the 
test results on steel cylinders. For preliminary 
conservative design the author has added curve D, 
the equation of which is, 


f c(cr) 


_ 0.09E 

- T7T 


Empirical equation (2) is recommended as a 
better design value since it brings in the ef- 
fect of cylinder length more definitely and has 
been obtained from a detail study of test data. 


Kanenutsu and Nojlma Formula 


Kanenutsu and Nojima (Ref. 3) proposes the 
following empirical equation, which they find 
checks experimental values of the critical buck- 
ling compressive stress on brass, dural and 
steel cylinders for values of r/t between 500 
and 3000 and values of L/r between 0.10 and 2.5, 
where L is the cylinder length. 


= 9 

E 



0.16 



(2) 


Donnell's Equation 


Donnell developed the following equation 
for the ultimate strength of circular cylinders 
in compression. 


*c(ult) = E 


0.6 t/r - 10 

1 + 0.004 JL 
iyp 



(2a) 


approximately this equation equals, 


f c( ult ) ~ 0.3 E t/r ------------ -(2b) 

Equation (2b) has been widely used to esti- 
mate the compressive strength of thin-walled cyl- 
inders, however since the L/r ratio does not 
enter, the equation should be used with caution. 


B3.S Ultimate Compressive Strength of Thin-Walled 
Circular Cylinders. 

Experiments with complete cylinders indicate 
that the buckling load is practically the same as 
the ultimate load, since large axial deformations 
take place suddenly at buckling loads. Thus for 
design purposes use curve c in Fig. B3.1 or equa- 
tion (2) or (2b) preferably (2). 

B3.4 Bending Buckling Strength of Thin-Walled s 
Circular Cylinder®. 

The pure bending stress in a thin-walled cir- 
cular cylinder up to the point of buckling can be 
computed by the ordinary beam formula, 

Mr * 

f b( c) 55 where I = nr t 


B3.1 
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Experiments (Ref* 4) nave shown that the 
bending modulus of rupture, that is the bending 
compressive stress at the buckling load can be 
expressed by an equation of the form 


Fig. B3.7 shows the results of tests on 
17ST aluminum alloy cylinders (Ref. 6). 

The falling stress is shown as a function of r/t 
and L/r. 


F b * K b E (3) 

Except for very short cylinders, the radius 
and thickness as expressed by the ratio r/t are 
the only dimensions that need be considered to 
establish the value of the term Kb. Fig. B3.3 
taken from (Ref. 4) gives a resume of experi- 
mental values on aluminum alloy cylinders. Curve 
C can be taken as the allowable design curve for 
both buckling and ultimate buckling strength. 

For r/t values less than 40 use allowable 
bending stress curves for aluminum alloy round 
tubes in chapter C3. 

Very little experimental data is available 
on steel cylinders in bending, thus Fig. B3.3 
can be used in preliminary studies and designs. 


B3.4& Bending Buckling Strength of Thin-Walled 
Elliptical Cylinders. 

Fig. B3.4 taken from (Ref. 5) gives the 
results from tests on aluminum alloy elliptical 
cylinders in pure bending. In the presentation 
of the results, it was assumed that the ordinary 
theory of bending applied and that the stress in 
compression on the extreme fiber was given by 
the equation, 

fb I “ kb a»t ^ 

where M = bending moment applied in the plane of 
the major axis. 

a = semi-major axis of the ellipse 

k b = a non-dimensional coefficient that 
varies with the eccentricity of the ellipse 
(See Fig. B3.5) which was taken from (Ref. 5). 
Thus in design, calculate the bending stress due 
to the given design bending moment from equation 
(4) and obtain allowable bending stress from 
curve B of Fig. B3.4 using r as the radius of 
curvature at the ends of the major axis. This 
buckling strength can be assumed as also being 
the ultimate strength of the cylinder in bending. 

B3.5 Tor* Iona 1 Buckling Strength of Thin-Walled 

Circular Cylinders. 

From chapter A5, the shearing stress f B in 
the walls of a thin walled cylinder due to a 
torsional moment is given by the following equa- 
tion, 

f s = ( 5 ) 

where A * circumscribed area 
t = skin thickness 

In chapter A4 it was shown that pure shear- 
ing stresses produces compressive stresses of 
the same intensity on planes at 46° with the 
shearing planes, (see Fig. B3.6). Due to these 
compressive stresses, the thin walls fall by 
local instability. 


Fig. §3*3 





In (Ref. 7) Donnell gives the results of both 
theoretical and experimental investigations of the 
torBional strength of circular thin walled cylin- 
ders . 


The critical shear stress equations derived 
by Donnell are as follows:- 

fs(cr) = Tr r^7!7 [ 4 . 6 + V 7 - 8 + 1.67 (VH? L ^) 3/: 

( 6 ) 

For edges simply supported 

*b ( cr ) ■ orffiyn [ 2 • 8 + 

(7) 

where = Poisson’s ratio 

t = wall thickness in inches 
d = diameter in Inches 
L = cylinder length in inches 
fs(cr) ~ critical buckling shear stress in 
psi . 

Fig. B3.8 taken from (Ref. 7) shows how test 
data checks with these theoretical equations. 

The average actual test results are approximately 
75 to 80 per cent of the theoretical results with 
a minimum of around 60%. For design purposes 
Donnell reduces equations (6) and (7) by multi- 
plying them by 60 percent the resulting design 
curves being plotted on Fig. B3.8. 

B3.6 Tor* ion* 1 Buckling Strength of Thin- Walled 
Elliptical Cylinder*. 

The shear stress is calculated by the genera] 
formula. 
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" (8) 

T * torsional moment in Inches lbs. 
t * wall thickness in inches 
A s area of ellipse « nab 
f 8 * shear stress in psi. 

In tests of aluminum alloy elliptical cyl- 
inders (Ref. 5), the shearing stress as given by 
equation (8) were calculated for each test cyl- 
inder when first wrinkle appeared and at ulti- 
mate load. These stresses were plotted on a 
chart similar to Fig. B3.8 see Fig. B3.9 and It 
was found that the values fell below Donnell's 
equations for the shear strength of circular 
cylinders but above the recommended design 
curves. Thus it may be concluded that the 
shearing stress at ultimate load for an elliptic 
cylinder is the same as that for the circum- 
scribed circular cylinder of the same sheet 
thickness and length. 

S3. 7 Strength of Circular Thin-Walled Cylinders 
Under Transverse Shear and Sending. 

For circular cylinders, the equations for 
bending and shear stress according to the gen- 
eral beam theory are. 


B3.ft 

Fig. B3.10 (Ref. 8) shows curves which ex- 
press the strength of a cylinder under transverse 
shear and bending as a percentage of the strength 
in pure bending. In order to use the curve of 
Fig. B3.10 in design it is necessary to know the 
loading conditon M/rV and to be able to predict 
the values of f b and f s (due to V) for the cyl- 
inder. With these three quantities shown, the 
maximum allowable moments can be read from Fig. 
B3.10 as a percentage of that for pure bending as 
obtained from Fig. B3.3 



cylinders subjected to contained transverse 
shear and bending. 


f = W 
n r« t 

Tq = nTE 


-(9) 

( 10 ) 


where t = thickness of the cylinder wall 
r » radius of cylinder. 

In tests of aluminum alloy cylinders (Ref. 
8) under transverse shear and bending, the re- 
sults Indicate that three general cases can be 
assumed to cover the entire field, (Ref. 9), 
namely. 


B3.8 Strength of Illiptical Cylinders Under 
Combined Transverse Shear and Bending. 


The strength of elliptical cylinders can be 
calculated in the same manner as given In Art. 
B3.7 for circular cylinders, with bending and 
shear stresses computed by the following equa- 
tion, 


f - M 
b ~ kb a»t 


( 12 ) 


(13) 


(a) Bending predominating 

(b) Shear predominating 

(c) Intermediate conditions 

In case (a) failure will take place at a stress 
approximately equal to that for pure bending as 
given In Fig. B3.3. In case (b) it was found 
that the allowable transverse shear stress ap- 
peared to be about 20 percent higher than the 
allowable shear stress for pure torsion as given 
In Fig. B3.8. 

For intermediate conditions, the following 
relationship is given by (Ref. 9). 

Rb" ♦ Rs" = 1 -° (H) 

where, 

R b = , Fb from Fig. B3.3) 

H s 3 I s # Fs from Fig. B3.8 and Increased 
F S 2C*. 

Margin of safety for a given loading, 

M.8. = _ ■ - - 1 

VRb» “ R s * 


k v and k b are obtained from Fig. B3.ll 

To use the curves of Fig. B3.10, the abscissa is 
taken as M in which r* = kb a where a * 
F~V ’ k v 

semi -major axis of the ellipse. 
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Fig. 83-11 


B3.9 Strength of Circular and Illiptical Thin-Walled 
Cylinders, in Costa ined Bending and Torsion. 

Limited test data for thin walled cylinders 
in combined bending and torsion indicate the 



S2»£ 


BUCKLING STRENGTH OF 


THIN -WALLED CYLIND ERS 


following stress ratio equation is safe. 

Rb* + R s *1.0 - (14) 

where R& = fjj, Fb from Fig. B3.3 (Ref. 9) 

Fb 

Rs * f§ , F b from Fig. B3.8 
Fs 

M.S. = - - ^ — - 1 

VRb* + R s* 

when transverse shear stresses exist in addition 
to the shear stresses due to torsion, Ref. 9 
suggests as a safe procedure to add the values 
of R for torsion and transverse shear. Hence 

Hb* + (Bs+Rst) 8 =1 (15) 

where R s refers to transverse shear 
R s t refers to torsional shear 

S3. 10 Strength of Thin-Walled Circular Cylinder* 
in Combined Compression and Bending. 

Limited test data indicates that the fol- 
lowing relationship can be used. (Ref. 9). 

R c + Rb * !- 0 (15) 

where R c = £c , F c obtained from Fig. B3.1 
F c 

R b 1 » Fb obtained from Fig. B3.3 

F b 


Buckling of Large Curved Sheet Panels 
B3.ll Introduction 

There is practically no published data on 
the buckling strength of large curved sheet 
panels. A common use of curved sheet sheet pan- 
els is in the small or medium size semi monoc- 
oque fuselages where the fuselage structures 
consists of metal skin supported by relatively 
closely spaced transverse frames with 3 or four 
fore and aft stringers or longerons. Fig. 

B3.12 illustrates this type of fuselage struc- 
ture. To provide bending strength after the 
metal skin has buckled on the compressive side, 
longerons or stringers are used as illustrated 
in Sec. 1-1. 



At least ,3 stringers are required since fuse- 
lage is subjected to loads in both vertical and 


side directions. The metal skin between the 
frames and the longitudinal stringers Is broken 
up into large curved sheet panels. The stresses 
due to fuselage bending which produce compression 
and shear stresses on the sheet will cause the 
curved sheet to buckle under certain critical 
stresses and due to the large panel size in this 
type of construction, the initial buckles in gen- 
eral become permanent. The structural designer 
does not want permanent buckles under the applied 
loads, thus the curved sheet must be so designed 
by regulating its thickness and the frame spacing 
so as t o keep the stresses below the buckling 
stresses. The practical application of the data 
in this chapter is applied to fuselage design in 
a later chapter. 

B3v 12 Buckling Compressive Strength of Largo Curved 
Sheet Panels. 

Timoshenko in "Theory of Elastic Stability" 
page 467 gives the following expression for the 
critical compressive buckling stress, 

F c ( cr ) = 0.6E t/r (17) 

where t = plate thickness 

r = radius of curvature. 

He also states that equation (17) agrees 
with test data on aluminum alloy panels, provided 
the axial and circumferential dimensions for the 
panel are about equal and the central angle sub- 
tended by the panel is less than about 0.5 radian, 
and as the central angle increases to two radians 
the critical stress decreases to about one half 
that of equation (17) 

One aircraft manufacturer in tests of a 
fuselage of the type described in Fig. B3.12 con- 
cludes that equation (17) should be multiplied by 
a correction factor C c varying from .75 to 1.0 
for various r/t ratios and fuselage frame spacing. 

For preliminary design purposes, a constant 
curvature factor of .75 will be applied to equa- 
tion (17), or 

f c (cr) = -60C c E £= ,6x .75 E |= .46 E £ - - (18) 

Until more test data is available, we should be 
conservative in estimating the buckling stresses. 

S3. 13 Buckling Shear Strength of Curved Panels. 

Very little experimental data on the buck- 
ling shear strength is available. 

Younger (Ref. 10) gives the critical buck- 
ling stress 

Fs(cr) * .06 E t/r (19) 

Wagner and Ballerstedt (Ref. 11) gives the 
buckling stress for a simply supported curved 
panel in shear as 

F s (cr) =0.1 E £ + 5.3 E (20) 

where t = sheet thickness 



ANALYSIS AKP DESIGN OF AIRPLAKI STRUCTURES 


Mil 


r * radius of curvature 
b = distance measured along arc between 
stiffeners. 

The writer believes that equations (18) and 
(19) are far too conservative, since they give a 
considerably less value for the critical shear 
stress than the value for a circular thin-walled 
cylinder as given by Donnell's. equation (Art. 
B3.5, Eq. 7) or 

Fs(cr) = (1 ♦ V 2 - 6 * 1 - 40 ^ T ^^) 3/2 ] 

- - ( 21 ) 

For design purposes this equation is multiplied 
by 60 percent. (See Fig. B3.8). Adding three 
or four longitudinal stringers should not de- 
crease the critical shear stress below that of 
equation (20) times 60 percent, which is for a 
complete circular curved sheet without longi- 
tudinal stringers. 

For comparison of the results of the above 
equations take t = .04", frame spacing L = 10", 
Distance b between stiffeners - 30" and r - 30". 

By Eq. (19), F s = 824 psl 
By Eq. (20), F s = 1470 psi 
By Eq. (21), X 60% F s = 2360 psl 

For design of metal covered fuselages with 
closely spaced frames and only 3 or 4 longitudi- 
nal equation (21) multiplied by .6 or the design 
curve of Donnell on Fig. B3.8 is believed satis- 
factory and fairly close to the true conditions. 


Fig. B3.13 shows a plot of the Interaction 
curves for equation (22) and (23) using n - 2. 
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B3.14 Buckling Strength of Large Curved Panels In 
Combined Compression and Shearing Stresses. 

For bending of a thin-walled cylinder com- 
bined with transverse shear and torsion, (Ref.) 
12 glveB the following relationships. 


For compression and shear: 



For tension and shear: 



According to Ballerstedt and Wagner n = 2 as the 
exponent in equation (22) whereas experiments by 
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f c « compressive stress due to bending and 
axial loads. 

Fc - critical buckling compressive stress 
from equation (18) Fc = .45 t/r 
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S3. 8 Pttiblmm 

(1) A circular aluminum cylinder (£*10,600,000 

pal) is 16" long, 24" in diameter and made 
of .032" sheet, (a) Find allowable com- 
pressive stress from Equation (2) page B3.1 
and from graph on page B3.2. (b) Find al- 

lowable bending stress from graph on Page 
B3.2. (c) Find allowable compressive load 

and allowable bending moment. 

(2) Find the allowable torsional moment for the 
cylinder of Problem (1). Assume simply 
supported edges. Find allowable Moment M 
if T * .5M. Find margin of safety if M = 
300 in. lb. and T * 160 160 in. 16. 

(3) (a) Compute the allowable transverse shear 
load on the cylinder of Problem (1). 

(b) Compute the allowable bending moment if 
the transverse shear load is one half the 
allowable, (c) Compute the allowable tor- 
sion if the transverse shear and bending 
moment are each one half of the allowable. 



CHAPTER B 4 

ULTIMATE COMPRESSIVE STRENGTH OF STIFFENED 
FLAT AND CURVED SHEET 


•4*1 Introduction 

The metal covering as commonly UBed In air- 
plane wing and fuselage construction Is relative- 
ly thin, thus the buckling compressive stresses 
are quite low unless the sheet is broken down 
Into very small panels which Is not practical. 

In general the common aircraft metal covered 
structure consists primarily of a stringer sys- 
tem capable of carrying relatively high compreB- 
slve stresses, which causes to sheet covering to 
act in the buckled state since the sheet is fas- 
tened to the stringers. The question as to the 
effectiveness of this sheet In taking stress or 
load after buckling has brought forward many 
theories and considerable experimental data since 
information regarding this matter is important In 
the efficient design of sheet covered structures. 
The practical application of the results ,of this 
chapter are given In Part C of this book where 
the practical design of wings and fuselages are 
considered. 

B4.2 The Ultimate Compression Strength of Isotropic 

Fist Plstss 

Fig. B4.1(a) Illustrates a continuous flat 
thin plate fastened to stringers and the entire 
unit is subjected to a uniform compressive load. 
Up to the buckling strength of the sheet the 
compressive stress distribution is uniform over 
both stringers and sheet as in (Fig. b) assuming 
same material for sheet and stringers. As the 
load Is increased the sheet buckles between the 
stiffeners and does not carry a greater stress 
than the buckling stress. However as the string- 
ers are approached the skin bending stabilized 
by the stringers to which It Is attached can take 
a higher stress and immediately over the string- 
er the sheet can take the same stress as the 
ultimate strength of the stiffener assuming that 
the sheet has a continuous connection to the 
stiffener. Fig. c shows the general stress dis- 
tribution after the sheet has buckled. This 
distribution depends on the degree of restraint 
provided by the stiffeners and the panel dimen- 
sion. 

Various theoretical studies (Ref. 4.1) have 
been made to determine this stress distribution 
after buckling. In general they lead to long 
and complicated equations. To provide a simple 
basis for design purposes, an attempt has been 
made to find an effective width of sheet w which 
would be considered as taking a uniform stress 
(Fig. d) which would give the same total sheet 
strength ae the sheet under the true non-uniform 
stress distribution of Fig. c. 


Equations for Sheet Effective Width 

The question of sheet effective width has 
been considered by many individuals. The names 
of Von Karaman, Sechler, Timoshenko, Newell, 
Frankland, Margurre and Fischel and many more 
are closely associated with the development of 
the present knowledge on sheet effective width. 

The general expression for the critical 
compressive buckling stress is (Eq. 3 of Art. 
B2.2), 

f cr ~ KE ^ g j — - — — (1) 

If the four edges of the plate are considered 
simply supported K = 3.60 (Ref. Fig. B2.4 of 
chap. B2) hence, 

F cr = 3.60 v(iy (2) 

The Von-Karman-8echler method as first 
proposed consisted of solving equation (2) for 
the width w in place of the sheet width b when 
F cr was equal to the yield point of the material, 
since experiments have shown that the ultimate 


Fig. b Sheet etreee distribution before buckling 

mmuin n mxo 

Sheet stress distribution after buckling 



Equivalent sheet effective width 
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strength of a sheet simply supported at the 

edges was Independent of the width of the sheet. 

hence, fyp = 3.60 Ep-j (3) 
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whence 

w = 1,90 t 



JL 

f yp 


-(4) 


w = 1.90 t 


■( 5 ) 


Later the yield point stress was replaced 
by the stiffener stress f 8 t, whence 

T 

f^st 

Early experimental work by "Newell" indicat- 
ed that the value 1.90 was too high as the tests 
indicated an average value of 1.70. Thus the 
equation 

re 

fit 

has been widely used and is recommended by ANC-5 

The effective width w can be expressed in 
terms of the actual plate width b as follows: 


w * 1.70 t 


•( 6 ) 


From (5) replacing 1.90 by K 

*st 3 K e(|)‘ (B) 

Dividing (7) by (8) 



The ratio w gives the amount of sheet width which 
b 

can be considered as fully effective or taking 
the same stress as the stiffener. 

More recent experiments (Ref. 4.1) indicate 
that a closer approximation, to actual conditions 
Is given by Marguerres equation, which is, 



Fig. B4.2 (from Ref. 4.1) gives a comparison 
of the several proposed equations for effective 
width as compared to actual test results. 



Mf. M-l Comparison of Calculated Effaotiva 
Widths with Tsst Results. 


B4.3 Flecbel’e Method for Effective Width 

The following method proposed by Fischel 
(Ref. *.4) appears to check experiments closely 
and takes Into consideration such things as 
variation in the modulus of elasticity and ef- 
fect of inter-rivet buckling. 

Fischel states that experiments of sheet 
stringer sections common to monoco<Jue construc- 
tion produce edge conditions on sheet at stringer 
points which are more closely represented by a 
clamped condition instead of the freely support- 
ed edge condition as used in the Von-Kannan 
equation. 


From (1) 



(7) 


Thus In the general buckling equation (1) 
the minimum value K for clamped edges is 6,35 
(see Fig. B2.4 of Chapter B2). 
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>4,3 


f er - K*(|)“««.aB*(|) - 

let b =» w the effective width when f cr 3 
stringer stress f s t 

whence 


w 3 2.52 t 



( 11 ) 


Equation (11) gives the effective width w at or 
above the initial buckling stress for the Bheet. 


Effect of Variation In Modulus of Elasticity on 
Effective Width, 


Formula (11) assumes the same material for 
sheet and stringer and compressive stresses be» 
low the proportional limit of the material, in 
practical design, this is seldom true. It is 
common practice to use 248RT sheet on 24ST ex- 
truded stringers. The compressive stress strain 
curve of these two materials is quite different 
above the proportional limit. Efficient stringer 
design, particularly closed sections or correga- 
tlons permit ultimate design stresses above the 
proportional limit or in the plastic region 
where the modulus of elasticity is not constant. 
(Refer to Chapter Cl for stress-modulus curves 
of aluminum alloy). Therefore if the stiffener 
stress Is above the proportional limit, the 
tangent modulus E* should be used in equation 
( 11 ). 


The stiffener and the effective width of 
sheet both have the same strain, but if the 
stringer and sheet have different stress-strain 
diagrams as illustrated in Fig. B4.3, this dif- 
ference in stress for the same strain (points A 
and B in Fig. B4.3) must be compensated for in 
the formula. Since stiffener stress is of pri- 
mary concern, it Is necessary to express the ef- 
fective width formula in terms of the stiffener 
stress and correct for the different strength of 



Wf. 34-3 


Typical stras*atnun curves for J48T Aided, M$T 
extruded dural, *od 34dftT Aided. 


Sechler (Ref* B4.5) has shown by strain 
measurements on a panel that at the higher 
stresses most of the load in the sheet is car- 


ried by the portion adjacent to the stiffener. 

By assuming all the stress is carried by a rec- 
tangular sheet adjacent to the stiffener equal 
in width to w 4 and acting at the stiffener 
stress, the load in the sheet will be w* t f s ^, 
where f 8 h is the sheet stress corresponding to 
the stiffener stress at the same unit strain 
(Points A and B, Fig. B4.3), and w is the un- 
corrected effective width corresponding to the 
stiffener stress. Expressing this load in terms 
of stiffener stress and correct effective width 
(w) acting at the stiffener stress, 


P = f sh t w x = f 8t t w 


whence 


w x = 2.52 t 

*8t 


£ab-\ 

*8t \Jt Bt 


t 


( 12 ) 


If sheet and stiffener have same stress-strain 
curve then fsh/^st equals unity and equation 
(11) Is obtained. Equation (12) can thus be 
used for various combination of materials for 
the sheet and stringer if the stress strain 
curve of each Is known. 

Effect of Inter-Rivet Buckling on Effective Width 

Fischel explains as follows how the strength 
of the sheet after inter-rivet buckling is treat- 
ed in arriving at effective width for sheet. 
Inter-rivet buckling is a column failure of the 
sheet between rivets and since the total load in 
the sheet is assumed to be carried by an effec- 
tive width at the stiffener, this effective width 
may be regarded as representing the column between 
rivets. When a column of any type is loaded 
axially in compression, it will sustain this maxi- 
mum stress over a relatively large deflection be- 
fore any large decrease is detected. Thus it may 
be assumed that after inter-rivet buckling oc- 
curs, the sheet stress at which it occurs will 
remain practically constant until the failure 
stress of the stiffener is reached. Thus pro- 
ceeding as before, the effective width of the 
sheet at stiffener stresses above the Inter -rivet 
buckling stress f e will be given by, 

' ■ 2 - K ' U5) 

Combining (13) with (12), the equation for dissi- 
milar materials, 



The lnter-rlvet buckling stress f e , was 
originally determined by Howland (Ref, 6 \ and 
corrected by Newell (Ref. 7). Fischel has ex- 
tended the curves in Fig. B4.4 to cover the en- 
tire range of stresses covered by the curves in 
Fig. B4.3. For stresses above 20,000 psl, the 
Euler formula with tangent modulus was Used to 
determine the inter-rivet buckling stress. Two 
curves are given in Fig. B4.4, one for 248RT al- 
clad stiffeners and the other for 24ST alclad and 
extruded stiffeners. The inter-rivet buckling 
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THE ULTIMATE COMPRESSIVE STRENGTH OF STIFFENED FLAT A^P CURVED SHEET 


stress must be taken from the curve correspond- To use the curves for any rivet spacing above 

Ing to the stiffener material used and not the 8 = 0, detennine the inter-rivet buckling stress, 

sheet material. Equation (14) applies only when f e from Fig, B4.4 for the proper stiffener ma- 
stlffener stress is above the inter-rivet buck- terlal. If this is below the design stiffener 
ling stress, since for stresses below the inter- stress f s t, determine the ratio fe/fst and 
rivet buckling stress the value of f e /fst &©- multiply this by the effective width determined 

comes unity, from Fig. B4.5 for 3=0. For any other combina- 



«g. M -4 inter-rivet buckling curves for flat 
sheet attached to 24ST and 24SRT and 
stiffeners. 

Application of Flschel's Theory to Design 

In Fig. B4.5 Fischel (Ref. 4) has plotted 
curves of effective width of sheet against slf- 
fener stress for various standard guages of 24ST 
alclad sheet commonly used in aircraft design. 
The curves are plotted for a rivet spacing 3-0, 
or a continuous attachment of sheet to stiffener 
and for two stiffener materials, 24ST alclad and 
24SRT alclad, whose stress strain curves are 
shown in Fig. B4.3. It may also be assumed 
without serious error that extruded 24ST alumi- 
num alloy has the same properties as the 24ST 
alclad. The limiting value of the effective 
width w is the stiffener spacing. 
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«g. *4*- Curves of effective width of skin 
versus stiffener stress for various 
standard sheet gages of 248T alclad. 


tion of sheet and stiffener materials, the ef- 
fective width must be found from equation (14). 

The agreement of test data with the general 
theory is shown in Fig. B4.6. The test points 
given in Table 2 of (Ref. 8) are compared with 
the theoretical curve for .032 sheet. The rivet 
spacing on the test panel was one inch for which, 
from Fig. B4.4, the inter-rivet buckling stress 
is 34,000 psl . The theoretical curve is correc- 
ted for inter-rivet buckling and shows good 
agreement with the test data especially at high 
stresses where the experimental method of deter- 
mining effective width was most accurate. Points 
taken from (Ref. 9) for .032 sheet attached to 
corrugations are also compared with the theoreti- 
cal curve and show good agreement. 
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Fig. §44 Comparison of test data with general 
theory. 

Exceptions have been found to the general 
theory in examining available test data. Test 
data on stiffened test panelB with b/t less than 
75, showed that the moments induced into the 
stiffeners by the sheet became of sufficient 
magnitude to alter the boundary conditions. A 
reduction factor of 0.76 for sheet stiffener 
combinations with a b/t below 75 gives a more 
nearly correct effective width w, that is, w as 
determined from Fig. B4.5 or equation (14) should 
be reduced 24 percent. 

This reduction reduces the constant 2.52 to 
1.90 which corresponds to an effective width for 
a simply supported edge. 

Fischel in a later publication (Ref. 4,10) 
gives results of further study and test results 
which the student should refer to# 

B4.4 Ultimate Coapreeelve Strength of Curved Thin 
Sheet Panels 

Very little theoretical or experimental data 
le available on the ultimate strength of curved 
sheet simply supported at edges, or restrained 
by stiffeners. 
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Sechler has proposed a general method for 
estimating the ultimate strength of curved sheet 
with simply supported edges, which is as follows; 

(1) That the edges carry a stress equal to 
the yield point of the material over an effec- 
tive width w determined by the equation for flat 
sheet simply supported at edges. 

(2) That the remaining center portion of 
the sheet of width equal to (b-w) carries a 
critical buckling stress equal to that of a cir- 
cular cylinder having the same thickness and 
radius as the panel. 


Equation (4), w = 1.90 t 


effective width w. 


VS 


gives the 


The load P x on effective strip of width w = 

Pj, = W t fyp - - (15) 

The stress on the remaining portion can be 
computed by either equation (2) or (2a) of Chap- 
ter B3, namely 


f cr = E 


[• or * «■“ or i - - - 


or by the simpler but more approximate equation 

f cr = 0.3 E t/r (17) 

Then load P a on center remaining portion Is 

P, =f cr ( b ~ w ) t (18) 

Example Problem 

The ultimate compressive load will be cal- 
culated for the following curved sheet panel of 
aluminum alloy. The resulting stress distribu- 
tion Is shown in Fig. B4.7 

DATA: t = .020 b (panel width) - 3 In, 

r (radius of curvature) = 20 
L (sheet length) = 12 In. 

Yield point of material - 36,000 psi. 


Effective width g at each edge: 


w * 1.90 t 


1.90 x .02' 


10.3 x 10 • 
36,000 


Load on w = Pj = w t fyp = .642 x .02 X 36,000 = 462 lb 
Buckling stress on center portion: 

By equation (16) 

f cr “ 10.3x10*^ 9 (~| J 1 ' 6 + 0.16 (j§^) 1,3 ] = 18&0 
By equation (17) 


P = 462 + 88 * 550 lb. or, 

P = 462 + 145 = 607 lb. 

The test result on this particular panel 
gave 540 lb. 


y*- 






r 
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PROBLEMS 

(1) A 248T sheet .04 inches In thickness is 
stiffened by 24SRT stiffeners spaced 5 Inches 
apart with a single row of rivets at 1.25 
Inch spacing attaching each stiffener to 

the sheet. If the ultimate stiffener stress 
Is 35,000 psi., calculate the effective 
sheet widths acting with each stringer by 
the various methods presented in this chap- 
ter. 

(2) Repeat problem (1) with a stiffener stress 
of 40,000 psi . 

(3) Repeat problem (1) with a stiffener stress 
of 25,000 psi. 

(4) Determine the ultimate compressive load that 
the following curved sheet panel will carry, 
t = .040, b = 7, r = 30, L * 16. Material 
is 24ST aluminum alloy, E = 10,300,000 and 
yield strength Is 40,000 pal. 

(5) Same as (4) but with t = .051, b = 5, r - 20 
and L - 20 Inches. 

(6) Same as (5) but use 24SRT material which has 
a yield strength of 50,000 psi. 


f cr * 0.3x10. 3x10* X .02/20 = 3090 psi. 

Load P,, on center portion = f cr t (b - w) 

P a = 1860x .02(3- .642) =88 (using f cr from Eq.16) 
P g = 3090 x .02(3- .642) = 145 (using f cr from Eq.17) 
Total net load on sheet * P « P x +P t 





CHAPTER B5 

COLUMNS WITH THIN WALLS: CRIPPLING STRESSES: 
OPEN AND CLOSED SECTIONS 


*5. 1 Introduction 


reasonably well. 


In aircraft structures, sections such as 
angles, zees, channels, tees, square tubes, etc. 
are used for members carrying compressive loads. 
In some cases columns fabricated from these sec- 
tions will act as columns with stable cross sec- 
tions, and in other cases, failure will be due 
to local buckling or crippling. Most of the 
methods in use for calculating the strength of 
such sections are semi-empirical In nature but 
appear to check actual test results reasonably 
well. The general methods given in this chapter 
have been checked against many test results, and 
it Is believed in general that they are accurate 
to within 10 percent of the actual strengths. 

The methods can at least be used in preliminary 
design. 


B5.2 Angle Section* - Bent -up and Intruded 

The angle section is frequently used as a 
member for carrying compressive loads. Angle 
members are made by bending flat plates or by 
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extruding if the minimum thickness is approxi- 
mately 1/16 inch. If the bent-up or extruded 
angle section has thick and short legs as in 
Fig. B5.1, the section when used as a column 
will act as a column with a stable cross section, 
and thus the methods of Chapter B1 can be used, 
using the section properties with respect to the 
principle axis, since the angle will bend about 
this axis aB the moment of inertia is minimum 
about the principal axis as shown In Fig. B5.1 
and B5.2. 


However, if the angle section is composed 
of long thin legs as Illustrated in Fig. B6.2, 
the legs may buckle or go into a wave state be- 
fore the stress given by the Euler equation for 
stable sections is reached. The angle section 
however in the so-called short column range will 
carry a higher load than that which starts the 
legs to buckle. Very little data seems to be 
available on the shape of the column curve for 
equal leg angles In the plastic range or after 
the legs start to buckle. The following pro- 
cedure seems to Check meager test results 


Each leg is considered as a plate simply 
supported on three sides and free on the fourth. 
The buckling stress is given by the equation, 

F cr = .452 E Y ( See EQ - 3 of Art * B5 ’ 4 ) 

This equation is plotted on Fig. B5.12 and B5.13 
for various materials. 


To make test results agree reasonably with 
the ultimate crippling stress and also with the 
initial buckling stress, the assumption for width 
b are given in Fig. B5.3. 

To illustrate the use of these conclusions, 
two example problems will be given. 

Example Problem 1 

Determine the ultimate compressive strength 
of a 1 x 1 x 1/16 extruded 24ST angle 11 inches 
long if end fixity C = 1.0. (Fig. a) 


Solution. 

For the ultimate crippling stress, the ef- 
fective width b of each leg equals, 
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hence b/t * .875/. 0626 * 14. From curve on Fig. 
B5.13 for 248T extruded material and for a b/t * 
14, we obtain an ultimate F cr of 22,400 psi . 
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To determine the stress at which inltital Table bs.i 

buckling of the legs start, we use a width b = 


w - t/2 = 1 - 1/32 * 31/32, hence b/t = .97/.0625 = 
15.5. 

From Fib. B5.13, we obtain a buckling stress 
F cr of 19,200 psl. This stress Is considered as 
the point where the column curve of the actual 
angle breaks away from the Euler column curve. 

The Euler column strength assuming stable 
cross sections will now be calculated. 

L/g = 11/. 199 = 55.3 

From column curve for 24ST extruded materi- 
al (Fig. B1.10 of Chapter Bl), we obtain F c = 
30,500 psl for L/e = 55.3. Since this is higher 
than our Initial buckling stress of 19,200, the 
column strength for this angle is influenced by 
buckling of the legs. To obtain a so-called 
short column curve, we locate one point as the 
ultimate critical stress of 24,300 at L/^ = 20, 
and a second point on the Euler curve at a 
stress equal to 19,200 and assume a straight 
line variation in between. Projecting up on 
Fig. B1.10 on a L/f value of 55.3, we obtain an 



allowable stress equal to 20,500 psl. Hence 
column strength = 20500 x .122 = 2500#. 


B5.3 Critical Local Strength of Chanel, I, and Zee 
Sections 


Example Problem 2 

The bent up angle in Fig. (b) is 24 inches 
long and is fabricated from 24ST alclad material. 

Fig. Ja 
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Lundquist (Ref. 5.1) has presented a theo- 
retical method for determining the local strength 
of channel, I and Zee sections which checks ex- 
perimental results reasonably well, but tends to- 
ward the conservative side. 

The method in general considers the section 
as made up of two basic plate elements and the 
buckling strength of these elements is determin- 
ed taking into account the interacting stabili- 
zing influence of one plate element upon the 
other. 



Assuming end fixity C - 1.5, calculate the The critical buckling compressive stress for 

ultimate compressive strength of the angle a rectangular plate is given by equation 3a of 

member. Chapter B2.2, as follows: 


Solution 

For ultimate crippling stress, 

k/+-W- (.5R + t) _ 1- (.093+ .125) _ .782 „ ^ 

b/t l -gg -jTjg - 6.25 

From Fig. B5.12, F cr = 39400 psl. 

For the initial buckling stress, 
b/t = (W - t/2)/t - (1 - .062)/. 125 * 7.5 
From Fig. B5.12, F cr 58 35400 psl 
Euler column strength: 

24 

V/ ? ~ vTTS x .19 = 104 
From Euler column curve f or 24ST alclad on 
Fig. B1.10 of Chapter Bl, we obtain Fc = 9000 
psl, which la less than the values found above. 

Hence compressive strength of given angle = 
9000 X .23 = 2070#. 



As applied by Lundquist to channel, Zee and 
I sections, this buckling equation Is written, 




In these formulae, either of which may be used, 
ty and tw are the thicknesses of the flange and 
the web plates, respectively, by and by refer 
to flange and web widths as defined In the small 
figures of Figs. BS.5 to B&.8. ky and ley are 
non-dimensional coefficients dependent on the 
shape of the cross-section. The values of these 
terms were calculated by the energy method. They 
are plotted against by/by and by/by respectively 
to obtain the curves of Figs. B5.5 to B5.8. 
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COLUMNS WITH THIN WALLS, 


CRIPPLING STRESSES 


Equations (1) and (3) are as given on these 
figures with f C r replaced by fcr A • The non- 
dimensional coefficient allows for the effect 
of stress beyond the elastic range where E is 
not constant. See Fig. B5.9 Tor variation of 
fcr wlth f cr/\ 

The use of the charts can best be explained 
by the solution of an example. 


Calculate the critical compressive stress 
at which cross sectional distortion begins in 
the I section of Fig. a 

Dimensions: bp = 1 in. by = 2 in. 

tp = 0.1 in, ty = 0.1 in. 



Solution: ^ f = 2 

bp 1 

= °4 = 1 

tp 571 

From Fig. B5.5, kp = 0.662 

From Equation (1), but replacing f cr by * cr A 

fcr _ 0.662 xtr 9 x 10.66 xlO a x (0.1)"_ « 

n 12 63800 psl 

From the solid curve of Fig. B5.9 


f cr - 33000 psl 

This stress theoretically represents the stress 
at which crosB sectional distortion takes place, 
and not the ultimate strength. As f cr approach- 
es the yield point of the material, the critical 
load or stress as found by this method and the 
ultimate strength approach the same value. Thus 
in general this method should be conservative. 
This critical local stress can be considered as 
the strength at zero L/p. For other values of 
L/*, the column strength can be estimated by 
substituting the crippling stress as the stress 
f cr in the Johnson-Euler formula: 



or more conveniently by using the plotted curves 
of this equation in Fig. B1.12 of Chapter Bl. 


BA ,4 ttltlaate Coapreailve Crippling Strength of Opon 
Boot loan 


Practically no theoretical information is 
available on the ultimate crippling strength of 
open sections composed of flat and curved seg~ 
ments. The treatment presented here Is semi- 
emplrlcal but the method appears to check ex- 


perimental data quite well, and is similar to 
methods used by structures department of various 
airplane companies. The method in general con- 
sists of determining the buckling strength of 
the various plate elements and then adding them 
together to obtain the ultimate strength of the 
entire section in compression. Thus in Fig. 
B5.10 the element (a) is considered as a flat 
plate freely supported on all four sides, while 



Pig. 05-10 Pig. 05-11 


plate element (b) is considered as a plate free- 
ly supported on three sides and free on the 
fourth. In the section of Fig. B5.ll plate ele- 
ments (a) and (b) are considered as simply sup- 
ported on four sides and element (c), simply 
supported on 3 sides and free on the fourth. 

From Chapter B2 (Eq. 3), the buckling com- 
pressive stress for a flat plate is given by the 
equation, 

F cr = KE (IY 

For a plate simply supported on 3 sides and free 
on the fourth, Fig. B2.4 of Chapter B2 gives a 
value of K = .452 when a/b = 3. 

hence 

F C r = '4-52 E ~ (3) 

For a plate simply supported on all four 

sides 

K - 3.64 from Fig. B2.4. 


hence 

F cr = 3.64 E (g)*~ (4) 

Equations (3) and (4) are for critical buck- 
ling stresses below the proportional limit of the 
material. As the values of b/t get smaller, the 
buckling stresses will exceed the^proportional 
limit and thus a reduced modulus E is used in 
equation (3) and (4) in the plastic range. 


3uckllng Stress Curves 


Figs. B5.12 and B5.13 give the buckling 
stress curves for aluminum alloy and stainless 
steel as determined by equations (3) and (4). 
Tables B5.1 and B5.2 illustrate the calculations 
and the values of the tangent and modified modu- 
lus of elasticity that were used. 


The general method of determining the 
crippling stress for such sections as shown m 
Figs. B6.12 and B5.13, is to find the buckling 
stress for each plate element and then determine 
allowable crippling stress for the entire section 
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BA«7 


by the following equation 


Table BA 


• 2 


p a 2 Ff T b t {°* a11 Plate elements) 
cs Tb t (of all plate elements) 

a L tfibitx + fabata* fabata StC , ) 

+ bat I** — » ' •" • etc * ) 
(5) 

If the thickness of the plate elements is 
the same, as is the usual case, then 


18-8 Stainless Steel - Tull Hard Cond. 


Sheet Simply Supported 
on all Four Sides. 


r cr = 3.«4 i (i)’ 

or b/t » 


Sheet Simply Supported 
on 3 Sides, Free on fourth 

F cr = .482 j (|)' 

<w b/t “ 


* cs 2 (51 ♦ " b, r b. ) 


- -( 6 ) 


where f x , f B , d x , d # , t x , and t, etc. refer to 
the buckling stress, effective width and thick- 
ness of plate elements (1) and (2) respectively. 


Table BA. la (24ST Sheet) 


Sheet Simply Supported 
on all four Sidea. 


for * 
or b/t s 

n 




Sheet Simply Supported 
on 3 Sides , Free on Other 



1 

2 

3 

— 

5 

6 

7 




a 

*cr 

BB 

b/t 

10000 

10.5 



10000 


If vw 

20000 

10.5 

10.5 

43.7 

20000 

ft* , 1 

ITjfB 

27800 

10.5 

10.3 

37.4 

27500 

BJYB 


30000 

10.0 

10.25 

35.3 

30000 


9 

31000 

9.15 

9.8 

33.9 

31000 

warn 

V 919 


~~rm 

9. 97 

31 .7 

33866 1 

8.07 

BfrflMJB 


3.62 

7.48 

27.9 

35000 

7.48 



4.40 

6.48 

25.1 

37500 

6.48 



3.30 

5.42 

22.2 

40000 

5.42 

Bini 

mi 

2.35 

4.57 

19.8 

42500 

4.87 

9QfiI9 


Ulll 

3.73 

17.4 

43666 

' ■ 

mKim 

kTOh 


3.31 

15.9 

47500 

HjETH 


KTTjjijjTjMI 


2.92 

14.6 

50000 

Wl-TB 


ESZIjH 

Warn 

2.14 

12.0 

55000 

BBS 



Column 2 - Tangent modulus E 1 obtained from 

curves in Chapter Cl for 24ST sheet. 

4 EE* 

Column 3 - E = reduced modulus - (^6 ♦ vS* )* 

where E = Youngs modulus * 10.5 x 10 € 

E* = tangent modulus 

The values of the tangent modulus as obtained 
from the stress-strain curves were for material 
with £ = 10.5 x 10* pel. and yield point 43000 
psi. Before plotting the above values of b/t 
versus f cr , the Material Is corrected to E - 
10.3 x 10* and Fyp * 40000 (which are the ’guar- 
anteed minimum values) by use of correction 
tables of ANC-5. 


l 

2 

3 

4 

8 

HBR 


( X 10 6 ) 


b/t 

Fcr 

b/t 

10000 

27 

27 

99.0 

10000 

34.8 

30000 

27 

27 

70.0 

20000 

34.6 

30000 

25.3 

26.2 

56.5 

30000 

10.9 

40000 

23.2 

25.05 

47.8 

40000 

16.8 

50000 

21.3 

23.9 

41,7 


14. 7 



32.6 

57:6 

66666 

£5.6 

■ 

■vH w' 

21.2 

33.2 

70000 

11.7 


■th 

19.8 

30.0 

80000 

10.56 


mwim 

18.2 

27.1 

90000 

9.53 

WmxSSSim 1 

nn 

... 16,4 

34.6 

100000 

6.66 


8.9 

14.35 

21.75 

110000 

Hi | 

120000 

6.9 

13.30 


120000 

9 

130000 

4.8 

9.52 

16.3 

130000 


140000 

2.8 

6.43 

12.9 

140000 


150000 

0.7 

2.08 

7.1 

150000 

UrB 

154000 

0 

0 

0 

154000 

mi 


The effective width is Influenced to some unknown 
degree by the edge or corner condition of the 
section. Thus a section involving a bend radius 
would have a different restraining effect than 
one without a bend radius. Furthermore, many 
sections have bulb sections at their free ends 
which influence the effective width. The cross 
section details of various sections in Figures 
B5.12 and B5.13 show what has been taken as the 
effective width (b) for the plate elements in 
order to make the calculated results check close- 
ly with many test results of such sections. 

If a plate element is labeled b # in the 
cross-section figures, it refers to a plate free- 
ly supported on all four edges and the buckling 
stress is determined from the curve for all edges 
simply supported. If It is labeled (b) it refers 
to a plate free at one edge and the buckling 
stress curve for a plate free at one edge is used. 


B5.5 Example Problems In Calculating Column Strength 
of Columns with Open Sections 

Example Problem 1 

Figure B5.15 shows the cross-section of a 
column fabricated from 24ST sheet. If the 
length of the column is 12 Inches, what is the 
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ultimate strength If end fixity C = 1. Also If 
C = 2 

Solution. 

The local ultimate crippling strength will 
first be computed. Consider plate element (1), 

b/t » .683/. 032 « 21.3 

From Figure B5.12, Fcr ~ 384-00 psl 

Plate element (2) 

b/t = .467/ .032 = 14.6 

From Figure B5.12, F cr = 20500 psl 

Crippling stress for entire section, 



38400 X .683 ♦ 20500 X .467 x 2 


2 ♦ .467 


» 45380/1.617 a 28100 psl. 

Thus the column section will fall locally at a 
stress of 28100 psl. The next question Is the 
strength for the given length of 12 Inches for 
fixities of C = 1 and C = 2. 


In general, test data show (Ref. 5.2) that 
the relation of the allowable column stress F c to 
the slenderness ratio L/* can be expressed 
closely by Johnson’s Parobollc Equation (see 
Art. B5.3) If the crippling stress F C s Is used 
as the stress at zero L/p hence 

Fc - Fes - 



f of our section = .16 IncheB, hence L/C = 
12/. 16 = 75, using C = 1 and substituting In 
Equation (7) 


F c = 28100 - 


28100 * (75) 
tx 1 x n* x 10,300, 


TSoo ) 2 


28100 - 


10800 = 17300 psl 


This value F c could more conveniently be read 
from the column curves of Figure B1.12. These 
curves are slightly conservative since E has 
been taken as 10,000,000. For a fixity of C = 2, 

F c = 28100 -(1/2) (10800) =22700 psl. 

Thus the maximum column load for C = 1 = 17300 x 
.053 * 917 lb. and 22700 x .053 = 1200 lb. for 
C * 2. 


Another seml-emplrical method which the 
author has used to obtain approximate column 
curve and which appears to check reasonably well 
with test data Is as follows: 


Take the calculated crippling stress F C8 as 
the allowable column stress at L/e * 20. Take 
the lowest buckling stress on any element of 
section as found when computing crippling stress 
of the section as the point where the true col- 
umn curve breaks away for the Euler curve for 
columns with stable sections. Draw a straight 
line between these two points which is consider- 
ed as the- true column allowable stress curve be- 
tween these points. Figure B5.16 illustrates 


this procedure. 



The column strength for our given channel will 
now be calculated by this method. 


Figure B1.10 in Chapter B1 shows the Euler 
column curve for columns with stable sections for 
various aluminum alloys. The calculated crippling 
stress of 28100 psi is located on a L/e value of 
20. From the buckling stress calculations, plate 
element (2) was weakest and buckled at 20500 psi. 
This locates a point on the Euler curve for our 
given material of 24ST. A straight line is 
drawn between these two points. For C = 1 the 


value of L/e = 75 and for C = 2 the effective 



The value of 75 lies on the 


Euler curve and gives a value of 18000 psi. A 


value of L/e = 53 projected to the straight line 
gives 23000 psl. These allowable stresses are 
slightly higher than those given by the Johnson- 
Euler curves of Figure B1.12. 


Example Problem 2 


Figure B5.17 shows the cross-section of a 
column 30 inches long made from 24ST alclad sheet. 
If end fixity coefficient C Is taken as 1.5, 



calculate ultimate compressive load that member 
can carry. 

Solution. 

Calculation of section crippling strength: 

Plate element (1) 

b/t = 2. 59/. 05 = 51.8 

Fcr ( rrom Figure B5.12) = 13800 psi. 
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Plate element (2) 

b/t * 1.4/. 05 « 28 

F cr (from Figure B5.12) = 31000 pel. 

Plate element (3) 

b/t = .70/. 06 = 14 

F cr (from Figure B6.12) = 21300 pel 

Hence crippling stress for entire section Is 


Plate element (2) 

Tests In general, show that a bulb at the 
plate edge does not produce a complete freely 
supported edge condition thus the effective 
width is taken to the outside edge of bulb as 
shown by the cross-hatched area In Figure B5.18. 

b/t = .657/. 093 = 7.05 

F C r from Figure B5.13 = 53000 psl. 


„ _ 2 Fcr b_13800x2 . 59+31000x1 ,4x2+21300x .70x2 

Fes - 


21 

152300 

6.79 


2.59 + 1.4x2 +.70 X 2 
22400 psl 


This stress will be used In the Johnson- 
Euler equation to determine allowable column 
stress for length of 30 Inches with C = 1.5. 


L/f = 30/. 58 = 51.7 

r. .awo- ^ stBfeff&m.) . 2o£oo p.i 


From the curves Figure B1.12 using F c = 22400, 
C = 1.5 and L/f = 51.7, the allowable column 
stress - 20000 psl. 


Calculation of allowable column stress by 
second empirical method: 

30 

Effective L/< = ^ / 58 - 42.2 


Section F C 8 = — 


2b 
129600 
£."626 


) 45600X1 • 314+5300QX • 657X2 
OITTTS57 x 2 — 

= 49300 psi. 


Example Problem 4 (Stainless Steel Section) 

Figure B5.19 shows the cross-section of a 
stainless steel column member. If the material 
is in full hard condition, and the member is 8 



Amu voir 


Fig. BS-19 Fig. §5-20 


On Figure B1.10 for 24ST alclad locate the 
stress on the L/* = 20 line equal to the cripp- 
ling stress of the section = 22400 psl. The 
buckling stress for the weakest plate element 
which la plate element (1) is 13800 psl. Locate 
this point on the column curve and draw a line 
between these two points. Taking L/£ = 42.2 and 
projecting upward to this line, we obtain a cor- 
responding column stress of 19400 psi as compar- 
ed to 20200 psl by Johnson-Euler equation. 

Column strength ■ f c A = 19400 x .318 = 6160 lbs. 
Example Problem 3 

Determine the ultimate crippling strength 
for the 24ST extruded zee section of Figure 
B5.18. 

Solution. 

Plate element (1) 

b/t = 1.314/. 093 * 14,. 1 

F cr from Figure B5.13 = 45600 psi. 



inches long, calculate the ultimate conpressive 
strength if end fixity C = 2. 

Solution. 

The crippling stress for the entire section 
will be calculated first. The section is split 
up into the four plate elements as shown in Figure 
B5.20. 

Consider plate element (1) 
b/t » .125/. 01 » 12.5 

From Figure B5.13 for plate simply support- 
ed at all edges and for full hard condition, 

F cr = 141000 psi. 

Plate element (2) 
b/t * .24/. 01 « 24 
Fcr = 101500 psi 
Plate element (3) 
b/t = .355/. 01 * 35.5 
F cr = 64000 psi. 

Plate element (4) 
b/t « .116/. 01 « 11.5 

From Figure B5.13, using curve for plate free at 
one edge, 

For * 71000 pel 
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Since this value Is greater than the 64000 
for plate element (3), no doubt element (4) 
would tend to buckle at the same stress as (3) 
since element (4) is only stabilized by element 
(3) . Thus 64000 psl will be taken as F cr of 
element (4). 

Section crippling stress F C s = 2 b 
hence 

141000K . 125x£+ 1015QQX , 24x2+64000x , 355x2+64000x . 115x2 
= . 126x2*** . 24x2+ . 365x2+ . 115x2 

s 1M|^Q a 86300 pel. 

The length of the member is 8 inches and 
least radius of gyration is .14 inches hence 
L/{ = 3/ .14 - 57. 

The only sure way of obtaining the column 
strength for the given section would be to make 
a series of tests on various lengths in order to 
obtain the complete column curve. Experience 
has shown that the use of the Johnson-Euler col- 
umn equation, using the section crippling stress 
as the stress at L/£ * 0, checks actual tests 
fairly well. Fig. B1.13 of Chapter B1 shows a 
plot of the Johnson-Euler equation for steel 
with a modulus of 28,000,000 psi. Using the 
curves which are plotted for C 3 2, we obtain 
75000 psi. as the allowable column stress for 
L/« = 57 for a curve which begins at h/t = 0 at 
a stress of 86300 psl, which equals the calculat- 
ed section crippling stress. 

The other empirical method is the same as 
that given in the previous examples, which gives 
the following result: 

Effective column length L* - 8/V§ =5.67 

L'/? * 5. 67/. 14 = 40.4 

On the column curve of Figure Bl.ll of Chapter 
Bl, locate point on L/f = 20 line equal to 86300 
psi (the calculated section crippling stress). 

The first plate element buckles at 64000 psi. 

This stress on the column curve is taken as the 
point where the column strength of our particu- 
lar section begins to break away from the plott- 
ed curve. Draw a straight line between these 
two points. Using an L/f value of 40.4, this 
line is intersected at a stress of 72000 psi, 
which is the estimated column allowable stress. 

The column strength equals f c A or 75000 x 
.017 * 1275# in ohe case, and 72000 x .017 = 

1221# in the other case. 

Bft.6 Mtabcm with Lightening Hole* 

For members with flanged lightening holes, 
a section should be used through the hole and 
the plate element with the hole can be consider- 
ed as simply supported at each side. If the 
hole is unflanged, the strength of each element 
can be taken as the average between a plate 
freely supported and one that is free. This 


CRIPPLING STRESSES 



empirical procedure compares well with tests. 
(Ref « 5.2). 


B5.7 Ultimate Crippling Stma of Cloaed Sections 


For an open section as explained in the 
previous article, the crippling strength of the 
entire section is obtained by adding up the 
buckling strengths of the various flat plate 
elements of the section. For a closed section 
that procedure is too conservative. The side of 
a square tube or a closed section composed of 
flat plate elements can buckle, but since the 
section is closed, a stabilizing influence on 
the section as a whole still remains and permits 
the material at the corner portions to continue 
to take load after the middle portion of the 
plate elements have buckled. 

A close approximation of the ultimate cripp- 
ling stress for a square tube or a closed section 
with flat sides can be found by a consideration 
of effective widths as discussed in Chapter B4. 

From equation (4) of Chapter B4 and using a 
constant of 1,7 Instead of 1.9 to be conserva- 
tive, we obtain 


w = 1.70 t V E/fyp , when effective width w 
is assumed stressed to yield point fyp. 

Total load on w, P = fyp tw (a) 

Let b * width of plate element and F C s the 
average stress on plate element at which ultimate 
crippling occurs. 

Thus P also equals Fes & t (b) 

Equating (a) to (b) and solving for F c8 



( 8 ) 


For stresses aboye the elastic limit, a re- 
duced modulus £ should be used, hence 


F C s 



(9) 


„ * 4 EE' 

where E * m 7 

E' = tangent modulus. 

E = Young's modulus 

Figure BE. 22 shows a plot Of equation (9) 
for aluminum alloy and stainless steel materials. 
The values of the tangent and the reduced modulus 


(MI x 1000) T m <WI * 1000) 
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IS All. 

§ are the same as used In Art. B5.4. 

To find the ultimate compressive strength 
of the entire closed section, a summation of the 
ultimate strengths of the various plate elements 
is made as explained for open sections. (See 
Art. B5.4 equations (5) and ( 6 ).) 

ILLUSTRATIVE PROBLEM 
Example Problem 1. 

Determine the ultimate column strength of a 
1-1/4 - .035 24ST square tube 30 Inches long if 
end fixity C = 1, also if C = 2. 

Solution. 

The local crippling stress will first be 
calculated. 

b/t ratio for tube-side wall = 1 » 33.7 

Prom the crippling stress curve for 24ST 
tubing (Figure B5.22), we obtain F cs = 29700 
pel. as the local strength of the tube. For 
column strength, we refer to Figure Bl.10 of 
Chapter Bl. 

L/f = 30/. 489 = 61.4 


Example Problem 3 

Determine the ultimate crippling stress for 
the closed stainless steel section of Figure 
B5.23. The material is in the full hard condi- 
tion. 



Solution. 

The section is considered as composed of the 
four plate elements as shown in Figure B5.23. 

The ultimate crippling stress will be calcu- 
lated for each plate element. 

Plate element (1) 

b/t = .125/. 01 = 12.5 


hence 

F c * 25400 psl. which Is less than the 
local crippling strength of 29700. 

Area of tube = .1599 

Therefore tube strength = .1599x25400 = 4060# 

For end fixity of C = 2, the effective 
length * 30/vS = 21.2. Then L/f = 21. 2/. 489 = 
43.3. 

From Figure Bl.10, F c = 33000 psl., which 
is greater than the local crippling strength, 
hence tube strength is equal to 29700 x .1599 - 
4750#. 

Example Problem 2. 

Determine the column strength of a 5/8 - 
.022 stainless steel square tube (full hard 
condition) for a length of 20 inches when end 
fixity C = 1-1/2. 

Solution. 

b/t for tube side wall = (.626 - .044)/. 022 
* 26.4 

From Figure B5.22 for full hard condition cripp- 
ling stress = 98300 psi. 

Effective column length for C = 1.5 = L' = 
20/VT75 = 16.3 

LVf 3 16.3/.26 = 62*7 

From Figure Bl.ll, allowable column stress » 
51300 pel. 

Therefore column will fail by column insta- 
bility Instead of local crippling. 

Column strength P * F©A * 61300 X .0483 * 2480# 


Fcs from Figure B5.22 = 138000 psl. 

Plate element (2) 
b/t = .24/. 01 = 24 
F cs = 104500 psl. 

Plate element (3) 
b/t = .2925/. 01 = 29.25 
F cs = 91700 pel 
Plate element (4) 

The two legs are spot welded together thus 
they will be considered as one plate with .02 
thickness. 


The buckling strength of this element which 
has one edge free is taken from the curve on Fig. 
B5.13 for a b/t = ,24/. 02 - 12 and equals 68000 
psi. 


The crippling stress for entire section is 


F C s 


Z Fns b t 

T blr 


4 ( 130000X . 1254 104600X .24*91700x * 2926 ) • 01+68000X . 24X2X . 02 
F ca a J 4 ( 


*3420/. 0369 96300 psl 


For a given column length, the column 
strength could be found as illustrated in the 
previous two examples. 


»5„e Crippling Stress of Sections fits Combined 
Curved nad fist Piste lleaente 

It is common practice to uss stiffener sec- 
tions as illustrated in figure B6.24 which Involve 
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both flat and curved plate elements. Test on 
curved panels tend to indicate that the buckling 
stress and the ultimate stress are practically 
the same. The following empirical procedure 
seems to check reasonably well with the meager 
test results which are available and is satis- 
factory for preliminary design but should be 
checked by tests for final design. 

(1) If the critical buckling stress of no 
flat plate element of the section Is reached be- 
fore the buckling stress of the curved element 
is reached, than the crippling stress for the 
entire section is taken equal to the buckling 
stress of the curved element. 

(2) If the critical buckling stress of any 
of the flat plate elements Is below the buckling 
stress of the curved plate element, then the 
maximum load carried by the section equals the 
buckling loads on the flat plate elements which 
have buckled, plus the buckling stress of the 
weakest curved portion, times the remaining area 
of the elements which have buckling stresses 
above that calculated above. 


For practical aluminum alloy stiffeners as 
Illustrated In Figure B5.24, the r/t values are 
usually relatively small, very seldom over 30, 
thus it seems appropriate to use the crippling 
stresses for aluminum alloy circular corruga- 
tions as given in ANC.5, and which are given In 
Figure B5.25. 

Fig. §5-25 
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Example Problem. 


Figure B5.26 shows a typical stringer sec- 
tion. If the material is 24SRT aluminum alloy, 
calculate the ultimate crippling stress for the 
section. 



Solution. 

Consider curved plate element (1) 
r/t = .516/. 032 = 16.1 
From curve Figure B5.25 
F cr * 45000 
Flat plate element (2) 
b/t = .928/. 032 = 29.1 
From curve Figure B5.12 
F C r ~ 37500 psl. 

Flat plate element (3) 
b/t = .811/. 032 = 25.4 
F cr = 42000 psl. 

Flat plate element (4) 
b/t = .28/. 032 * 8.75 

From Figure B5.12, use curve for plate with one 
edge Tree. 

F cr « 42500 psl. 

Crippling stress for section 



45000xnx . 516+37500X . 928x2+42000x . 811x2+42600x.28x2 


nx . 5 16+ . 928x2+ . 81 1x2+ . 28x2 


234400 

5.66 


= 41400 psl. 


For any given length the column strength can be 
found as Illustrated in previous examples. 


PROBLEMS 

(1) Determine the column strength of a 1-1/4 
x 1-1/4 x 3/32 248T extruded angle 28 inches long 
If end fixity C = 1.5. Find strength also for 

C = 2. 

(2) The channel section in Fig. B5.2'r Is 16 
Inches long and is fabricated from 24ST alclad. 
Determine the column strength If C - 1. Also If 
C = 2.0. 
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(3) The section of B5.28 is 32 inches long. 
Calculate the ultimate compressive strength if 
C = 2. The material is 24ST aluminum alloy. 



(4) Determine the crippling stress for the 
extruded 24ST bulb angle section of Fig. B5.29. 



Pig. 15-29 





(5) Determine the crippling stress for the 
extruded T section of Fig. B5.30. 
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(6) Determine the crippling stress for the 
stainless steel section of Fig. B5.31, if ma- 
terial is in the full hard condition. If length 
is 18 inches and C = 2 what is the column 
strength. 



(7) Determine the strength of a 24ST square 
tube 27 inches if C = 1.5. The outside dimen- 
sions of the tube is 1-1/4 Inches and the wall 
thickness is .058 Inches. 

(8) Determine the crippling stresses for 
the two sections of Figs,. B6.32 and B5.33 if 
material is 24SRT ale lad. 


CHAPTER B6 

COMPRESSIVE STRENGTH OF 
SHEET-STIFFENER UNITS 


B6.1 Introduction 

Possibly the most common type of metal 
airplane structural design is the use of flat 
or curved sheet as the surface covering which 
is stiffened by attached stringers running 
parallel to the bending stresses. Figure B6.1 
illustrates such types of structures. 



In tension the sheet and stiffeners are 
equally effective, however, under compressive 
stresses, the sheet and stiffeners are not 
equally effective under all stress intensities. 
The determination of this combined effective 
strength of a sheet stiffener unit is thus a 
necessary consideration in the design of a large 
proportion of the so-called stressed-skln struc- 
tures. 

Chapter B1 considered the column strength 
of stiffeners with stable cross-sections. Chap- 
ter B4 considered sheet effective widths and 
Chapter B5 considered the crushing or local 
crippling strength of stiffener sections. This 
chapter makes use of this information in con- 
sidering the compressive strength of the combin- 
ed sheet-stiffener unit. 

B0. 2 8h*«t effective Widths 




Figure B6.2 shows the compressive stress distri- 
bution on a flat sheet stiffened with stringers 
parallel to the applied compressive load. Over 
the stiffeners, the sheet and the stiffener have 
the same stress intensity but between stiffeners 
the sheet stress falls off in the general manner 
as indicated. 

Figure B6.3 shows a convenient assumption 
in which the variable compressive stress on the 
sheet is replaced by an effective width , w a , 
etc., which carries the same stress intensity 
as the stiffener and whose widths w are such as 
to make the total sheet load equal to the origi- 
nal sheet with its varying compressive stress 
distribution as shown in Figure B6.2. Chapter B4 
should be referred to for the various expressions 
which have been derived for calculating the ef- 
fective width w 0 . 

The total compressive load P on a stiffener 
plus its effective sheet width then equals 

P“fst (A s t + W e t) - -- -- -- - — -(1) 

where 

f s t stress in stiffener in psl. 

Ag£ - area of stiffener in square inches. 

t - sheet thickness in inches. 

w e - effective width of sheet acting with 
sti f fener . 

Figure B6.4 and Table B6.1 gives the recom- 
mendations of ANC-5 for sheet effective widths, 

B6.3 Eat 1 ba t Ion of Comp rasa lv« St rang t ha of 8haat- 

Stiffsaar Panels 


If the axis for the least radius of gyration 
of the stiffener section Is parallel to the panel 
sheet to which It is attached and the stiffener 
does not fall through torsional Instability, the 
compressive strength of a sheet-stiffener panel 
can be calculated fairly well without resort to 
tests or sufficient Information can be obtained 
for preliminary design. This Is due to the fact 
that the stiffener tested alone fails in the same 
manner as when attached to the sheet. 
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(a.) Panel with stiffeners having a 

SINGLE LINE OF CONNECTION TO THE SHEET 



(t>) Panel, with stiffeners having a 

DOUBLE LINE OF CONNECTION TO THE SHEET 


Table B6.1 
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The general method to he used is essential- 
ly that proposed by Lundqulst (Ref. 6.1). In 
this method, we need to know the complete column 
curve for the stiffener acting alone. This 
problem is considered in Chapters B1 and B5. 

The general procedure is a trial and error pro- 
cess. The author suggests the following pro- 
cedure : 

(1) Assume an effective width of sheet of 
30t acting with each rivet line or attachment 
line of sheet to stiffener and calculate the 
column strength for the section. For pin end 
conditions use c = 1 and for flat ends use C 
from 2 to 3. 

(2) compute the effective sheet width for 
the column stress obtained in step (1). If this 
effective width is different than the width of 
30t as assumed in (1), modify the effective 
width and compute the new section properties of 
stiffener with the new assumed effective sheet. 
Compute the column strength of this new t section 
and the effective sheet due to this column 
strength. Repeat this process until the assumed 
effective sheet width equals the calculated 
width. 

EXAMPLE PROBLEM NO. 1 

Figure B6.5 shows a sheet stiffener panel 
12* long. The details of the channel type stif- 
fener are given in Figure 6.6. If all material 
is 24ST aluminum alloy and end fixity of panel 
is assumed as C « 2 what is the strength of an 
intermediate stiffener plus it effective sheet 
if rivet spacing is assumed small enough to pre- 
vent buckling of sheet between rivets at stres- 
ses below the stiffener column strength. 

Solution. 

The width of the effective sheet , which can 
be considered as carrying the same stress as the 
stringer, depends on the stringer stress. The 


stringer ultimate stress is determined by the 
column strength of the stringer plus its effec- 
tive sheet width. Thus the method in general 
must be a trial and error method. 

As discussed in Chapter B5, the column 
curve for a channel section follows the Johnson 
parabola quite well if the crippling stress is 
used as the column stress at L/f = 0. 

In example Problem (1) of Art. B5.5, the 
crippling stress for this Identical channel was 
computed and the results gave 

Fqq — 26,100 psl . 



The effective sheet width acting with an 
intermediate stiffener will be assumed as equal 
to 30t - 30 x .025 * .75 inches* Figure B6.7 
shows the resulting section. To obtain the al- 
lowable column stress for this section the radius 
of gyration oust be determined. Hr. R. J. White 
of C.I.T. (Ref* 6.3) has developed equation (£) 
which gives the variation in the radius of gyra- 
tion in taros of the known variables for any 
stiffener cross-sect ion. since the falling 
stress of a column is directly proportional to 
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the radius of gyration squared equation (2) can 



« radius of gyration of stiffener alone. 


^ = radius of gyration of stiffener plus 

effective sheet 

A 0 = area of stiffener alone. 

S = distance from center of sheet to 
neutral axis of stiffener. 


This effective width is greater than the 
.75 Inches which was assumed as acting with the 
stiffener. This greater width will change the 
radius of gyration of the section which in turn 
effects the column strength, thus a second guess 
for the effective sheet width must be made and 
the calculations repeated to see if the calculat- 
ed effective width w checks the assumed width. 

Take I = .92" 

~ ♦ 92 X . Q25 _ a;*/, 

Togg 

From curves Figure B6.Q, 


= ,950, hence £ = 
.156 


t = thickness of sheet. 

J? - total width of sheet assumed acting 
with stiffener. 

Equation (2) has been put In curve form. 
(Figure B6.8). 

The radius of gyration of the section of 
Figure B6.7 will now be calculatod using the 
curves of Figure B6.8 

S = .156 + .0125 ~ .1685 Inches 

? 0 ~ .16 inches, (given In Figure B6.6), 
hence 

J- = .1685/. 16 = 1.052 
To 

X = 30t = .75 inches, A 0 = .053 (Fig. B6.6) 


ft . .75 x .025 
A q • 053 


.364 


From curves of Figure B6.8 for above values of 
S/fo anci » we obtain “ .925, from which 

A 0 Ifo/ 

^ = .158" 


From Chapter Bl, Johnson's parabolic column 
equation is, 


F c ~ Fes ~ 



40 n* E 


(3) 


The crippling stress F C s for our section Is 
28,100 psi. For a 12" panel length L/£ - 
12/. 158 =76, C is given as 2. Hence substi- 
tuting in equation (3) 


„ inn 557155 x 76 

F c - 28, 100 - 4 X 2x n*x 10.3x 10* 


= 28,100 - 5580 = 22,520 psl. 

The equation for sheet effective width as recom- 
mended by ANC-5 will be used in this example. 

w = 1.7t (See Table B6.1), hence 
w = 1.7 x .025 30^i||2^^ a .91 inches 


L/f = 12/. 156 = 77* 


F c = 28,100 


28100* X 77* 

‘ 4 x 2 x n* x 10.3 x 10* 


= 22280 psi. 


w = 1.7x 


•° 2b Vl 


0300000 


checks the assumed 


222 bO 
92. 


= .915 inches which 


Therefore, the total allowable compressive 
load on a stiffener plus its effective sheet 
equals, 

P total = F c <A Bt + w t) 

= 22280 (.053+ .92 x .025) = 1695# 

The student should solve the problem using the 
other expressions for sheet^ effective width as 
given by equations (5) and *(10) of Chapter B4. 

End Stiffeners of Sheet Stiffener Panel 

Figure (A) illustrates the edge stiffener 
of the panel of Figure B6.5. The edge of the 
panel plate (ee of Fig- 
ure A) represents a £ 

plate where one edge Is 4 

free and the other 3 " 

sides are restrained. 

In Chapter B5 equa- 
tion (3), the buckling || a 

stress for a flat plate 
free at one edge and 

simply supported on the other three sides is 
given by 


=g 


F cr = .452 E (|)' 


(4) 


Therefore the crippling stress for the 
edge plate ee of Figure (A) is 

F cr = .452 X 10,300,000 =20,700 psi. 

If this buckling stress Is greater than the col- 
umn strength of the stiffener then the entire 
distance of 3/8 inch would be effective. If 
less than the column strength of the stiffener 
the effective width of the edge plate can be 
determined by the following equation: 

*W> = a T? (6) 
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where 


a = distance from rivet line to edge of 
sheet . 

F cr - buckling stress for sheet designated 
by (a) and computed by equation (4). 

F c * column strength of stiffener plus 
total effective sheet acting as a 
column unit. 

In the foregoing example dealing with an Inter- 
mediate stiffener the effective sheet width was 
found to be .92 inches which is more than is 
available for the edge stiffener. The column 
strength for an intermediate stiffener was 
£2,280 psi. The column strength F c f or the edge 
stiffener will be higher since less effective 
sheet area will increase the radius of gyration 
of the column unit. Thus it will be slightly 
conservative to use the column strength of an 
intermediate stiffener for the edge stiffener in 
computing effective width of edge plate (a) of 
Figure A, hence 


w (edge) 


= .375 X 
F C 


20700 

22280 


.35 inches 


Thus the total sheet acting with edge stiffener 
is .35 + .92/2 = .81 inch as shown in Figure B. 
The total load carried by edge stiffener unit 
will equal 22280 (.053 + , . 

.81 x .025) = 1620# f - 3S "T~ 46 “d 


ANC-5 (See Table 
B6.1) recommends that the 
effective width of edge 
plate be calculated by 
equation 


l 

Fig. B 


w = ct \/ E/F co , where C = .60 
Substituting 


.60 x .025 


/1 0300000 . 

V 22280 


.32 inches as 


compared to .35 calculated above. 


When the sheet and stiffener are made from 
different aluminum alloys and rivet spacing Is 
such as to permit buckling of sheet between 
rivets, a method of approach as proposed by 
Fischel and illustrated In Example Problem 2 Is 
recommended. 


Example Problem 2 

Figure B6.9 shows a sheet-stiffener panel 
20 Inches long. The sheet material Is 24ST 
alclad and the stiffener material Is 24SRT . 
Figure B6.10 gives details of the stiffener sec- 
tion. The sheet Is attached to stiffeners with 
rivets at 1 Inch spacing. 


Let is be required to determine the effective 
width of sheet acting with the stiffener and 
the ultimate compressive strength of a stiffener 
unit for a length of 20 Inches when the end 
fixity of panel is taken as C * 2. 



Solution. 

In this solution, the method proposed by 
Fischel for determining the sheet effective 
width will be used. This method as explained by 
Fischel is given In detail in Chapter B4. 

Since the effective sheet width Is a func- 
tion of the stiffener stress, the ultimate col- 
umn strength of the stiffener must be calculated. 
This column strength depends on the radius of 
gyration of the section which In turn is influ- 
enced by the amount of effective sheet, thus 
the general solution falls in the trial and er- 
ror category. 

Tests have shown that a stiffener section of 
this type attached to sheet gives a column curve 
which follows the Johnson parabola if the cripp- 
ling stress is taken as the column strength at 
L/^ - 0. 

In the example problem of Art. B5.8 of 
Chapter B5, the crippling stress of this same 
stiffener was computed and gave a result of F cs 
= 41400 psi but for 24SRT material. If 24SRT 
alclad material is used the result would be 
38500 psi. (Student should check this value). 

As a trial effective sheet width, a length 
of sheet equal to 30t will be assumed acting 
with each rivet line (Figure B6.ll). 

The radius of dot* 3 o«<Mc| pi* 16-u 

gyration of this comp- | , 

osite section will be 
computed using the — r.i 
curves of Figure l j J 
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MSaS 

8 = .566 
to « .536 (Figure B6.10) 

= .566/. 536 = 1.058 

fo 

i = .96 ♦ .96 = 1.92 


it _ 1.92 X .032 . 

Ao 375 

From curve Figure B6.8 

L 


.35 


v 0 / 


= 97, hence f a .528 


for 20 inch length stiffener unit = 

= 37. 8. using Johnson's column formula 
1 _ • / L\* 


20 

325 


F c - F, 


Fes 


cs 


a 


4Cn«E 


F c * 38500 - 


38500* x 37.8* 

4 x 2 x n' x lO .3 x 10 • 


= 38500 - 2600 


= 35900 psl. 

From Fig, B4.5 of Chapter B4 we find that the 
effective width for .032 24ST alclad sheet with 
a 248RT alclad stiffener stress of 35900 psl. 
equals 1.37 inches approximately. From Figure 
B4.4 of Chapter B4, we find that a rivet spacing 
of 1 inch on .032 sheet causes the sheet to 
buckle between rivets whan the 24SRT stiffener 
stress is 35000 psl . Hence the corrected effec- 
tive sheet width is 35000 x 1.37 = 1.34 inches. 
36900 

This effective width is different than the 
value of .96 inches assumed, thus the above pro- 
cess will be repeated using an effective sheet 
width of 1.34 inches with each rivet line. 

it . 2 x 1.34 x .032 _ 

IS iT75 

q 

x- = 1.058 (as before) 

"o 

From curves Fig. B6.8 

(fo)" = -925 ' hence = .515 
L/C = 20/. 509 =38.8 

F c = 38500 - ^ x ^^\6.Ixi6» * 35600 P sL 

Fran Figure B4.5 for a stiffener stress of 35800 
the effective width for .032 sheet is again 1.37 
inches within the accuracy of reading the curves. 

Correcting the effective width for buckling 
stress of sheet between rivets 
as before 

w = 1 .37 x 35000/35800 * 1 .34" 

Thus the total area of 
stiffener and effective sheet 
equals .175 + Exl.34 x .032 
= .256 sq. in. 

Total compressive load taken by one stif- 
fener with effective sheet equal .266 x 36800 * 
9160 lb. 



B6.4 General Information on Benign of Stiffeners 
and Sheet-Stiffener Unite. 

Stiffeners should be designed to take as 
high an allowable compressive stress as possible 
over the length to be used in order to make the 
effective sheet more efficient from a load car- 
rying standpoint. To illustrate this fact, the 
load carried by the effective sheet will be cal- 
culated for a stiffener stress of 20000 and 40000 
psl. using the equation 

w = l*7t y/ E/Fgt 
as recommended by ANC-5. 

For f s t - 20000, t = .04 and E = 10 x 10* 

w = 1.7x .04 vTo, 000 , 000/20000 = 1.52 Inches 

hence load on effective sheet = 1.52 x .04 x 
20000 = 1210 # 

For f s t = 40000, t = .04 

w * 1.7 x .04 vlO, 000, 000/40000 = 1.075". Load 

= 1.075 x .04 x 40000 = 1720# 

There Is an additional increment of strength in 
favor of the high strength stiffener and less ef- 
fective width of sheet since in general adding 
sheet to the stiffener section decreases the 
radius of gyration of the composite section as 
compared to the stiffener alone which results in 
a lower column strength. 

Stiffeners composed of closed sections as 
illustrated In Figure B6.12 in general offer 
greater resistance to local crippling and also 
stability against twisting failure as found In 
some open and unsymmetrlcal sections. For ef- 
ficient column strength the radius of gyration 
should be as large as possible, that is, the ma- 
terial must be spread out. This requirement 
tends toward thin plate- elements for the section. 
To increase the local crippling strength resort 
is made to grooves or lightening holes as illus- 
trated in Figure B6.13. The chief objection to 
closed sections is the possibility of corrosion 
on the inside which cannot be inspected. 




jn* 
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Figure B6.14 illustrates sections of open 
type stiffeners which are in common use. These 
sections when they suffer distortion of their 
cross sections usually produce internal shear and 
compressive forces which tend to twist the sec- 
tion, The attachment of certain types of open 
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sections to sheet panels may produce a stabiliz- 
ing influence on certain elements of the stiff- 
ener and thus may increase the stiffener strength 
over that of the stiffener acting alone. On 
the other hand the attachment of the sheet to 
open stiffeners may cause stiffener to bend as a 
column about a different axis than that which 
the stiffener bends about when acting alone. 

Thus for sheet stiffener panels using open sec- 
tion stiffeners, tests should usually be made 
to check calculated strengths. 


£xT*u*e**% 



B6.5 Klvet Spacing 

If the attachment of the sheet to the 
stiffener Is weakened in any way such as large 
rivet spacing which permits the sheet to buckle 
between rivets before the ultimate strength of 
the stiffener is reached, the effectiveness of 
the sheet Is reduced as a load carrying medium. 
For high efficiency the rivet spacing should be 
such as to prevent buckling of the sheet between 
the rivets. Tests indicate that when such buck- 
ling of the sheet between rivets occurs, the 
plate between rivets can be considered as a flx- 
ed-ended column. From Euler 1 s column equation, 
neglecting Poisson's ratio, which Is conserva- 
tive. 

P = £. JL ... B , 1 , but C = 4, * * = I/A and 

P = r c /A 

For a sheet of thickness t, £ = t /12 

Substituting in Euler's equation and solving for 
L 

L = 1.814 t v€7F^ (5) 

Euler's equation holds only for stresses below 
the proportional limit, thus for stresses above 
the proportional limit a modified E must be used 
or a stress F c given by a short column formula. 
This method of estimating rivet spacing was sug- 
gested by Howland and Newell (Ref; 6.4, 6.5). 
Figure B6.15 (From Ref . 6.2) represents the 
conditions where L is determined for various 
aluminum alloys for stresses below 20000 psl., 
and where it is reduced to accord with Johnson's 
parabola for stresses between 20000 and the ma- 
terial, yield point. Since equation (5) la con- 
servative because Poisson's ratio has been 
omlttedi it Is felt that the curves of Figure 
B6.15 can be safely used In design. 



In u«i ng th« *bov« figure ertter at the left 
with the dwalrwd eootpresalva atrwsa and procwwd 
[ horizontally to tha curve reprwaentlng tha 
yiald point of tha material being uaad, thanca 
vertically to tha line representing tha ahaat 
thickness. A horizontal lino from that point to 
the*cale at the right givaa tha rivet pit eh ra- 
qui red to prevent buckling of cheat between 
rivete for the given coapreaalve street. 


Figure B4.4 of Chapter B4 gives the inter- 
rivet buckling curves as proposed by Fischel In 
which the stress-strain diagrams of the material 
Is considered and Is therefore no doubt a better 
measure of the true conditions as to permissible 
rivet spacing for the particular materials which 
were considered. 

B6.6 Twite of Sheet -Stiffener Pine la to Obtain Benign 

Allowables 

The general method of estimating the ultl- 
mate strength of sheet-stiffener panels as given 
In this chapter Is useful in comparative studies, 
and in most cases, will give results in close 
agreement with test results. To obtain actual 
design allowables, the best procedure Is to make 
tests of sheet-stiffener panel specimens. A 
logical procedure In making such tests would be 
as follows: 

(1) Obtain compressive stress-strain dia- 
grams of short lengths of the stiffener acting 
alone. 

(2) Place strain gages on one or all stif- 
feners of the test panel, and record the stiffener 
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strains as the complete panel Is loaded in com- 
pression. Using the stress-strain diagrams ob- 
tained in (1), the stresses in the panel string- 
ers under the panel loading are determined. 

These stresses times the stiffener areas gives 
the total load carried by the stiffeners. The 
difference between this load and the total 
panel test load gives the total load carried by 
the sheet. Hence, the actual effective width of 
the sheet can be written 


«• ■ — ■{<!£- *m> 


where P = total test load on panel 

f 8 t = measured stress in stiffener 
^st = area of stiffeners 
t = sheet thickness 


(3) Determine the end fixity of the test 
panel with the results of (1) and (2). 

Test panels are usually tested with flat 
ends. In actual design of wing and fuselage 
structures it is customary to U9e an end fixity 
C between 1.5 to 2.0. Thus, to correct the 
test panel end fixity to design values, it is 
necessary to know the fixity of the test panels 
in the tests. Most sheet-stiffener panels have 
a column curve which follows the Johnson-para- 
bola closely. With the effective sheet width 
known as found in (2) the radius of gyration of 
a stiffener plus its effective sheet can be com- 
puted. If two lengths of test panels are tested,| 
the terms f co and C can be found by substituting 
in the following Johnson equation and solving 
the two equations for f co and C (f co = column 
stress at zero L/f). 


f st 


L co 


4 c n*E 


The majority of tests indicate that flat ends on 
sheet-stiffener test panels gives a value of C 
of around 3 for end fixity. 


(4) For design purposes the material prop- 
erties of the test panel material should be cor- 
rected to the minimum guaranteed values for the 
material. Likewise, the test results must be 
corrected from the test panel end fixity to the 
design end fixities. 

To correct results to the minimum guaran- 
teed yield point, the value of f co as found in 
(3) is corrected as explained in Chapter Bl. 

To correct to design fixities, the procedure 
must be a trial and error one since the stiffen- 
er stress is changed for a given L/f, and P de- 
pends on the stiffener stress. Since the test 
results in (2) gives data from vtalch a curve of 
f 8 t versus f can be plotted, the trial and error 
procedure for correcting the design end fixities 
is easily carried out. 


Design Allowables Proa Teeta there Stiffener Strains 
are net Me ae ured. 

In this case the effective sheet width Is 
calculated by one of the methods of Chapter B4 
using an assumed trial stiffener stress f s t* If 
the assumed column stress times the area of the 
stiffeners plus the effective sheet equals the 
test panel load, then the correct stiffener 
stress f s t was assumed. With the effective 
sheet known the radius of gyration can be com- 
puted. At least two lengths of test panels should 
be used in order to obtain at least two values of 
L/f versus f s t. Many tests of sheet stiffener 
panels using a closed type stiffener Indicate that 
the test results plot to give a curve which fol- 
lows the Johnson parabola quite closely. Thus 
taking two tests values of f 8 t and L/f, one can 
solve for the test end fixity and the crushing 
stress f co at zero L/f. This resulting equation 
representing the test data can then be modified 
for design purposes by correcting material and 
end fixities to permissible design values. The 
general procedure can best be explained by carry- 
ing thru and example Illustration. 

Example Problem. 

Figure B6.16 shows the section of a sheet 
stiffener panel. Two test panels were tested, 
one 16 inches long and one 32 inches long. Ends 
of test panel were milled square and parallel and 
were tested in compression with flat end condi- 
tions. The 16 inch panel took an ultimate load 
of 80,000 pounds, and the 32 inch panel took an 
ultimate load of 70,000 poundB. The yield point 
of the material used in the test specimens was 

55.000 pel. Let it be required to determine a 
design allowable stress curve for this sheet- 
stiffener combination using a yield point of 

50.000 psi and an end fixity of C = 1.5. 




General Data; 

Area of stiffener * A o * .362 eq. in. 

Radius of gyration of stiffener ■ p 0 * .624 
Sheet thickness * t » .04 In. 

All material 24SRT aluminum alloy. 
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Solution. 

The beginning of the procedure will be to 
assume a stiffener stress. The effective sheet 
width for this assumed stiffener stress will 
then be computed. The total stiffener area plus 
total effective sheet area times the assumed 
stiffener stress must equal the test load on 
panel, if not, the process is repeated until a 
check Is obtained. 

In this solution, mrqueere's equation for 
sheet effective width will be used, since It 
has been found to check test results fairly 
well, (see Chapter B4-). 

The 16 inch specimen will be considered 
first: 

The equation for effective sheet width 
according to Marquerre is: 


Fig. B*»l 7 




Total stiffener area = 3x .362=1.086 1.086 

Total effective sheet = (8x .75 + 6 x .67) .04 * 0.403 


Calculated panel load = 1.489 x 50,000 = 74,500 lb. 
The test load is 80,000 lb. Therefore the as- 
sumed trial values of 50,000 lb. for stiffener 
stress was too low. 

As a second trial, assume f 8 t = 54,000 psi: 

For b = 2.875 


where: w = effective width 

b = distance between rivet or attach- 
ment lines 

f cr = buckling stress of sheet between 
rivet lines considered simply sup- 
ported on all 4, edges. 

fst = stringer stress 

The first trial value of f st will be assumed as 
50,000 psi. Since our stringer type has a doub- 
le rivet line, we have two sheet widths, to 
consider, namely 2-7/8 inch and 2-1/8 inch. 

for b = 2.875 

f cr = 3.60 E (|)* 

= 3.60 X 10,300,000 X (.04/2.875)* = 

7170 PSI . 

Subst. In equation (A) 
w 3 / 7170 

27875 “vso.'oob 


w = .522 x 2.875 = 1.5 inch or 1.5/2= .75 Inch 
of sheet acting with each rivet line toward 
plate width b = 2-7/8. 


f cr = 3.60x10, 300, OOOx (.04/2.125) = 13150 

psi. 

w _ 3 A3150 

025 V 55 ^ 555 

w= .632 x 2.125*1.34" or .67" per side. 

Figure B6.17 shows the resulting effective sheet 
width 


075 = \/si m ;oo6 9 or w= •S 1 * 2 - 875 * 1 - 465 " 


for b = 2.125 


, or w= .625 x 2.125 = 1.33" 


Total effective sheet area = (8x .73 + 6x .665) 

.04 = .392 

Total area = 1.086 + .392 = 1.478 sq. In. 

Calculated panel load = 1.478 x 54000 - 79,800 lb. 
which checks with the test load of 80,000 lb. 

Consideration of Test Panel 32 Inches Long. 


This panel should be treated In the same 
manner as the 16 Inch specimen. The results are 
a stiffener stress f 8 t of 46,500 psi. which gives 
an effective sheet width with each stiffener as 
shown In Figure B6.18. The student ehould check 
this result. 
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tests. Tests of many panels with closed section 
stiffeners Indicate that the column curve follows 
the Johnson-parabola closely. Therefore we will 
substitute in the Johnson column equation, which 
is as follows: 

Ut - 

f st has been found as 54,000 and 46,500 psi 
for the 16 and 3a" length specimen respectively. 
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$ * radius of gyration of stiffener plus 
the effective sheet. 

From Figure B6.18 

S _ 7573 _ , . 

$5 ~ 324 * 1 ‘ 1 

it _ 2.94 x .04 _ „ oe 

5 7335 • 325 

From curves of Figure B6.8 (P/?o)“ = *98 


? = (.98) 1/2 x 


.524 = .518 


fee* (61.8)* 
4 n» Cx l6,300,0C 


For stiffener alone, A 0 * .362, f 0 * .524, 8 
= .678/. 524 = 1.1 

Assume ^ = .517 for stiffener plus effective 

sheet 

Then L/£ = 24/.517 = 46.4 

Substitute In Equation (B) 

f st = 51900-4.4 (46.4)“ * 42400 psl. 

The effective sheet width will be computed 
for this stress of 42400 psl. 


therefore 

L/f = 32/ .518 =61.8 

The effective sheet for the 16 Inch specimen Is 
approximately the same as £ can also be taken as 
.518. Hence L/e = 16/. 518 = 30.9. 

Substituting In the Johnson column equation: 

54000 = f - ^C0 (30.9) (For 16" 

co 4n* Cx 10,300,000 test panel) 


For b = 2.876 


w = 2.875- 


For b = 2.125 


W = 2 - 125 ^/ 45400 = 

Total effective sheet width per stringer * ji = 
1.59 + 1.44 = 3.03" 

it _ 3.03 x .04 _ „„„ 

r 0 — 335 — • 336 

From curves of Figure B6.8 

= .978, hence ^ = •SI? which was the 

value that was assumed for Thus for a sheet- 
stiffener length of 24" the allowable column de- 
sign stress is 42400 psl. The above process 
should be repeated for several lengths so that a 
design curve can be plotted as illustrated in 
Fig. B6.19 

B6.7 Stiffened Curved Sheet la Co*preeeion 


= 1.59" 


= 1.44" 


(For 32" 
test panel) 


Solving the two above equations simultaneously 
for f co and C, we obtain 

f co = 56500 and C = 2.99. 

Correction of Test Column Equation to Design 
Column Curve. 

Design yield point of 24SRT material is 
50,000 psi. Design end fixity is assumed as C - 
1.5. 


Thus the teBt results must be decreased 
from a yield point of 55,000 psl. and an end 
fixity of C - 2.99 to the above design values. 

The crushing stress f c0 = 56,500 psi which 
was for the material having a yield point equal 
to 55,000 can be corrected to the standard ma- 
terial yield point of 50,000 by the correction 
factor K of .9X8 obtained from ANC-5. 


Therefore f co corrected = .918 x 56,500 * 
51900 psi. 

The Johnson equation for the design C - 1.5 
can therefore be written as follows: 

f at = 51900 - 

hence 

f st =*51900 - 4.4 (L/C)* (B) 

Since the column stress f s t is influenced 
by p and since p is influenced by effective skin 
width, which in turn depends on the value of f 8 t, 
a column design curve of versus panel length 
must be found by a trial and error process. 


In wing sheet-stiffener construction, the 
radius of curvature of the sheet covering aft of 
the 15 percent of chord point is quite large, 
thus the slightly curved sheet with stiffeners 
for most wing structures can be analyzed by meth- 
ods similar to those described for flat sheet 
with stiffeners. 

When the radius of curvature is small as 
along the leading edge portion of the airfoil or 
for small circular fuselages, the load carried 
by the curved sheet between the effective widths 
as calculated for flat sheet becomes appreciable 
and should be added to the load carried by the 
stiffeners plus the effective flat sheet. 

For the load on the curved sheet between 
the effective widths a compressive stress f c = 
0.3 E t/r can be used. (See Chapter B3 for ad- 
ditional expressions for compressive strength 
of curved sheet). Figure B6.20 illustrates the 
stress distribution that is usfualiy assumed 
for stiffened curved sheets with rather sharp 
curvature. 



For example take a panel length of 24": 
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Fig. B6.19 




Fig. 86-20 


B6.8 Corrugated Sheet an a Stiffening Ileeant 

Corrugated sheet is widely used as a sheet 
stiffening element. 81nce sheet Is used In 
forming the corrugation, the highest strength 


aluminum alloy, namely, 24SRT, can be used thus 
giving an advantage over the common 24ST ex- 
truded stiffener sections. Corrugations being a 
continuous sheet, it is capable of carrying 
large shear loads, thus necessitating less skin 
or covering thickness. To obtain a smooth ex- 
ternal surface, the corrugations must be covered 
with sheet which causes a closed section, a con- 
dition not good from a corrosion and inspection 
standpoint. 

Circular Arc Corrugations 


The most common form of corrugated sheet 
which has been used In the past is the corruga- 
tion made of a series of circular arcs. Figure 
B6.21 gives Information regarding the standard 
corrugations which have used and also curves for 
calculating the section properties. Figures 
B6.22 and B6.23 (Ref. ANC-5) give allowable col- 
umn and crushing stresses which can be used in 
design. 

Modified Corrugated Shapes. 

In circular corrugations due to the spring 
back of the material In forming, there Is usual- 
ly a short length of straight section near the 
tangency of the two arcs. This short flat sec- 
tion has a lower crushing stress than the curved 
portion and thus failure usually begins at this 
point. To eliminate this weakening effect, some 
designers have developed corrugation sections as 
Illustrated in Figure B6.24. The local crippling 
strength of such sections can be estimated close- 
ly by the methods explained in Chapter B5, but 
tests should be made of test panels to obtain 
design allowables. 
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PROBLEMS 


(1) Solve example problem No. 1 on page B6.2 
If stiffener thickness Is .061 and sheet thickness 
Is .04 In. 

(2) solve example No. 2 on page B6.5 If 
channel thickness Is changed to .051 and sheet 
thickness to .04 inches. 


Mg. B6-a* ALLOWABLE COLUMN AND CRUSHING STRESSES 
CORRUGATED ALUMINUM ALLOY SHEET- 84 ST, *4 SRT 



CORRUGATED ALUMINUM ALLOY SHEET 
84 8T ALCLAD, 84 SRT ALCLAO 

(CIRCULAR CORRUGATIONS) 
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PART C 

CHAPTER Cl 

PROPERTIES OF AIRCRAFT MATERIALS 

In general, the allowable properties of materials and the various allowable design charts and tables which are presented 
in Chapters Cl, C2, C3, and C4 of Part C are taken from government publication ANC-5 (Strength of Aircraft Elements) revi- 
sion of 1942 including admendment 2 of August, 1946. Since the issue of this book on January 1, 1949, a new government 
publication ANC-5a (Strength of Metal Aircraft Elements) dated May, 1949 has been issued. The student should use ANC-Sa in 
conjunction with Part C in order to become acquainted with the latest government design information. 


Cl.l Definitions of General Terns 

Only those terms and general properties 
which the stress analyst or structural designer 
should be familiar with will be discussed in 
this chapter. For complete Information on the 
materials of aircraft construction the student 
should refer to textbooks on this subject. 


Cl. 2 Physical Test Terns 

Strain 

Strain is the deformation of a material 
caused by a load or some other influence. Unit 
strain is usually recorded in inches per inch. 

Stresses 


Density 

The density of a material is the weight of 
a unit volume of the material. It is customary 
in aircraft weight calculations to deal with the 
weights per cubic inch of the material. Table 
Cl.l gives the weights for most metals common to 
aircraft design. 

Conductivity (Electrical and Thermal) 

Conductivity is the ability of the material 
for transmitting electricity or heat. Welding 
technique is influenced by the amount of thermal 
conductivity. Electrical conductivity is im- 
portant in bonding airplanes to eliminate possi- 
ble radio interference. Table Cl.l giveB value 
of conductivity for aircraft metals. 

Thermal Expansion and Contraction 

Materials expand or contract with increase 
or decrease of temperature. Thermal deformation 
is important in the design of castings, welding 
Jigs etc. Table Cl.l gives values of the therm- 
al coefficient of expansion of aircraft materi- 
als. 


Table Cl.l 



Cl. 


The internal forces which resist the ex- 
ternal forces are called stresses 

Stress strain Diagram 

The stress strain diagram is a diagram 
showing the relationship between unit stress and 
unit strain for a member when it is loaded from 
zero stress to ultimate or breaking stress. The 
shape of the stress-strain curve is quite dif- 
ferent for the various materials. Furthermore 
in general for the same material the stress 
strain curve is different for axial tensile 
stresses than for axial compressive stresses. 
Likewise the stress strain properties are influ- 
enced by the grain directions of the material. 

The airplane structural designer must pro- 
portion his structural members so that no perma- 
nent deformation will be produced under the ap- 
plied loads and must provide a certain ultimate 
strength (usually strength to carry 1.5 times 
the applied load). For the applied loads the 
stress strain relationships can in general be 
classed in the elastic range but for the ultimate 
or design load values, the stress strain range 
is usually in the plastic range, with several 
exceptions such as long columns or thin walled 
structures. Since the ultimate strength of a 
member must be given in all stress analyses of 
airplane structures, more and more considera- 
tion in being given to stress strain diagrams 
as the basis for calculating or estimating the 
strength of members. 

Typical Stress Strain Curves and Definition of 
Terns. 

Fig. Cl.l shows a typical tension stress- 
strain curve for low carbon or soft steel. 

Since the results of testB will vary somewhat 
with the dimensions of the test specimen, all 
tests should be made on standard size test 
specimens. Figs. Cl. 2 and Cl. 3 give dimensional 
data for test specimens for material sizes com- 
mon in aircraft design. 

In Fig. Cl.l between points (0) and (a) the 
curve is straight which means that stress is 
proportional to strain. The slope of this part 
of the curve gives the value of the modulus of 
elasticity for the material when stresses are 
l 
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At point (a) the curve starts to dlviate 
from a straight line, which means that stress Is 
no longer directly proportional to strain. The 
unit stress at which the dlvlation begins Is 
called the proportional limit of the material. 

As the specimen Is loaded to point (b) It 
will be found that the material continues to 
suffer deformation without increase of load or 
stress. The unit stress at which considerable 
deformation takes place without Increase of 
load Is called the yield point of the material. 

After this yielding the material regains 
Its ability to take more load or stress until 
the specimen finally ruptures at point (c) 
which is referred to as the ultimate strength 
of the material. 


In loading the specimen If for any stress 
below the proportional limit the load Is remov- 
ed, the specimen deformation will return to 
zero, ft load to a stress greater than the pro- 
portional limit such as to point (d) and then 


removed the strain will not return to zero but 
specimen will have a permanent set and the 
stress strain curve will follow (do 1 ) approxi- 
mately parallel to (ao) as the load is removed 
thus giving a permanent set at zero load. The k 
greatest unit stress that the material can take 
without permanent deformation Is called the 
elastic limit of the material. This value will 
lie between the proportional limit and the yield 
point. 


Certain materials like aluminum alloys and 
heat-treated steels do not possess a definite 
yield point, that Is, there is no point on the 
stress strain curve at which the tangent to the 
curve. is horizontal. Fig. Cl. 4 shows a stress 
strain curve typical of aluminum alloys. Since 
no definite yield point exists an arbitrary yield 
point or yield strength is set. In aircraft 
structural design the yield strength of a materi- 
al is defined as that unit stress which produces 
a unit permanent set of 0.2 percent, or £ = .002. 
On Fig. Cl. 4 a straight line € * .002 is drawn 
parallel to the straight part of the stress 
strain curve. The point of the intersection (b) 
locates the arbitrary yield strength of the ma- 
terial. The tangent modulus of elasticity at 
any stress equals the slope of the stress strain 
curve at that particular stress. 

The student should realize that most of the 
stress-strain relationships used In developing 
equations and formulas in applied mechanics, 
machine design etc., assume that stress is di- 
rectly proportional to strain, thus the equations 
are only strictly applicable for stresses below 
the proportional limit of the material. For 
ultimate strength design and ultimate deforma- 
tion calculations the student should give care- 
ful consideration to the material stress strain 
diagrams. Figs. Cl. 5 and Cl. 6 give stress strain 
curves of materials common to airplane design. 



Stiffness 

Stiffness Is a term which is commonly used 
to indicate the rigidity of the material in the , 
elastic range. Stiffness is measured by the 
modulus of elasticity of the material. A high 
value of E indicates the material has a small 
deformation for a given stress. 




fftgALLCL TO DIRECTION Of QOiUNG 
NORMAL 10 DIRECTION Of ROLL IN6 



«|.CM STRESS — STRAIN CURVES FOR ALUMINUM ALLOTS 





PROPERTIES OF AIRCRAFT METAL MATERIALS 


CM Stress-Strain Diagrams For Various Aircraft Materials 





CAH>atS$u£ STRESS- psr TENSILE STPESS-ps, COMPRESSIVE STRESS-**. TENSILE STRESS—** 












ci.e 


PROPKRTIES OF AIRCRAFT METAL MATERIALS 


Ductility 

Ductility Is the property of materials 
which permits them to be drawn out without 
breaking. Ductility in a sense measures the 
stiffness of a material above the elastic range 
that is in the plastic range of stresses. There 
is no absolute measure of ductility. It is 
sometimes measured for comparative purposes by 
using the percent elongation of the specimen of 
certain gage length at the rupturing point. 

Without ductility in a material, engineers 
would be faced with serious problems in design, 
because the property of ductility permits the 
material to absorb shocks and localized exces- 
sive stresses without failure of the member. 

Resilience 

Resilience of a material is the ability of 
the material to release energy as the stress is 
removed. The modulus of elastic resilience is 
the amount of energy released per unit volume 
when released from stresses equal to the elastic 
limit. In equation form, the modulus is 

f * 

u = g|-, where f e = elastic limit stress. 

Graphically, the modulus of resilience can be 
represented by the area under the stress strain 
curve up to the elastic limit. For members sub- 
jected to energy loads, such as springs, connec- 
ting rods, etc., the material should have high 
value of elastic resilience. 

Toughness 

Toughness is a term used to indicate the 
ability of the material to absorb energy in the 
plastic range. Toughness is measured by the 
amount of energy absorbed per unit volume from 
zero to the breaking stress. Graphically this 
is the area under the stress strain curve. 
Toughness is a desirable property in shock re- 
sisting parts. 

Hardness of a Material 

Hardness is the property of a material to re- 
sist scratching, cutting or penetration, ex- 
periment has shown that hardness is a good 
measure of the tensile strength of the material. 
Thus the tensile strength of a material can be 
closely estimated by making a simple hardness 
test. The principle involved in hardness tests 
is to sink a hardened steel ball under a defi- 
nite load into the material being tested and to 
measure the amount of penetration or the size of 
the impression. Numbers are given to given 
amounts of penetration which are correlated with 
the tensile strength of the material. 

Hardness tests are used in standard routine 
inspection practice in airplane factories to 
check up on materials which are received and to 
check materials for proper heat treatment. 


Cl. 3 8trtM<4Mttltti Curves 

Structural designers are giving more and 
more consideration to stress-modulus relations 
in problems involving strength of columns and the 
buckling of sheets and shapes where the ulti- 
mate stresses fall within the plastic range. 

Fig. Cl. 7 shows the stress-modulus curves for 
24ST aluminum alloys, which were obtained from 
the stress-strain curves of Fig. Cl .5. 

Cl. 4 Mechanleel Properties of Aircraft Material* 

The mechanical properties of aircraft ma- 
terials is constantly changing and thus no text- 
book could be up-to-date on such infonnation. 

The official reference for information on ma- 
terial properties to use in aircraft design is 
the government publication ANC-5. This refer- 
ence manual is revised or amended quite frequent- 
ly. The information on material properties as 
given in Tables Cl. 2 to Cl. 5 of this chapter is 
presented for convenience for general reference 
when presenting elementary design problems in 
the several chapters to follow. 
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Table Cl. 4 Mechanical Properties of Aluninua Alloys 
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CHAPTER C2 

PRACTICAL DESIGN OF STEEL AND ALUMINUM 
ALLOY TUBES AS COLUMN AND TENSION MEMBERS 


Steel and aluminum alloy tubes of circular, 
streamline, elliptical and square cross-section 
are common units In the modern airplane struc- 
ture. This chapter deals with the practical de- 
sign of such members. The theory of column ac- 
tion and failure is considered in detail in 
another chapter. 


ca.i Long columns . The Euler formula for long 
columns, which fall by lateral bending is. 


r, 


ce 


cn E. 

IL 7?T« 


n* E 

TITTfF 


if L* - £ 

VC 


-( 1 ) 


where, F c © = ultimate column unit compressive 
stress. 

= column length 

^column end fixity coefficient 

* least radius of gyration of cross- 
section 

“Modulus of elasticity 

* effective or free length of column, 
which is Influenced by the amount of end re- 
straint. Fig. CS.l illustrates the effect of 
end restraint on the effective column length 
Which is the distance between the column points 
of inflection. 
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Fig. ca-l 


ca. 2 short column. The stress-strain diagram 
of steel and aluminum alloy is not a straight 
line throughout the stress range, which means 
that E is not constant, but decreases in the 
higher stress range where elastic action trans- 
forms into plastic action. Test resultB of 
short columns give results which occur below 
those calculated by the Euler formula. To fit 
the test data use is made of formulas which ex- 
press the equation of a curve which follows the 
test data closely. 

C2.3 SuMtry of Column Formulas for Steel and 
Aluminum Alloy Round Tubaa 

Tables C2.1 and C2.2 give a summary of 
column formulas for steel and aluminum alloy 
tubes respectively as given in ANC-6a Revision 
of 1949. 

The three basic column formulas for round tubes 
are: 

(2) F C =F C0 ri- Bmtffl 1 (Johnson-2.0 
L n e j parabola) 

1 (L' /?)^'^ I 

1~ .3027 ^ vS/Fco JO*® Parabola) 

, . _ T .385 (L'/f)l 

(4) F C =F C0 1- —-== *- (l.o Parabola - 

L n >/E/Fc0 J Straight Lino) 


Tab la C2-1 Colulm Formulas For Round Staal Tubaa. 


Material 

Ftu-Pal 

rty-p.1 

Feo-pnl 

Short Columns 
Formula 

For F c (p«l) 

Critical 

we 

Long Column 

Formula F© 

(P«l) 

1020 

X-4130 

X-4130 

Mont treated 
Alloy Steel 

88000 

*8000 

100000 

1*8000 

30000 

70000 

05000 

100000 

30000 

70500 

00100 

100000 

3*000 -1.173 <L'/e}* 
7*800 -61.* (L’/e)*’® 
*•0100 -64.4 (L'/e) 1,8 

100000 - 8.74 <W£> 3 

124 

91.3 

06.0 

75.0 

378 X 10 8 / «.’/<?)? 

386 x 10 •/ (b'/e)? 

3*6 x 10«/ (L’/fi) 2 

3*6 X 10*/a*/ff) a 

■Mki tIMtM 
kXXsm itggl 

100000 

130000 

mm 


00.0 



100000 

105000 

100000 

1*8000 -*3.78 (WO 8 

00.9 

3M x 10»/flU'/«) a 


CHMRAL ROMs L'/e « L/eV€7 L'/6 aball not exceed ISO 

Critical L’/d i« that a bora which columns a re •'lone** And below which they are "abort" . 
For waluee of D/t f <00 investigation of local instability unaocaaaa ry. 

•FOr m mm cm civil airplanes only. Formula applies only to tubing "A* Received. " If 
annaalad and reheat -treated , the column formula boned on Fty a 70000 psl aunt bo used. 
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Table C2-2 Column formulas for Round Aluminum Alloy Tubing. 


Material 

p cy 

F co 

Short Columns ^ 

Critical L'/p^ 

Long Columns 

Local 

Failure 

Aluminum Alloy 
General 

mi 

Fey [l+Fcy *1 

Equation 4 

1.732 n 

■KanpsmmH 

Rote <c) 

L 200,066 

17ST 

(Re-heat-treated) 

32,000 

37,000 

37,000-269.3 L'/p 

92.0 

103. 8x10®/ (L* /p)^ 

Fig. C2.5 

178T 

(As received) 



42,500-330. S L'/P 

85.7 

103.8xl0®/(WP) 2 

Fig. C2.5 

24ST 



30,000-421.0 WP 

79.2 

E2EM3E2H 

Fig. C2.5 

24SRT 

54,800 

70,000 

70,000-700.0 L'/P 

66.7 

103. 8x10®/ <WP> 2 

Fig. C2.5 

Rote (a). L'/P a M>/c! WP shall not exceed 150 without specific authority from the procuring or 
certificating agency. 

Rote (b). Critical L’/p is that above which the columns are "long” and below which they are "short". 

Rote (c). Must be determined by test unless conservatively assumed. (Ref. ARC-5 1942) 


C2.4 Column Held Stress (Fco) The upper 

limit of the allowable column stress for primary 
failure is called the column yield stress and 
will be designated F co . It can be determined by 
extending the "short-column" curve to a point 
corresponding to zero length, ignoring any 
tendency of the curve to rise rapidly or "pick- 
up" for very short lengths. The short-column 
curve used In determining F co should be obtained 
from tests on specimens having geometrical pro- 
portions such that local failure is precluded 
except for very low values of L' /^. 

When the column yield stress is reached, 
the walls of the column will tend to buckle un- 
less restrained by extreme shortness, or by the 
application of lateral restraining forces. In 
some cases, however, if the specimen has not 
been allowed to buckle, the stress may be in- 
creased considerably above this value. Due to 
the danger of buckling when the column yield 
stress Is approached, the latter should be con- 
sidered as the limiting stress for all columns. 

The column yield stress is mainly determin- 
ed by the nature of the compressive stress- 
strain diagram of the material . When the ma- 
terial has a definite yield point in compression, 
this value may be assumed for the column yield 
stress. Few aircraft materials, however, have 
a sharply defined yield point. In such cases, 
it Is usually possible to determine the column 
yield stress. 

C2.5 Comparison of Column Curves A comparison 

of these column curves is given in Fig. C2.2 in 
which the column curves are plotted in non-di- 
mensional form. The Johnson Parabola curve is 
tangent to Euler curve at a value of Ha = .5. 

The tangent points for the 1.6 parabolic formula 
and the straight line formula occur at values of 
R a equal to .428 and .333 respectively. 



O .5 IO 15 20 25 3 0 


C2.6 Design column Chsrto. In designing a column 
for a given load the area and radius of gy- 
ration are unknown, thus in general a method of 
trial and error or guess and check is necessary. 

To eliminate the necessity of substituting In the 
column formulas and thus speed up the trial and 
error method curves of allowable column unit 
stress versus the effective slenderness ratio 
L* /f are plotted. Such curves are Illustrated In 
Figs. C2.3, C2.4, and C2.5 which deal with steel 
and aluminum alloy tubing. To eliminate entirely 
the necessity of guessing and checking, complete 
column curves can be constructed as Illustrated 
in Figs. C2.6, 02,7, and 02.8, 
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C3.7 Local Instability Failure. Crippling Streee 
(fee) 

Columns may fall by local buckling or 
crippling of the tube wall. The upper limit of 
the allowable column stress for local failure 
is referred to as the crippling stress and is 
designated by the term F cc . If the crosB-sec- 
tion is of such size that local collapse takes 
place at a stress above the proportional limit 
of the material, than the crippling action 
falls in the field of elastic buckling. 

In the general notes of table C2.1 for 
steel tubes it states that for values of D/t 
less than 50 Investigation of local instability 
is unnecessary. Since practically all the 
standard steel tubes which are used in primary 
structures have D/t values less than 50, this 
matter of local buckling is not important in 
steel tubes. 

For aluminum alloy tubes the crippling 
stresses as a function of D/t are given in Fig. 
C2.5. 

C2. 8 Effects of Welding on Steel Tube Allowable 
Colunn Stresses 

When steel tubes are used as members of a 
structure they are usually welded at their ends 
to form a tie or connection -with other members 
or fittings. This welding of the tube ends will 
not effect the primary failure of the member as 
a column. Welding will however effect the local 
crippling strength since it decreases the physi- 
cal strength properties of the material in the 
region of the weld. Thus the column stress 
should not exceed these decreased values of the 
local crippling strength. These values are in- 
dicated on the column curves by breaking the 
column curves by a horizontal line. For example 
In Fig. C2.3 the cut off stress due to welding 
is 76600 psl for a material of Fty = 85000 psi. 
For tubes heat-treated after welding the ends 
should be checked for a crippling stress as 
given by the weld cut-off lines in Fig. 02.4. 

C2.9 General Susaary and Information Regarding 
Column Design Procedure 

1# For a given area, the larger the tube dia- 
meter, the greater the column strength if 
failure due to local crippling is not 
critical. 

2. The higher the D/t ratio of tube the lower 
the crippling or local failure strength. 

3. If columns fall within the long column cate- 
gory, the uee of higher strength alloy steel 
or aluminum alloy will not increase strength 
of column since E is practically constant 
for all chrame-*noly steel alloys and like- 
wise for all aluminum alloys. Failure is 
due to elastic buckling of the column as a 
whole and is therefore a function only of I, 
L* and K. 


4. In the short column range the use of higher 
strength alloys of steel and aluminum inereas- 
creases the ultimate strength of the column, 
since failure Is influenced by plastic action 
and raising the proportional limit of materi- 
al likewise increases the stress at which 
plastic action begins. 

5. For the design of chrome-moly steel round 
thbes of x-4130 material with U.T.8. of 
95000 and 100000 use column charts of Figs. 
C2.6 and C2.7 respectively. For design of 
24ST AL. ALLOY round tube columns use charts 
of Fig. C2.8. These charts give sizes di- 
rect without trial and check. 

6. For design of columns of heat treated alloy 
steel, or from other aluminum alloys use 
column curves 02. 4 and 02.5 respectively. A 
guess and check method is necessary in the 
use of these charts. A good procedure is 
first find the approximate size using column 
charts on Fig. 02. 7 or 02. 8. If this re- 
sulting size falls within the long column 
range, than changing to the specified ma- 
terial will not change the size as the 
strength will remain the same. If the re- 
sulting tube falls within the short column 
range, than using better material will in 
general permit decreasing tube thickness one 
gauge and 1 her ease It one gauge if weaker 
material is used. With these modified as- 
sumed sizes find allowable unit stress Fc 
from charts on Figs. 02.4 and 02.5 from 
which the column strength equals F C A. Using 
this general method of procedure very little 
revision will be necessary in obtaining the 
lightest tube for carrying the load. 

7. The column end restraint effects the neces- 
sary tube size. Consult the design require- 
ments of the Army, Navy, and C.A.A. in this 
matter . In general with welded steel tubu- 
lar trusses a coefficient of C = 2 Is per- 
missible except for engine mount and Nacelle 
structures. For trusses with riveted Joints 
a value of not over 1.5 is generally permis- 
sible, 

8. The student should realize that practical 
limitations such as clearance requirements 
may determine the diameter of the tube in- 
stead of strength/weight considerations. 

Thus design can consist of checking the 
tubes available under the given restrictions. 

C2*10 Steel and Alualnii* Alloy Tubes as Tension 

Meabers 

The ultimate tensile strength of a tube in 
tension which is loaded concentrically equals 
the area of the cross-section of the tube times 
the ultimate tensile strength of the material. 
However to Join a tension member to another mem- 
ber or a fitting requires welding or a Joint in- 
volving rivets or bolts. If welding is used the 
ultimate tensile strength of the material is 
reduced near the weld point. If the rivet or 
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bolts are used, tube area Is cut away, thus ten- 
sile strength of tube depends on net area. 

For chrome-moly steel tubes of 100,000 and 
96000 U.T.8., ANC-5 specifies that the allowable 
tensile strength near the weld of tubes Joined 
by tapered welds at angles of 30 degrees or less 
to the center line or flehmouth welds formed by 
cuts of 60 degrees or less shall be .947 times 
the U.T.8. of the material. For all other types 
of welds It recommends an allowable tensile 
strength near the weld equal to .841 times the 
U.T.S. 

For steel tube members heat-treated after 
welding, the tensile strength Ftu is reduced by 
the factors as given In Table C2.3a 

In welded tabular steel structures where 7 
or more members converge ANC-5 specifies that 
the allowable stress shall be determined by di- 
viding the normal allowable stress by a material 
factor of 1.6 unless the Joint Is reinforced 
in a satisfactory manner. A tube that is con- 
tinuous through a Joint is assumed as 2 members. 

In designing a tension member, the designer 
must give consideration to the ratio of the U.T. 
8. of the material to the yield strength of the 
material. The general design criterion states 
that the members of a structure must not be 
stressed above the yield point under the applied 
loads and that the member shall not break or 
collapse under a load 1.5 times the applied 
loads. Thus If the ratio of the U.T.S. to the 
yield strength of a material Is more than 1.6, 
a member In tension must be designed on the 
basis of the yield strength and the applied 
loads or a reduced U.T. 8. under the ultimate 
design loads. A study of tables C2.1 and C2.2 
Indicates that when using 178T and 248T aluminum 
alloy with yield strength of 30000 and 40000 pel 
respectively It Is necessary to reduce the 
U.T.S. In order that yield strength Is not ex- 
ceeded under applied loads when factor of safety 
on applied loads Is 1.5 


C2.ll buelt ProblMM la tte Design of steel and 
Alltmlmm Alloy Tiabee Column and Tension 

Seaborn 

Example Problem #1 

Fig. C2.8a shows a steel tubular engine 
mount structure for a 1060 H.P. radial engine. 
The ultimate design tension and compressive load 
In each member as determined from a stress ana- 
lysis for the various flying and landing condi- 
tions are shown in ( ) adjacent to each member. 
The true length L of each member Is also shown. 
Using chrome-moly steel tubes, U.T.S. a 96000, 
select tube sizes for the given loads. It Is 
common practice to assume the column end fixity 
c = 1 for engine mount members, since the mount 
Is subjected to considerable vibration as well 
as complex or involved loadings. 


Consider member (3) . Ultimate design load = 

- 9250#. Referring to the column charts of Fig. 
C2.6, we find for C = 1 and L = 31.4 the follow- 
ing tube sizes for a strength near - 9250#. 

1-1/2 -.035, Pa = 0850 (weak). (Note - Pa = allow- 
able load). 

1-3/8 -.049, Pa = -10350, weight = 5. 78#/100", 

N.S. = (10350/9250) - 1 = .12 

1-1/4 -.058, Pa = -10000, weight =6.15, M.S. = 
10000/9250) - 1 = .08 

Thus use 1-3/8 - .049 since It is the lightest 
as well as the strongest. 

Consider member (4), Load = - 5470, L = 30, c = 1 
From Fig. C2.6: 

1-1/8- .049, Pa = -7100, wt. =4.68, M.S. = .30 

1-1/4- .035, Pa = -6600, Wt. =3.78, M.S. = .19 

1" - .058, Pa = -6000, wt. =4.86, M.S. = .10 

The results show that 1-1/4 - .036 is the 
lightest. Since there is danger In welding .035 
thickness to the other heavier tube gauges par- 
ticularly the engine mount ring which Is usually 
relatively heavy for this size engine, a minimum 
tube thickness of .049 will be used, hence the 
1-1/8 - .049 tube will be selected. 

Consider Member (2) 

Design loads 11650 tension and 4250 compres- 
son. 81nce the tension load appears critical, 
the tube will be designed for the tension load 
and then checked for the compressive load. The 
U.T.S. of the material equals 95000 psl. since 
the engine mount In a welded structure, the 
strength of the tube adjacent to the end welds 
must be reduced to .841 x 95000 = 80000 psl. 

(Ref. Art. C2.10) 

Hence tube area required = 11660/80000 = 0.146 
aq. In. From table C2.3 which gives the section 
properties of round tubes we select the follow- 
ing results: 

1 - .049, Area -.146, M.S. » ( .146/. 146) - 1 = 0 
1 - .068, Area ■ .172, M.8. * ( .172/. 146) - 1 = .19 
1-1/8- .049, Area* .166, M.S. » .14 
1-3/8 - .035, Area = .147, M.S. « 0 

To obtain a reasonable margin of safety, the 
1-1/8 - .048 will be selected. 
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Table C2.3 PROPERTIES OF ROUND TUBING 
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TUBES AS COLUMN AND TENSION MEMBERS 


Many structural designers prefer to have 
large margins of safety on engine mount members 
as considerable trouble has been encountered in 
the failure or cracking of engine mount members. 

The strength of the 1-1/8 - .049 tube as a 
column for length « 31.4 and c = 1 equals - 6700# 
(Fig. C2.6) which gives a margin of safety of 
(6700/4250) - 1 * .58 on the maximum compressive 
load. The student should select a tube size for 
member (1). 

Example Problem #2. 

Fig. C2.9 shows a welded steel tubular 
truss representative of the center section por- 
tion of a wing beam. The design loads are 
shown adjacent to each member. The truss memb- 
er tube sizes for steel with an U.T.S. of 100,000 
have been determined and are recorded on the 
truss. 

(1) Determine the margins of safety for 
the given tube sizes. 

(2) Redesign truss considering that truss 
is heat treated to 150000 U.T.S. after welding. 



(1) solution for Margins of safety for Given 
Truss : 


Since the members of the truss are welded 
together at the panel Joints each member has a 
certain amount of restraint at each end, that 
is the fixity coefficient is greater than 1, 
however it cannot reach a value of c = 4 which 
is full fixity. Experience of the industry 
over many years has indicated a fixity coeffi- 
cient of c - 2 is reasonable for welded steel 
tubular fuselage trusses and this value is gen- 
erally used. A more rigorous investigation of 
member stability is discussed in another chapter. 

Consider the Upper Longeron abed: 

This member is composed of one continuous 
tube, size 2-1/4 ,083. For portion be a fixity 
coefficient of c * 2 will be used. For the 
portion ab or cd a value of 1.5 for c will be 
assumed since only one member (ae) Joins ab at a 
and it is relatively light compared to longeron 
ab. considering member be, whose length is 25" 
we find in referring to the column curves of 
Fig. C2.7 that for a 2-1/4 - .083 tube, 25" 
long when c - 2, the ultimate compressive 


strength is -43200#. Thus margin of safety is 
(43200/37500) -1* .15. The student should 
notice that the allowable load falls in the weld 
cutoff region, (Horizontal line on curves). The 
effective length of our member using c * 2 is 
comparatively small thus giving a high allowable 
column unit stress which exceeds the unit stress 
allowed on the tube adjacent to the end welding. 
The strength of be for the given tension load of 
17000 obviously gives a large margin of safety. 

Considering member ab, a value of c = 1.5 
will be used. The column curves in Fig. C2.7 
give base scales for values c - 1 and c = 2 only. 
Thus we will find the effective length of ab for 
c = 1.5 and use the result with the c = 1 scale 
of Fig. C2.7. Effective length L* = L A/c = 12.5/ 

= 10.4". Referring to Fig. C2.7 for a 2-1/4 
- .083 tube when L = 10 we obtain an allowable 
load of -43200# as before. M.S. - 43200/40000-1 
= .07. 

Consider Lower Longeron efg: 

The allowable U.T. stress correcting for 
welding = .841 x 100000 = 84100 pel. Since the 
tube is continuous between e and g and the fit- 
tings at e and g would be welded to tubes with 
fishmouth welds, it would be permissible to use 
a correction factor of ,941 instead of .841 (See 
article C2.9). However to be conservative the 
value of 84100 psi will be used. 

Area of 2 - .083 tube = .500 (See table C2.3) 
Allowable tensile strength * ,5 x 84100 = 
42050# M.S. * (42050/38750) - 1 » .08 

The column strength for a length of 25" and c = 2 
from Fig. C2.7 equals - 38200#. M.S. = (38200/ 
17400) - 1 = 1.19. 

Consider Truss Diagonals; 

Size = 7/8 - .049 L = 23.4, c = 2 Load = 

±7700 

From Fig. C2.7 allowable compressive load = 
7900.M.S. * (7900/7700) - 1 - .03. 

Allowable tensile strength = 100,000 x .841 
x .127 = 10700# (not critical). 

The end verticals which carry only a small load 
are obviously far over strength. 

(2) Redesign of tube sizes considering that truss 
is head treated to 150000 U.T.S. after truss is 
welded together. 

In general heat treating of trusses to high 
tensile strengths after welding is done only for 
trusses whose members are short and carry rela- 
tively large loads and thus fall definitely in 
the short column class. Since there is consider- 
able practical difficulty In holding the original 
shape when being heat treated due to warping 
etc., the heat treatment of tubular trusses Is 
usually confined to small units and for cases 
where the weight allowance is very tight. Another 
disadvantage is that in case of repair the heat 
treated properties of the tubes are decreased in 
the vicinity of the welds. 
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Column charts tor 160000 steel similar to 
those of Fig. C2.7 are not available thus those 
of Fig. C2*4 must be used or the original column 
equations of table C2.1. 

Design of Upper Longeron abed; 

In Fig. C2.4 we find the allowable column 
unit stress F c for heat treated alloy steel 
plotted against the effective column slenderness 
ration L'/?. The general procedure in selecting 
a tube to carry a given compressive load is to 
assume a tube size, which gives a preliminary 
L/? value from which the preliminary allowable 
stress F c is obtained. Multiplying F c by the 
tube area we get its column strength for the 
given length. If the resulting strength is too 
large or small the tube sizes is changed and the 
checking process repeated. Common sense should 
be used in guessing at a tube size instead of 
wild guessing without any logical thought. 

Since portion ab carries the largest com- 
pressive load it will be considered first. For 
c = 1.6, V = U/c = 12.5^1.6 = 10. 4* . Since 
this is a relatively small length, the tube will 
be designed for crippling stress at the tube 
ends adjacent to the welds. The tube size ob- 
tained from this consideration will be checked 
for column action. 

From Fig. C2.4, the value for F c as deter- 
mined by the weld cut-off line for 150000 steel 
equals 120000 psl. 

area required - 40000/120000 = .333 sq. 
in. From Table G2.3 we find that a 1-3/4 - 
.065 tube has an area of .3441 and ^ = .5962. 

The M.S. for local crushing near weld = (3441/ 
.333) - 1 = .03. 

Check tube for column strength: L’ /? « 10.4/ 

.596 = 17.4 

From Fig. C2.4 using dashed portion of curve, F c 
= 130000 psi. 

Hence P a = F C A = 130000 x .3441 = 44800#. M.S. 

= (44800/40000) - 1 = .12. 

Member be 

This member will be made the same size as 
(ab) namely, 1-3/4 - .065 since a continuous 
longeron for this short truss is desirable. 

L' = 25/V§ = 17.8, L' = 17.8/ .596 = 29.8 

From Fig. C2.4 when L' /? = 29.8, F c =-120100 psi. 
The local crushing stress as shown by the weld 
cut-off line = -120000. Hence P a = -120000 x 
.3441 = -41300#. M.S. = (41300/38750) - 1 « .06. 

Diagonal Members (be) 

Design load = - 7700 L' = 23.4/i/g = 16.6 

From column curves of Fig. C2.7 which is for 
100,000 U.T.8. steel we select a 7/8 - .049 
tube as necessary. However our material 1 b 
150000 U.TeS. so that decreasing the 7/8 - .049 
to 7/8 - .035 appears reasonable as a trial size. 


For 7/8 - .035, ? = .297, A * .0924, L f /$ - 
16.6/. 297 = 56. From Fig. C2.4, F c 55 -88500 
psi. 

tube strength « - 88500 x .0924 - - 8180# 
M.S. = (8180/7700) - 1 = .06. 

The crushing strength adjacent to weld is -120000 
psl. (see Fig. C2.4). The allowable tensile 
stress adjacent to weld is .8 x 150000 * 120000 
psi. (See Table C2,3a). Therefore Pa = FcA » 
120000 x .0924 = 11100#. (not critical) 

Bottom Longeron. 

Design load * + 38750, - 17400#. Design for 
tension and check for compression. Net area re- 
quired = 38750 - 0.324. 

.6 x ISoooo 

Area 1-3/4 - .065 = .344 

Area 1-7/8 - .058 = ..331 

Use 1-7/8 - .058. M.S. = (.331/. 324) - 1 = .02 
Check column strength 

^ - .643, L f = 24/VS = 17.8, L‘ /* = 17 .8/. 643 = 
27.5 

From chart Fig. C2.4, F c = 122500 psi. This is 
more than the crippling stress of .8 x -135000 s 
-108000 psl . Hence the column of the tube = .331 
x 108000 = - 35800#. (not critical). 

Since tension is the critical load by a 
large margin, there are various tubes that could 
be used. Thus smaller tubes of greater wall 
thickness would be satisfactory, however since 
the diagonal members are .035 It Is not good 
practice to go much over .083 for longeron thick- 
ness because of danger of burning the thinner 
tube in welding. 

Example Problem #3 

A member is 50" long and carries a design 
load of -10400#. Design a round tube for the 
following conditions: 

(1) Material - steel - Ftu “ 180000 psl; c = 1 

(2) Material - 24SRT Al. Alloy; c = 1.5 
Solution 

(1) P = -10400, L = 50, c = 1 
To obtain preliminary approximate size use steel 
column curves of Fig. C2.7 which gives following 
results; 


Si*# 

Strength 

<? 

wP 

Critical l*'/e 





for 100,000 «t##l 





(table C2.1) 

l 3/4 ~ .040 

-10800 

.602 

63 

90 

X 5/0 - .096 

-10000 

.994 

00 

90 


Therefore the required column falls in the long 
column range and heat treating to 180000 does 
not Increase the strength over that shown above 
for 100,000 steel. 
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Hence size required » 1-3/4 - .049. M.S. » 
(10600/10400) - 1 * .04 

(2) Design of 248RT round tube. 

P * - 10400; L = 50; c = 1.5; L' = 50A/I75 = 40.8 

The column curves of Fig. 02. 8 are for 
248T material, and time has not been taken to 
plot such curves for 24SRT tubes. However good 
use can be made of these curves for selecting a 
trial size for 24SRT. 

From Fig. C2.8, the following 24ST tubes 
would be satisfactory. 


IASS 

£ 

v/f 


2 1/4 - .058 

.775 

52.5 

66 

2 1/4 - .065 

.773 

52.5 

66 

2 1/2 - .049 

.867 

47 

66 


The results show that the approximate tube 
required falls definitely into the short column 
range. Since 24SRT has greater strength proper- 
ties than 24ST (See Fig. C2.5) it Is logical to 
decrease the above sizes one gauge and check 
the resulting strengths using 24SRT material. 

The results are as follows: 



A r»a 

J2 

hize. 

F c from 

rig. C2. 5 

P s F c A 

M.S. 

2 1/4 - .049 

.339 

.778 

52.5 

-32700 

-11100 

.06 

2 1/4 - .058 

.399 

.775 

52.6 

-32700 

-13000 

.25 


hence 2-1/4 - .049 is the required size. 

If a 17ST material had been specified, the 
logical procedure would be to increase the pre- 
liminary sizes as determined by the 24ST curves 
by one gauge and check the resulting tubes. 

Example Problem #4 . 

Determine the strength of a 2-3/4 - .049 
24ST al. alloy round tube 10 inches long when 
c = 1. 

Solution : 

£for tube = .955, hence L/f = 10/. 955 = 10.4 
Area = .416 

From Fig. C2.5 allowable column stress Fc = - 
45500 psi. 

The D/t ration of tube = 2. 75/, 049 * 56 

From Fig. C2.5 the crippling stress for D/t = 

56 = Fc - -42000. Hence local crippling is 
critical and P c = .416 x 42000 = 17500#. 

C2.12 Design of StrsimXlns Stool and Aluminum Alloy 
Tubos as Columns 

In the days of the externally braced wing 
and tail surface and the fixed landing gear, 
the streamline strut was a major unit of the 
airplane preliminary structure. However the 
metal covered cantilever wing and the retract- 
able landing gear has eliminated the necessity 


of using streamline struts. At present the 
chief use of streamline struts is the attachment 
of main and auxiliary floats to the fuselage and 
wing in small seaplanes. 

Table C2.4 gives the section properties of 
streamline tubes with 2.5 to 1 fineness ratio. 

In a streamline member acting as a column the 
member will fall by bending about the major 
axis unless restraint is provided by end fitting 
design. 

Fig. C2.9 gives the allowable column and 
crushing stresses for aluminum alloy streamline 
tubing and Fig. C2.10 gives the same for chrome- 
molybdenum streamline tubing. Using these col- 
umn curves the design of a column is a trial and 
error process. A good procedure to follow m 
making a guess at the first trial size is to find 
the size of round tube required from curves of 
Figs. 02.7 and C2.8 and select a streamline tube 
with a moment of inertia I about the major axis 
equal to the I of the required round tube. In 
general this will give a streamline tube size 
fairly close to the required size, thus requiring 
simple modification. 


C2.13 Example Problems in Design of Streamline Struts 

Fig. 02,12 diagram a shows the three struts 
that make up the Interplane N-strut between the 
wings of a conventional biplane. The design 
loads as well as the pin to pin length are given 
in the figure. Diagram b illustrates the 3 memb- 
ers that form the cabane~truss between the upper 
wing and the fuselage. Design loads and lengths 
are given in the figure. 

The size of 24ST aluminum alloy streamline 
struts will be determined for the front interplane 
strut (member AC) and the front cabane strut 
(member FH. ) 

Member Ac 

Design load = - 2950#, L = 65.6, c - 1 
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Squares *table ca.s section properties of square tubino 
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To obtain a preliminary size, select a 
round 34ST tube for the given load and length 
from curves of Fig. C2.8. The results are 
1 - 7/8 - .058 or 1-3/4 - .065 with moments of in- 
ertia of .136 and .,122 respectively. A stream- 
line tube size having a moment of inertia about 
the major axis equal approximately to the above 
values will be selected from table C2.4. The 
following sizes are selected: 


Size 

I. 

A 

<9 

we 

C2.9 

p c • M 

2 1/2 - .058 

.1166 

.445 

.516 

127 

-6300 

-2800 

2 1/2 - .065 

.1312 

.497 

.514 

127 

-6300 

-3135 

2 3/4 - .049 

.1366 

l 

.416 

.573 

114.5 

-7800 

-3200 


buckling and crippling of flat sheets as a means 
of estimating the local crushing strength of 
square tubes. 

C2.15 Columns of Solid Sections 

The primary Instability column strength for 
sections where local instability is not critical 
can be calculated by the general column formulas 

Example Problem. 

Fig. C2.13 shows a forged (I) section member 
30" long. It is to be used as a compression 
member. If the matorlal is aluminum alloy (14ST) 
what is the ultimate column strength of the 
member . 


Thus lightest tube is 2-3/4 - .049 if available. 
Hence M.S. = (3200/2950) - 1 = .08 

Design of Member FH 
P = - 8960, L - 39.1, c = 1 

To obtain a trial size, select necessary round 
tube from Fig. C2.8 which gives a 2" - .058 or 
1-7/8 - .065 with I of .167 and .152 respective- 
ly. From table C2.4 we select a 2-3/4 - .058 
streamline tube which has a I major = .159. 


81z» 

A_ 


hif. 

In 


M.S. 

2 3/4 - .058 

.49 

.57 

68.8 

’ -20600 

-10100 

.13 


A tube size of 2-3/4 - .049 is not avail- 
able, thus the above size Is the lightest avail- 
able. 



Fig. C2-14 


Solution: 


The D/t = .275/. 058 = 47.5. From Fig. 

C2.9 the local crushing stress Fee for D/t ~ 

47.5 = - 33000, which is not critical when com- 
pared to the 20600 for F c • 

The student should design streamline struts 
of aluminum alloy and also steel for the other 
interplane and cabane struts. 


Since the column may fail by bending about 
either the X or Y axes, the column strength for 
bending about each of these axes will be calcu- 
lated. Since the column strength is a function 
of the radius of gyration of the cross-section, 
the first step in the solution will be the cal- 
culation of I x and Iy, from which and fy can 
be found. 


C2.14 Design of Square and Klllptlcal Steel and 
Alunlnua Alloy Tubes ae Column® 

Table C2.5 gives the section properties of 
oval and square tubes. The column charts of 
Figs. C2.9 and C2.10 can be used for the design 
of oval shaped tubes. The local crushing or 
crippling stress of oval tubeB is no doubt 
greater than that of streamline tubes of the 
same basic round tube and gauge because the con- 
tour curvature is sharper. Thus using these 
curves is no doubt slightly conservative for 
crushing strength. 

For square tubes as compression members 
primary column strength can be found by use of 
the curves of Figs. C2.3 and C2.5. However 
data on local crushing or crippling strength of 
square tubes Is scarce so tests should be made 
to establish the shape of the transition curve 
from local to primary column failure. The stu- 
dent should refer to the chaper which covers the 


Calculating I x : In Fig. C2.14‘the section will 
be first considered a solid rectangle 2.5 x 2.75 
and then the properties of portions (1) and (2) 
will be subtracted. 

I x (rectangle) - jg x 2.5 X 2.75*- 4.32 
Portions (1) and (2) 

I x = 1 .5 X 1.25* - 4( .626 X .25 x 1.292 ‘) = -1.29 

(I 0 of (2) about Its x centroldal axis 1 b negli- 
gible) 

I x -4.32- 1.29 = 3.03 In.* 

* x =fl*, Area A = 2.5 x 2.75 - 2x .75xl.25 - 4x ,25x 
' A .625) = 4.375 sq. In. 

? x = v£7WO?5 = .83 in. 
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Calculation of Iy : 

I y (solid) = i x 2.75 x 2.5 * = 3.58 

Portion (1) = -(1.25 x .75 x .875“)2 -(1.25 x .75*/ 
12)2 = - 1.52 

Portion (2) =-(.25x .625 x .833 *)4 - 4( .25x1.25*/ 
36) = - .488 

I y = 3.58 - 1.52 - .488 = 1.58 in. 4 

= VI. 58/4. 375 = .60" 

Strength P c In bending about axis XX: 

L = 30", C = l, *=.83, L , /e = 30/.83 = 36 
This Is definitely in short column range, 

F c =F co [l- -| - Vb7feo J? ] (Ref - EQ * 4Pa8S C2,1) 

From Table C2.2, F co = F C y (1 + gg&g^ ) 


For 148T aluminum alloy 

F co = 50000 (1 + |§2&) = 62500 pel. 


* 62500 


1 - 


200000 
.385X36 


» I/s 


OTTo^l 


62500 J 


= 62500 (1- .344) = 

41000 psi 


hence, P c = F C A = 41000 x 4.375 = -179500 lb . 
Strength P c in bending about axis YY: 

The end fitting on this strut is designed 
to fit into a female fitting. The hinge pin is 
perpendicular to the YY axis, thus a certain 
amount of end fixity is provided. For these 
calculations a value of C = 2 will be used. 

V ~ L/\/5 = 30/V2 = 21.2, L’/e = 21.2/.6 = 35.4 


F c = 62500 


1 - 


.386x35.41 




62500 J 


= 41300 psi 


hence, P c * 41300 x 4.375 = 180800 lb. 

With the assumed end fixity of C = 2, the strut 
gives practically the Bame column strength 
about either axis. The tapering of the strut at 
the ends to provide fitting would reduce the 
column strength only a very small amount, since 
material near the ends effects the column bend- 
ing strength as a whole very little. 


PROBLEMS 


(1) Fig. C2.15 shows the cross-section of a 
member 25" long which is to be used as a com- 
pression member. Calculate the maximum compres- 
sive concentric end load that member will carry 
for the following conditions. 


(a) Material - 24ST aluminum alloy. 

C = 1 for bending about xx axis. 

C = 1.5 for bending about yy axis. 
Same as (a) but for 17ST material. 


(b) 

(c) 
but 


Same as (a) 
for Chrome- 
moly steel heat 
treated to 
180000 



Fig. C2-15 



(2) Fig. C2.16 shows the aft portion of the welded steel tubular fuselage of and actual air- 
plane. The critical tension and compression load for each truss member as determined from a stress 
analysis involving consideration of all flying and landing condition are given adjacent to each 
member in the figure. Assuming a fixity of c - 2 for all members, select tube sizes for all memb- 
ers and fill in a table with the column headings as given above. Minimum size of any member to be 
3/4 - .035. The top and bottom longerons should not be spliced more than twice* Material chrome- 
moly steel (Ftu 3 95000 psi). 
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(3) For the cantilever welded steel tubular 
truss of Fig. C2.17, select the lightest members 



for the truss loading as shown. The top and 
bottom longerons should be continuous members. 
Minimum size 3/4 - .035. Use C ~ 2 for web 
members and C - 1.5 for longerons. Material 
(chrome-moly steel F^u = 100000 psi). 

(4) If the truss of Fig. C2.17 is heat 
treated to 180000 psi after welding, how much 
weight could be saved over the results obtained 
in problem (3). 

(5) Same as problem (3) but change material 
to 24ST aluminum alloy round tubes. Members to 
be fastened together by rivets and gusset plates. 
For design of tension members assume that rivet 
or bolt holes cutout 1056 of tube area. 

(6) Fig. C2.18 shows a typical tubular eng- 
ine mount structure. The engine is supported at 
points A and B. For design purposes assume that 
engine torque is reacted 80% at A and 40% at B. 
Tube material is steel Ftu ~ 95000 psi. Use C = 
1 for all members. Determine tube sizes Tor the 
followlngdesign conditions: 

Condition I Vertical Load factor - 10 (down) 

Thrust Load factor 2 (forward) 
Engine Torquw Load factor ~ 2 


(7) Fig. C2.19 11 
illustrates an ex- 
ternally braced 
wing beam. Deter- 
mine the axial load 
in the lift strut 
for a beam running 
lift load of 50#/in. 
acting up. Also for 
a negative 
or down 
lift load 
of -30#/ 
in. of 
beam . 

(a) Deter- 
mine the 
size of a 
steel 
stream- 
line tube. 

(Ftu * 

95000) 



Fig. C2-l$ 
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v b ) Determine the size of a 
24ST streamline tube for 
the lift strut. 

(c) What size of steel stream- 
line tube is required if 
tubes are heat treated to 
16500 psi. 


Condition II (Same as I except vertical load fac- 
tor is b up. 

General Data: Weight of power plant installa- 
tion - 440# 

Maximum engine thrust *- 400# Engine H.P, - 120 

at 2000 R.P.M. 



(8) Fig. C2.20 illustrates the 
strut and wire bracing for 
attaching float to fuselage 
of seaplane. Determine the 
necessary sizes for the 
streamline struts AC and BD 
for the following loadings: 

Condition I. V ~ -32000#, 

H - -8000# 

Condition II. V * -8000, 

H - 28000 Material is 
24ST. Use C = 1 




CHAPTER C3 

DESIGN OF ROUND TUBES FOR BENDING, TORSION 
AND FOR COMBINED LOADINGS 


C3.1 Introduction 

Steel and aluminum alloy tubes are a very 
common unit in the structure of the modern air- 
plane. In many instances the tubes are loaded 
in such a manner as to produce compression, 
bending, or torsional stresses on the tube or a 
combination of these stresses. The airplane 
structural designer must usually provide a mini- 
mum ultimate strength which will carry loads 1.5 
times the applied loads. In general the ulti- 
mate stresses may fall in the plastic range of 
the material and thus to determine the ultimate 
strength consideration must be given in the cal- 
culations to the stress-strain properties of 
the material above the proportional limit or 
tests must be run to establish the ultimate 
strength of the members. 

C3.2 Modulus of Rupture in Bonding. 

The well known flexure formula f^ = Mc/I 
(see chapter A12), assumes that Hookes 9 law 
holds, that Is, stress is directly proportional 
to strain. Usually however a tube that fails in 
bending is stressed above the proportional limit, 
thus the above equation does not apply. To 
simplify bending design of steel and aluminum 
alloy tubes, bending tests have been run on a 
series of these tubes. The bending moment which 
causes the failure of these tubes in the tests 
1 8 then used in the flexure fonnula to give a 
value of Fp = Mc/I. This flctlcous stress Fp 
which is not the actual stress is referred to as 
the modulus of rupture in bending. 

Fig. C3.1 gives curves for determining 
values of the modulus of rupture in bending for 
chrome-moly steel tubes of various heat treats. 
Fig. C3.2 gives curves for Fp for aluminum al- 
loy tubes, and Fig. 03. 2a the Fp values for 
magnesium alloy tubes. The values aB plotted 
depend on the D/t ratio of the tubes. Making 
use of these allowable stress curves the bending 
strength of chrome-moly steel and 24ST aluminum 
alloy tubes have been calculated and the results 
are tabulated in table C3.1. This table is also 
valuable in estimating the required sizes for 
heat treated steel tubes and other aluminum al- 
loys as will be Illustrated in the example 
problems . 

C3.3 Bending Xodulu* of Rupture Calculation 

from fltreee-Btrain Curves. 

The modulus of rupture of rods, bars, and 
tubes which fail under stresses in the plastic 
range can be estimated cjulte closely by the use 
of the stress-strain curve of the material in 


the calculation of the ultimate Internal resist- 
ing moment for the particular member in question. 
This procedure can best be illustrated by giving 
example calculations. 

Example Problem 1 Bending Modulus of Rupture for 
Solid Round Rod of 348T Alumi- 
num Alloy. ™ 

Fig. 03.3(a) shows a rod with 2 inch diamet- 
er. In chapter Cl, Fig. Cl. 5 a stress-strain 
curve is given* for 24ST tubing material, which 
shows that the stress-strain curve for compres- 
sion Is different from that in tension. The as- 
sumption that plane sections remain plane after 
bending even in the plastic range will be made. 
Fig. 03.3(b) shows the strain diagram that has 
been assumed. Since the location of the neutral 
axis is unknown a trial and error method must be 
used. Considering that tension Is produced on 
the upper portion of the rod the neutral axis is 
estimated or guessed to lie .0375" above center 
line of rod. It is toward the tension side be- 
cause observation of the stress-strain curve of 
Fig. Cl. 5 shows that for a given strain In the 
plastic region the corresponding tensile stress 
Is greater than the corresponding compressive 
stress. Table C3.2 gives the calculations for 
determining the internal ultimate resisting mom- 
ent assuming the neutral axis as shown and with 
the maximum ultimate compressive unit strain 
equal to .010. 


(<* ) Fig. C3-3 

tension T sns£ 



For equilibrium the total tension on section 
must equal the total compression. The summation 
of columns 6 is 740# which should be aero but is 
close enough for all practical purposes, and which 
shows that the neutral axis location Is correct. 

The total resisting moment when section is 
strained as assumed in Fig. 03.3(b) equals 56736 
in. lb. (col. 7) 
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Fig. C3.1a Allowable column stresses For Mag- Fig. C3.9a Torsional Modulus of Rupture For Mag- 
nesium Alloy Round Tubing neslura Alloy Round Tubing 



Alloy Tubing. 


The values In Fig. C3.2a were taken from an article In the Journal of the Institute of Aeronautical 
Sciences of Nov. 1948, entitled, "The Bending Modulus of Rupture of Round Magnesium Tubing", by 
C. H. Mortenson of the Dow Chemical Co. Mr. Mortenson recommends the curves In Fig. C3.2a for 
preliminary design purposes. Tubes with a D/T value £ 38 fall by general flattening of the tubes 
together with excessive deflection and for the last ten percent of the load the deflection Increas- 
es approximately 100 percent. For D/T values greater than 38 failure Is by sudden Instability of 
the tube walls. 





Table C3.1 Bending and Tore Iona 1 Strength of Round Tubee 
(Values In Inch lbs.) 


SECTION PROPERTIES 


(Values in Inch lbs. 
248T AL. ALLOY 


.167 .001160 
.165 .001390 
.160 .001786 

.211 .002345 
.209 .002833 
.204 .003704 
.202 .004195 

.255 .004145 
.253 .005036 
.248 .006661 
.245 .007601 
.243 .008278 

.299 .006689 
.297 .008161 
.292 .010882 
.289 .012484 
.286 .013653 

.341 .012368 
.337 .016594 
.334 .01911 
.331 .02097 


*4130 STEEL 


004641 17.85 
,005559 14.28 
,007144 10.20 

,007503 22.30 
,009065 17.85 
,011852 12.77 
,013425 10.79 

,011052 26.80 
,013429 21.42 
,017762 15.30 
,02027 12.94 
,02208 11.53 

,015289 31.23 
,018653 25.00 
,02487 17.83 
,02853 15.10 
,03121 13.47 


Bend* Tor* wt Bend* 
lng sion 100* lng 

313 311 .42 554 

379 417 . 52* 705 

495 600 . 70 955 


Tor- wt 
sion 100** 


Bending and torsional 
tube strengths in table 
ase based on Pigs. C3.1, 
C3. 2, C3.8 aad C3.9 and 
are for Materials with 
following Mechanical 
properties. 


rMm 


Ftu * 100,000 pel 

Fty - 85000 psl 

Fgu m 65000 pel 

L/D ratio - 20 (see note 
"A") 

248T AlUMimw Alloy 
Ftu ■ 62000 psl 
F ty « 42000 pal 
Fgu ■ 37000 pal 


39.25 2970 

28.05 4230 

23.70 4990 

21.15 5570 


2180 1.49 
3460 2.07 
4520 2.43 
5130 2.70 

2515 1.63 
3980 2.26 


4810 4618 4.17 

7040 6922 5.78# 

8450 8338 6.80 

0620 9508 7.58 a 

5630 5345 4.56 

8250 8085 6.32# /jo 

7.45 
8.30 
10.47 




Torsional strength of 
steel tubes In table 
C3.1 based on L/D « 20. 
For other Tallies of L/D 
Multiply by factor Rt 
from above graph. 


AS Standard 


10.68 

12.60 

14.09# 

17.85 

20.34 
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press ive unit strain is taken as *010 and the 
neutral axis is guessed at ♦075" above center- 
line. Table C3.3 gives the calculations for 
determining the ultimate internal resisting 
moment. The procedure is identical to that of 
example problem 1. 

Tsbls C3. 3 




Rod divided Into 20 strip* .1" thick. 
y m distance froa centerline to strip c.g. 
a - strain at nidpoist - (y - . 0375)/103. 75 
Unit stress for x strain fros Fig, CIS 
Total stress on strip. 

MloBsnt about neutral axis, r ■ (y - .0375) 




hence our calculated modulus of rupture Fp In 
bending is, 

F b = - 72300 psi . 

The allowable stress chart of Fig. C3.2 for 24ST 
material and D/t = 0, gives Fb = 72200 psi. 

In assuming the unit strain curve of Fig. 
03.3(b) it would make very little difference if 
maximum compression unit strain were .008 or 
,012 since curve is relatively flat in the plas- 
tic region. 

Using the values In column 5, the Btress 
distribution at ultimate strength is shown in 
Fig . C3.3( c ) • 


Ultimate Internal resisting moment » 114-70"# 
hence, Modulus of rupture Fb 88 y r J ' gf ° ~ 62000 P sl 

which corresponds to 63600 from allowable stress 
chart of Fig, 03. 2. 

C3.4 buplt Problsas Tubas In Banding Use Allowable 
Curves. 

Example Problem #1 

Let it be required to determine the size of 
a round tube for the conditions illustrated in 
Fig. 03.5, if the material is (1) 24ST, (2) 17ST 
with Fty = 30000 psl , and (3) if material is 
chrome-moly steel with Fp u = 10000 psi. 
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Solution: 

The maximum bending moment shouod first be 
determined. The moment diagram for the given 
load conditions shows that the maximum moment 
equals -3000 in. lb. and it occurs over the 
supports . 

In selecting a tube size If we use the 
curves of Figs. C3.1 and C3.2, we must guess a 
size since the modulus of rupture as given on 
these curves is a function of the D/t value of 
the tube and then check the strength of the as- 
sumed trial size and repeat the guess and check 
method until the final proper size Is obtained. 
Table C3.1 however eliminates this trial and er- 
ror procedure for the two materials for which 
the table applies. The table is however very 
useful for selecting trial sizes for other ma- 
terials thus saving time in the general guess 
and check method. 

(1) Design of 248T Round Tube : - 

From table C3.1 the following sizes in 
table A give a bending strength near the re- 
quired 3000 in. lb. 


Tnble A 


Tube else 

Bending 

Strength 

wt/100 M 

H.8. on 

3000 In. lb. 

1 1/8 - .058 

3300 

1.97 

.10 

1 1/4 - .049 

3400 

1.87 

. 16 

1 3/8 - .039 

2970 

1.49 

>.01 

1 1/2 - .039 

3496 

1.63 

.16 


From the above table the lightest tube 
with a positive margin of safety is the 1-1/2 - 
.036, which has the same M.S. as the heavier 
1-1/4 - .049 tube. 

In many cases of practical design the struc 
tural designer must use AN standard sizes or he 
may be restricted to sizes stocked by the comp- 
any. Furthermore installation clearances etc., 
may dictate the maximum tube diameter. 


Tnble B 


Tube else 

D/t 

Fb from 
fig. C3.2 

Monent 
Strength 
* • r b l/7 

M.6. on 
3000”# 

wt/100" 

1 1/8 -.069 

17.30 

90700 

3790 

-.06 


1 1/4 -.096 

31.99 

90000 

3090 

.03 

2.20 

1 3/8 -.049 

36.06 

49000 

3200 

.069 

2.07 

1 1/2 -.049 

30.60 

46600 

3940 

.36 

2.26 


From table B, the 1-3/8 - .049 is the 
lightest tube and it has a greater margin of 
safety than the 1-1/4 - .068 which is a heavier 
tube. 

In the design of tubes as beams considera- 
tion must be given to holes due to bolts or rivets. 
For the least detrimental effect the bolt or 
rivet holes should be located on neutral axis of 
tube in bending. 

(3) Design of Chrome-moly Steel Tube, Ftu = 100,000 

psi. 

The bending strength of 100,000 U.T.3. 
chrome-moly tubes has been calculated and record- 
ed in table C3.1. Thus tubes which give a bend- 
ing strength close to 3000 in. lb. are quickly 
selected as given in table C. 


Tnble C 


Tube elne 

Bending Strength 
Table C3. 1 

wt/100" 

M.8. on 
3000**# 

7/8 - .049 

2970 

3.60 

-.01 

1" - .049 

3860 

4.19 

.38 

1 1/8 - .039 

3309 

3.40 

.10 


The 1-1/8 - .036 size is the lightest tube. 

Example Problem #2 

Fig. C3.6 shows a welded steel tube rectangu- 
lar frame, carrying a 2000# load at the midpoint 
of member AB. The material Is chrome-moly steel, 
Ftu r 100,000 ps 1 • Determine the margin of safe- 
ty of the member AB in bending. 


However no matter what the restrictions 
are it is easy to select the proper tube from 
table C3.1 or make use of it in selecting trial 
sizes for tube material for which it does not 
apply. 

(2) Design of 17ST Round Tube, Fty - 30000 psi:- 
Table C3.1 does not apply for 17ST tubes 
and thus Fig. C3.2 must be used. However to ob- 
tain logical trial sizes time can be saved by 
finding the size required for 24ST material from 
table C3.1 which gives the sizes In table A. As 
shown by Fig. C3.2, the modulus of rupture for 
178T is lower than for 248T tubes. Hence a 
logical tube size selection would be to increase 
the tube sizes in table A to the next gage and 
then compute the strength of these tubes using 
Fig. C3.2. Table B gives the results. 



Solution 

Since the members of the frame are welded 
together the bending moment on amber AB is stat- 
ically indeterminate since the degree of restraint 
at A and B Is unknown. The joint bending moments 
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will therefor® be determined by use of the 
"Cross" moment distribution method. (See chap- 
ter All). Fig. 03. 7 shows the moment distribu- 
tion solution. 
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Due to symmetry of loading and structure 
only one half of the structure Is considered 
in the distribution and carry-over process. The 
solution Is started with the fixed end moments 
on AB = to PL/8 =* 2000 x 28/8 = 7000 in. lb. 

The final moments at A and B are 4360 in. lb. 
giving the moment diagram for member AB as 
shown In Fig. a. 



The maximum moment occurs at midpoint of AB and 
equals 9460"#. 

From table C3.1, 1-1/4 - .058 tube will de- 
velop 7050 in. lb. Hence margin of safety * 
(7050/9460 -1 - - .25, thuB member is under- 
strength at midpoint. 

At point (A) due to welding Influence, the 
above allowable of 7050 will be reduced 20 per 
cent or .8 x 7050 - 5640"#. The tube bending 
strength Is satisfactory at A and B since moment 
is 4360. 

To make the frame show a positive margin of 
safety it will be heat-treated to 150,000 after 
welding. 

From Fig. C3.1, for a tube with D/t = 21.6 
and heat-treated to 150,000, the modulus of 


rupture Fp - 174,000 pel. 1/y for 1-1/4 - .068 
tube « .06187. 

Hence bending strength * 174000 x .0618? » 

10770 in. lb. M.8. = (10770/9460) -1 * .14 

C3.5 Torsional Modulus of Stuptux*. 

Tubes subjected to pure torsion fail due to 
plastic deformation or elastic Instability of the 
tube walls or a combination of each action. 

The well known torsional stress formula 
f B - Tr/J assumes stress proportional to strain. 
For tubes with low D/t values failure will occur 
In the plastic range, then the torsion formula 
will not give the true shearing stress since 
stress Is not proportional to strain. However 
If we substitute the ultimate rupturing torsion- 
al moment as obtained from tests In the above 
formula we obtain a value for f s which is referr- 
ed to as the torsional modulus of rupture and Is 
given the symbol F s t • This stress may not be the 
true shearing stress that exists at failure but 
the values serve as a measure of the ultimate 
torsional strength. 

Figs. C3.8, C3.9 and C3.9a give the torsion- 
al modulus of rupture curves for steel, aluminum 
alloy and magnesium alloy respectively. 

In table C3.1 the torsional bending strength 
has been computed for 24ST aluminum alloy round 
tubes and also for steel tubes whose Ftu 58 100,000 
psi. and whose L/D values = 20. 

Example Problem 

A round tube 30" long Is subjected to a de- 
sign torsional moment of 6600 in. lb. Select the 
lightest tube for the member using the following 
materials: (1) 24ST, (2) 24SRT, (3) x -4130 
steel, Ftu = 100000 psi., (4) x -4130 steel heat 
treated to 160000 psi. 

(1) Design of 24ST tube:- 

Table C3.1 summarizes the torsional strength 
of 243T round tubes. Selecting those sizes which 
have a strength close to 6600 in. lb., the values 
in table D are obtained. 


Table D 


Tube else 

Tore lose 1 
Strength 
Table C3.X 

wt/100” 

M.8. on 
8600“# 

1 5/8 - .065 | 

6680 

3.23 

.01 

X 7/8 - .058 j 

7340 

3.34 

.10 

1 1/2 - .083 

8300 

3.74 

.24 


The 1-5/8 - .065 tube is the lightest. The 1-7/8 
- .058 tube is approximately 3 percent heavier but 
it will give a 9 percent greater margin of safety. 

(2) Design of 24SRT Hound Tube:- 

Since 248RT is stronger than 24ST, it will 
be logical to cut the tube sizes in table D one 
gage and check their strength. Table E gives the 
results. 



C3»a 


ROUND TUBBS IN BENDING, TORSION AND COMIINBP LOADINGS 


Toblo I 


Tub • flM 

D/t 

F*t froa 
Fig. C3.3 

Wt/100" 

Toroioaal 

Stron*th 

T . ».« £ 

tt.8. 


"5i — 

— mm — 

i;v r* 

7&46 

.67 

l 7/i - ,049 

32.2 

33700 

3.34 

7170 

.03 

1 1/2 - * 066 

23.1 

33100 

2.97 

7040 

.07 


The 1-7/8 - .049 Is the lightest as well as the 
strongest. 

(8) Design of x -4130 Steel Tube Ftu s 100000 
psl:- 

Fig. C3.8 shows that the torsional modulus 
for steel tubes Is Influenced by the L/D ratio 
of the tube. The torsional shear strength for 
the x -4130 tubes as given In table C3.1 Is 
for an L/D ratio of 20. Thus for any other 
value of L/D the correction factor as obtained 
from the L/D correction curve must be used. The 
values in table C3.1 will however prove valuable 
In selecting trial sizes for checking purposes. 

Table F shows the tube sizes taken from 
table C3.1, the necessary correction factors 
etc. 


r 


Tub* Hm 

Tor. 

Btr. 

L/D 

Corr. 

Wc.K t 

Corr. 

T m - TI t 

wt/100" 

3.8. On 
6600**# 

X 3/9 - .049 
13/4 - .033 

6320 

3900 

21.8 

17.1 

.93 

1.02 

6340 

7030 

3.79 

5.32 

.03 

.06 



The lightest and the strongest is 1-3/4 = .035 

(4) Design for Steel Tube Heat-treated to 
160000 pel. 

From the sizes required for 100,000 steel 
In table F it is logical to assume at least 
the next gage smaller for the 160,000 heat-treat- 
ed steel tubes. Table 0 shows the assumed sizes 
and the calculations of the margin of safety. 


Tbblo a 


Tubo »1 k« 

D/t 

L/D 

Froa FIS 
C3.9 

r«t 

* 

wt/100" 

3.8. 

on 

3300 

1 1/4 * .033 

35.7 

24 .483 

77300 

8190 


-.07 

1 1/4 - .049 

23.3 

24 .33 

34800 

3030 

5.33 

.37 

1 3/8 - .033 

39.2 

2L8 .473 

78300 

7350 

4.17 

.» 


stress ratio method has been proposed by **8han- 
ley" which appears to have excellent possibili- 
ties. This general method is constantly referr- 
ed to in ANC-5. in this method the stress con- 
ditions are represented by "stress ratios" which 
can be considered as non-dimensional coefficients 
denoting the fraction of the allowable stress or 
strength for the member which can be developed 
under the given conditions of combined loading. 

For a single simple stress, the stress ratio 
can be expressed as, 

R = stress ratio = | — (1) 

where f = applied stress and F = allowable stress. 
The margin of safety in terms of the stress ratio 
R can be written, 

M. 3. = g - 1.0 (2) 

For combined loadings the general conditions 
for failure are expressed by Shanley as follows: 

R/ + R/ + R 8 z + 1.0 (3) 

In this expression, R 1# R # , and R a could re- 
fer to compression, bending and shear and the 
exponents x, y, and z gives the relationship for 
combined stresses. The equation states that the 
failure of a member under a combined loading will 
result only when the sum of- the stress ratios Is 
equal to or greater than 1. 

Load ratios R = P/Pa, where P is the applied 
load and Pa the allowable load can be used for 
the stress ratios if desired. 

C3.7 Coabinod Binding and Compression. 

In tubes subjected to combined compression 
and bending the stress due to compression is uni- 
form over the section whereas the stress due to 
bending is not uniform over the cross-section. 

The following stress ratio equation which is no 
doubt slightly conservative should be used in the 
design of tubes unless test data is available or 
tests are made which show that an exponent great- 
er than one is permissible. 

R c +Rb=1.0 (4) 

which can be written. 


The required steel tube is therefore 1-3/8 - 
.035 when heat-treated to 160,000 psi. 

C3.6 Failure Dad »r Combined Loads. 

A common condition in the use of tuoes as 
structural members is the fact that loads exist 
which produce compressive, bending or shearing 
stresses acting simultaneously, thus the problem 
confronting the designer is the question of al- 
lowable stresses for conditions of combined 
loading since failure may be due to buckling or 
instability and there is no general theory which 
applies to all conditions of combined loadings. 

A new method of approach referred to as the 


P c * ^ = 1 -° (5) 

where ft>« - maximum bending stress including ef- 
fects of secondary bending. 

Ft> = bending modulus of rupture (Figs. 
C3.1 and C3.2) 

f c * compressive axial stress 
Fc = allowable column stress 
Equation (5) can also be written. 


column load . Design bending moment _ „ 
Column aSflnglg&ggbh ‘ - 1 


-( 6 ) 


Pig. C3.10 shows a plot or equation (4). 
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Also the equation R c + Rj} 1.26 * 1.0 is plotted 
which may he closer to actual conditions but 
should not be used unless substantiated by 
tests . 




Ft*. C3-11 


wj a = 10 x 860 = 8600 


L ^ 40 
2j ~ 50 


.683 



1 

COS 


r 


23 


From table A10.2 of chapter A10 cos of .683 - 
.7757 


hence £*1723 = 1A7757 = 1<29 


Substituting in equation (A) 

M lnax = 8600 (1 - 1.29) = -2490 in. lb. 

From Fig. C3.2, the modulus of rupture Fp for a 
24ST round tube which has D/t value of 25.5 equals 
65300 psl. Therefore the bending strength M = 
Fpl/y = 65300 x .0534 * 3480 in. lbs. 


Example Problem Involving Combined Bending And 
Compression 

Fig. C3.ll shows a round 24ST tube acting 
as a beam-column. It Is supported at pin A and 
by the Inclined strut BC at point C. Let It be 
required to determine the margin of safety when 
carrying a uniform lateral load of 10#/ln. 

To find the axial load in tube AC, take 
moments about point (B). 

» -40 x 10 x 20 + 20 Ra h * 0, hence Ra h r 
400#. 

Thus axial load in tube Is 400* compression 

The column strength of a 243T - 1-1/4 - 
.049 round tube 40 Inches long with end fixity 
C * 1 is obtained from Fig. C2.8 of chapter C2 
and equals -2100#, hence stress ratio 


o a Column load _ -400 _ 
Kc column strength ~ -SI 00 ~ 


.191 


The bending moment will be maximum at the 
center of span because of symmetry of loading 
and the value of the moment is obtained from 
the following equation which includes the secon- 
dary moments due to deflection. (Reference 
table A10.1 of chapter A10). 

= wj* (1-sec Jj) - - - - (A) 


2490 

Stress ratio in bending Fp = 


.715 


R c «■ Rp - .191 + ,715 = .906 which shows that 
member is not weak. 

Margin of safety M.8. = - 1 = ( ^7^ 1 

- 1 = .10 


The margin of safety could be determined from 
the Interaction curve of Fig. 03.10 as follows. 

The intersection of lines normal to Rp and R c 
base scale using values of Rp and R c equal to .715 
and .191 respectively, locates point (a) on the 
chart. A line drawn thru origin (0) and point (a) 
Intersects interaction line at point (b). The 
values of Rp^j and Rc(p) for Point (b) equal 

.787 and .21 respectively. 

The strength ratio or factor of utilization U 


.191 . 

T2T 


.715. 


.907 Hence H.8. 


„ 1 
’ll 


1 - 1 * .10 

issr 


The student should notice that the maximum 
bending moment of 2490 in. lb. is 24 percent 
greater than the primary moment which equals 
wL*/8 = 10 x 40 a /8 = 2000. The lateral deflection 
at the midpoint of the tube thus equals 490/400 
=1,22 inch. 

The secondary moments due to lateral deflec- 
tion do not vary linearly eo resulting values of 
margins of safety may be less than that calculat- 
ed as above for certain conditions of loading. 
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C3.8 Combined Bonding and Torn ion. 

This type of combined loading is probably 
the most common combined load system which is 
encountered in aircraft structural design. 

Since shearing stresses due to torsion pro- 
duce compressive stresses on planes at 46° with 
tube axis, the weakening effect on a tube carry- 
ing bending of a torsional moment should not be 
as great as the addition of more bending moment 
since the compressive stresses produced by tor- 
sion are not in the same direction as the bend- 
ing compressive stresses. The same reasoning 
applies to the weakening effect of bending on 
the torsional strength. 

Tests of round tubes in combined bending 
and torsion have shown that the ultimate inter- 
action strength curve can be safely and closely 
expressed by the following equation: 

v ♦ v = i -° (?) 

Thus margin of safety equals, 

M ' 8 ' “VV ♦ Rb* " 1 

Equation (7) is plotted in Fig. C3.12 and 
can be used for finding margins of safety if de- 
sired, but is particularly handy to determine if 
a selected tube is weak. 



Since the allowable bending and torsional 
moments are functions of the D/t values of the 
tube, the design process is in general a trial 
and error method. 

A relationship making use of an equivalent 
torsional moment T e which will produce the same 
torsional stress as produced by the combined 


bending and torsional loads is quite useful in 
reducing the error in the general trial and er- 
ror method of solution. 

■ T * r/21 < 8 > 

From chapter A4, fs^^ can also be expressed as, 

%ax. " W ST* ( 9 ) 

But f s = Tr/2I (10) 

and 

f b = Mr/I (11) 

Substituting equations (10) and (11) in (9), we 
obtain 

Sax. = Tl 7 W] < 12 > 

Equating (12) to (8) and solving for T e . 

T e = M\/l + (T/M) a (13) 

C3.9 btaple Problem In Combined Bending end 
Tore ion. 

Example Problem #1 

Find the lightest 24ST aluminum alloy round 
tube which will carry a bending moment of 3000 
in. lb. and a torsional moment of 2000 in. lb. 

Solution 

As a help for guessing tube sizes which will 
have a small margin of strength or weakness, we 
will make use of equation (13) and solve for the 
equivalent torque T©. Hence 

T e =1W 1 + (T/M) * = 3000*^1 + (^) 8 = 3600 In. lb. 

From table C3.1 we select following tube 
sizes as having torsional strengths near 3600 but 
not over 3600. In general the bigger the tube 
diameter the more efficient the tube. 


Tub* sis* 

wt/100" 

ffjji 

Ts 

Tsbls 

C3.1 


QQ 

1 3/8 - .049 

3.07 

4330 

3460 

.71 


1 3/4 - .039 

1.91 

4080 

3170 

.645 



Using the values of Rp and R s on Fig. C3.12 
it is quickly noticed that the b point of inter- 
section of these values falls inside the R b * + Rs* ! 
1 curve hence they have a positive margin of 
safety. 

M.S. for 1-3/4 - .036 tube which is the lightest 
equals, 

- 1 s :wb ~ 1 * * 10 

Example Problem #2 

A steel tube (x-4130, U.T.S. * 100000 ) 62.6 
Inches long Is subjected to a banding moment of 
20000 In. lb. and a torsional moment of 10,000 
In. lb. Select the lightest tube If maximum per- 
missible diameter equals 2-1/2 Inches. 
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Solution 

The equivalent torsional moment t© will be 
computed for purposes of helping to make a close 
guess as to the proper tube size. 

T© - (t/m) • = 20000-^1 + (^)* =22400 In. lb. 

From table C3.1 we select steel tubes 
which have a torsional strength near or slightly 
less than 22400. The following table gives the 
results. 


Tub* lilf 


H 

ESS 

EH 


am 

2 1/4 - .0S9 

11.90 

21300 

20450 

.04 

.488 

2 1/2 - .049 

10.00 

21220 

10570 

.04 

.51 

2 1/4 - .006 

12.04 

24220 

23610 

.824 

.424 

2 1/2 - .060 

12.00 

Esa 

24030 

.771 

.406 


The first two tubes selected In the table 
are quickly found to be understrength when the 
values of Rb and R c are projected on Fig. C3.12 
and found to fall outside the Interaction curve. 
The next tube thickness Is then selected as 
shown in the table, and the values of Rb and R s 
projected on Fig. C3.12 show that a positive 
margin of eafety exists. 

The 2-1/2 - .066 Is slightly lighter and Its 
margin of safety will be calculated. 


SMk 


The torsional strength T a given In table 
C3.1 for steel tubes Is for an L/D of 20* where- 
as the L/D ratio for our tube Is 62.5/2.6 * 25. 


The correction factor Kt from graph on 
table 03.1 Is .96, hence corrected T a * .98 x 
24630 = 24200 


10000 _ 


S * 53555 = - 413 ’ M - 8, V :77i , ' + :413» “ lg,u 


For design of tubes of 17ST and 24SRT alumi- 
num alloy or heat-treated steels, table C3.1 
can be used to help guess a size near that re- 
quired, remembering that better material than 
that on which table CS.l Is based would tend to 
decrease tube gage, whereas weaker material 
would tend to Increase tube gage. 

Example Problem 3 Elevator Beam 

Fig. C3.13 shows the plan view of an ele- 
vator surface of an actual airplane. The ele- 
vator beam Is a round tube 1-3/4 x .049, 178T 
material. The critical design loading and dis- 
tribution Is given in Fig. C3.14. The strength 
of the elevator beam will be checked for the 
given design loading. 

Area of elevator aft of hinge line = 9.15 sq.ft./ 
side. 

Area of elevator balance = 0.46 sq.ft. /side. 
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27.5 x 33.26 ♦ 10 X 33.25 s ) ■ 630 + 168 = 688 In. 


To simplify the calculations the elevator 
with its curved trailing edge will be changed to 
the equivalent system made up of 3 trapizolds as 
shown by the dashed line. The area of each 
trapizoid, Its mean chord length and location 
are given on Fig. C3.13. For example, the por- 
tion between hinges number (1) and (2), the mean 
chord Is 30.25" and Its location is 15.25" from 
hinge #2., which was obtained as follows: 


Cm : 


X* 


L - CCa 1 — l — 



l c + c a-rrfej 


Cm 

(C + 2C a ) 1 

j 



3 (c + CaT 


c* 


r- * h 




«• 


Fig. a explains the terms in the above equations. 
Substituting in the above equations, 



25 + 14.5 - 


25 X 14.5 1 
25 14.5 J 


X 


33.5 (25 + 29) 

3 OSSVtt 75T ~ 


15.25 


20.25" 


Calculation of Elevator Beam Running Loads. 
Average air load per sq. ft. = 52.6" 


Load w per running inch on beam = chord x 52.6/ 
144 = .3 66 x chord. 


At hinge #1, w = .366 x 14.5 = 5.3#/in. 

At hinge #2, w = .366 x 25 = 9.15#/ln. 

At point 8" outboard of centerline of airplane, 
w = .366 X 16 - 5.85 


lb. 


M._. = jgfggTST" (4x33.26 - 3 x 27.5) + 

3 ioxi X J ? -‘ 5 - a ( Bx33>25 * 3 * 27.5) = 460 + 
86 = 546"# 

The moment signs in Fig. C3.15 are according to 
the adopted sign convention of chapter All. 



Fig. C3.15 shows the resulting running beam 
load. 

The cantilever shear and bending moment due to 
air loads outboard of hinge #1 will be calculat- 
ed: 

M) * .55 x 52.6 x 3.5 + 105.2 x .46 x 4.5 = 319 in. lb. 
Shear = .55 x 52.6 + 105.2 x .46 = 77.5# 

Since the elevator beam is continuous over 
several supports, the moments over the support 
points will be determined by the moment distri- 
bution method. Fig. C3.15 gives the solution. 
(Reference chapter All) 

The fixed end moments on each span are as 
follows 

For equations see table All.l of chapter All. 


Span U2 *S22Zll f 2± 

= (5 x 5.3 + 2(9.16 - 5.3) =640 In. lb. 

4 (5x6.3 + 3(9.16-5.3) =712 In. lb. 


Span 2-3 


.-V 


M .-» ^ (3X27.5“- 8x27.5x33.25 + 6x 

nn w /mt l\ a 3, 31 X . 5 X 27 .5 (t, „ no c 8 i 

33,85 } 30x 302 (3x27.5 - lOx 


Calculation of Torsional moments. 

The bending moments are maximum over the 
hinge support points, therefore the torsional 
moment will only be calculated at the hinge 
points (1), (2), and (3). The air load distri- 
bution chordwise is triangular hence, c.g. is at 
1/3 point of mean chord of each elevator area 
portion. 

T = -.46 x 105.2 x 4 + .55 x 52.6 x 10/3 *-97 in. lb. 

T a = -97 + 4.6 X 52.6 X 20.25/3 = 1538 In. lb. 

T, = 1538 + 4 x 52.6 x 21/3 = 3010 In. lb. 

The results show that the bending moment 
Is maximum over support (2) whereas the tor- 
sional moment Is maximum over support (3), there- 
fore the margin of safety of the tube will be 
checked at both points (2) and (3). 

Check of Elevator Tube Over Support #2. 

Fig. b shows a cross-section 
of the tube at this point. 

The tube section Is pierced 
by 6 - 1/8 rivets for at- ** 
tachlng bearing collar and T“ 
elevator rib to tube. ^ 

The moment of Inertia of net 
section equals: 

Ixx = .09478 - [4X.76“ ( .125 X .049) ] = .081 
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Design bending moment = 816 In. lb. 
Design torsional moment = 1538 in. lb. 


chapter All t or problem Illustrating Influence 
of support deflection on moments.) 


MO _ 816 x .875 

" T 353” 


= 8820 psl. 


, _ Mr _ 1638 x .876 
8 ST £ x .081 


= 8300 psl. 


F b from Fig. C3.2 for 178T material and D/t = 
1.75/. 049 = 36.7 equals 56500 psl. 


cs.io CaeiaM C i p r— ion, imiiii ill fmtM, 

Very little published test data on steel and 
aluminum round tubes In combined compression, 
bending and shear Is available. ANC-5 recommends 
the following Interaction equation for the design 
of steel and aluminum round tubes. 


F Bb from Fig. C3.9 for D/t = 35.7 = 19400 psl. 
R b = f b /F b = 8820/56500 = .156 
R s = f s /F st = 8300/19400 = .428 

M.s. = - 1 = ^156. 4 T&g". - 1 = 1 - 19 


R c + Rb' + Rb* * 1 - (14) 

The bending stresses should Include the ef- 
fect of secondary bending due to compression# 

The maximum normal stress should be computed 
and this stress should not exceed the compressive 
yield stress of the material. 


Check of Section Over Hinge Support #3 


Fig* C shows section of elevator tube at this 
point* 

1^= .09478 - [ 4 x .618* ( .049 x .156)] = .083 


Design bending moment = 403 in. lb 
Design torsional moment - 3010 in. 


, 403 x .875 

= — n553~ 


* 4250 psl* 


lb. 



In general an elevator using a round tube 
as an elevator beam and torque tube, the tube is 
kept same size throughout to give sufficient 
torsional regldity, the tube thus being far over 
strength except near inner support or horn point 
where torque is maximum. 


The approximate angle of twist of elevator 
beam under full design load is, 



T = average torque * 3010/2 * 1505 
L = 70", 0 = 3800,000 I p = 21 


hence, 9 


1505 x 70 

Sfi6o,6ofix"3B8B " 


•147 radians = 8.3° 
(approx . ) 


It is usually customary to keep 0 under 10 or 11 
degrees • 

The bending moments as found in the solu- 
tion of Fig. 03*15 assume no settlement of the 
supports whereas in reality the hinge points 
move vertically because of the deflection of the 
stabilizer which Is the supporting structure for 
the elevator. Thus the approximate deflection 
of the stabilizer structure should be calculated 
and these deflections used in finding additional 
bending moments on the elevator beam. (See 


For the Interaction equation (14), the marg- 
in of safety can be written: 

2 

M - s - = R b - + R c+ ^ b '-T5cT 5 TTR^ - 1 

The margin of safety equation assumes that 
all stresses vary linearly, which is not strictly 
true since the secondary moment in the term R^* 
does not vary linearly. 

Fig. C3.16 shows the interaction curves for 
equation (14). Fig. 03.17 gives the change in 
the interaction curves for Increasing the ex- 
ponent of R b to 1.5. This curve may prove more 
suitable in the future when more test data is 
available but should not be used at this time. 



He* cm- 1# 
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R*. C3-17 


from table C3.1 equals 2815 In* lb* 

The column strength for the tube for a 
length of 25" and pin ends (C = l) from column 
charts of Fig. C2.8 equals - 3700#* 

The torsional strength of a 1-1/8 - ,049 
tube from table C3.1 * 2500 In. lb. 

Calculation of Stress ratios: 

R c = Si = 


D . 1347 _ 

Rb ~ 2515 ~ 


H r = 


650 

§555 


.479 

.26 


M.8. 


- 1 


Rb f ♦Rc + VCRb' + Rc)* + 4 R s '« 

2 

.479 + .432 + V( -479 + .432) * + 4 x .26- 
2 


1.96 


- 1 * .02 


Example Problem #2 


Example Problem #1. 

A 1-1/8 - .049. 24ST round tube 25 Inches 
long with pin ends Is subjected to a compressive 
end load of 1600#, a constant torsional moment 
of 650 In. lb. and a uniform lateral load of 
10#/ln. (See Fig. C3.19) . Determine margin of 
safety for tube under the given combined loading. 





DC 


X3 




25- 


Rg. CJ-19 


Solution, 

The maximum bending moment due to symmetry 
will occur at midpoint of tube. For a beam col- 
umn carrying a uniform side load with no end 
moments, the maximum moment is given by the fol- 
lowing expression. (See chapter A10, table 
A10.1) 

"max. " WJ " (1 ’ sec 23 ) 

„ -,/EI AO,300,600 X .0^40 = V154.7 = 12.43 

3=V-p -y- 1 — "rm 


In welded steel tubular fuselages, cases 
often occur where traverse loads due to various 
fuselage installations are applied to truss 
members between truss joints. Fig. C3.20 il- 
lustrates a portion of a fuselage truss with 
one member (AB) supporting a traverse concen- 
trated load, which Is also applied off center 
relative to tube. A so called accurate inves- 
tigation of this member under the combined load- 
ing would involve a moment distribution of about 
3 bays of the fuselage taking Into account; the 
effect of axial loads on the factors Involved 
in the moment distribution method. (8ee chapter 
All). An approximate solution will be made 
which should show If member is satisfactory for 
the combined loading. The transverse load of 
200# is the design load and Includes the factor 
of safety. An axial load of 9500# compression 
due to truss action exists simultaneously with 
the above load. 



h " g ' r f g3s = §os " 1 - 006 

8ec h " C05T7S3 = 75351 = 1 * 87 

hence, 

* 10x154.7 (1-1.87) *-1347 In. lb. 

The bending strength of a 1-1/8 - .049 248T tube 


Approximate Solution 

Assuming the same torsional resistance at 
(A) and (B) the torsional moment on tube AB = 
200 X 3/2 * 300 in. lb. 

The bending moment on AB due to the trans- 
verse load depends on the restraint at Joints A 
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and B. Since It le customary practice to use a 
end fixity coefficient of C * 2 in the column 
design of fuselage longeron members end moments 
will be assumed consistent with the points of 
inflection of a column with C * 2. Fig. C3.21 
shows the results for primary moments. 



End moments of 410”# will be assumed. Since the 
secondary moments due to axial load times de- 
flection are usually appreciable In aircraft 
structures they will be computed. From table 
A10.1 of chapter A10, the expression for the 
maximum bending moment is as follows: 


\ax. 


M 

cos L/£j 


WJ sin” L/2J 
sin L/j 


* .32 ♦ .633 + V T3ST35 " 1 



The results indicate that the member would be 
satisfactory if the end restraints are as large 
as that assumed. Tentatively therefore the 
member can be assumed satisfactory until a more 
rigor us analysis for the end moments is made 
using the moment distribution method. 

The ends of member AB will be checked for 
maximum combined normal stress which should not 
exceed .8 times the compressive yield point 
since member is welded, or ,8 x 86000 * 68000 
psl. 

From chapter A4, 

'-to.) ■ % • * v 

f C = 4x141 stress = | ^ 3 + = 49500 P® 1 


This expression is obtained by adding expres- 
sions for M of a beam with equal end moments and 
a axial compressive load P, to the case of a 
beam with lateral load W at midpoint plus same 
end load P. 

8olvlng for terms in the above equation: 

M x = end moments = - 410”# 

]n /| = ^s™ = ^ = 10i88 

L/J = = 2.573 sin L/d = .5384 

cos L/2J = .2800 
L/2J =1.287 Sin L/2J = .9600 

sin* L/2J = .9216 

Substituting: 

M _ -410 . -200X 10.88X .9216 
"max. “ 72§00 * 7535* 

* -1460 ♦ 3720 = 2260"# 

Calculation of Stress Ratios: 


x> - column load _ 9500 _ 

* Column strength ~ 15000 ~ * 

The column strength of 15000 is obtained 
from curves on Fig. C2.7 of chapter C2 for end 
fixity C « 2 and L = 28. 


*b 


2260 _ 

7555 ~ 


.32 


The bending strength of a 1-1/4 - .058 round 
tube is 7050 (see Table C3.1) 

300 

Rg * 5895 35 where 6870 is the torsional 


strength from Table CS.l using Kt = .99. 


2 

”' 8 * * R b ♦ R c ♦ ♦ Rc >" ♦ 4 x IV * 1 


I s = Tr/2I = 300/. 1237 = 2430 psl. 

fn (max.) = T2430* = 49520 psl. 

M.S. = (68000/49520) - 1 = 0.37 


C3.ll Problem. 

(1) Fig. C3.22 shows the dimensions of a 
conventional control stick. The design pull load 
on the grip is 300#. Determine the size of a 
24ST round tube to take the grip pull of 300#. 

(2) In Fig. C3.23 determine the size of 
steel round tubeB (Ft u = 95000 psl.) for the 
members AB and CD. Frame Is welded. Loads are 
applied loads. Use factor of safety of 1.5. 

(3) In Fig. C3.24 determine the margin of 
safety of tube for the given loading. 

(4) Consider that the elevator of Fig. C3.13 
is subjected to an average ultimate air load of 
65#/sq, ft, with the distribution varying from a 
maximum at the hinge line to 1/3 the maximum at 
the trailing edge. Design a 248T round tube 
elevator beam for this loading. 

(5) In Fig. C3.25 determine the size of 
axle required at section A-A, for a braked 
landing condition, coefficient of friction be- 
tween tire and ground = .5. Axle material -nickel 
steel - Ftu = 150000 psi. 
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(6) Determine the lightest 24ST aluminum 
alloy round tube which will carry a combined 
bending and torsional loading of 4500"# and 
3000*# respectively. 

(7) Same as for problem (6) but for a tube 
made from chrame-moly steel. (Ftu = 100,000 psl. 

(8) A trim- tab control system torque tube 
is subjected to an ultimate torque of 300*#. 

The tube is 21* long and it is desired to re- 
strict the outside diameter of the tube to 3/4 
inch. The torsional deflection at limit load 
which is 2/3 the ultimate load must not exceed 
5 degrees. Find the lightest 248T round tube. 
Show its M.S. and torsional deflection. 

(9) A 1-1/2 - .065 24ST round tube is sub- 
jected to a side load of 12#/ln. The member is 
50* long. It also carries an axial compressive 
load of 700#. What is the M.S. of the tube 
under these loads? 

(10) If the tube in problem (9) is also sub- 
jected to atorsional moment of 1400*# in addi- 
tion to the loads of problem (9), what would be 
the M.S. of the tube? 

(11) , A 2" - .049 round magnesium tube (Fey “ 
30000 psi.) 30 inches long acts as a simple sup- 
ported beam with a transverse load of 500# at 
the midpoint. What is the M.S. for this load? 

(12) A 1-1/2 - .049 round magnesium tube 
(Ftu ~ 36000) is subjected to a torsional moment 
of 2200 in. lbs. What is the M.S. under this 
load? 




CHAPTER C4 

AIRPLANE FITTING ANALYSIS - RIVETED AND BOLTED 


C4.1 ijitrotfnotiam. The Ideal airplane struc- 
ture would be the single complete unit of the 
same material involving one manufacturing opera- 
tion. unfortunately the present day types of 
materials and their method of working dictates a 
composite structure. Furthermore general re- 
quirements of repair, maintenance and stowage 
dictate a structure of several main units held 
to other units by main or primary fittings or 
connections, with each unit incorporating many 
primary and secondary connections Involving fit- 
tings, bolts, rivets, welding etc. No doubt 
main or primary airplane fittings Involve more 
weight and cost per unit volume than any other 
part of the airplane structure, and therefore 
fitting and Joint design plays an important part 
In airplane structural design. 

CO nttiag DtfligB LMdf. WAmiaum larglu of 
Safety. 

As discussed In chapter Dl, Applied Loads 
represent the actual maximum loads that may be 
subjected to the airplane In a landing or flight 
maneuver. The combined resultant stresses on a 
fitting In the primary airplane structure should 
not exceed the yield point of the fitting ma- 
terial or in other words should not produce 
permanent set on any part of the fitting. The 
Design Loads, are the applied loads multiplied 
by a factor, generally 1.5 and the structure 
must carry these design loads without failure or 
collapse. Fittings under the design loads are 
required to show a certain minimum margin of 
safety. In general the required fitting margin 
of safety is 18% for military airplanes and 20% 
for commercial airplanes. The minimum blanket 
margin of safety on the design loads Is speci- 
fied because It is realized that many additional 
unknown factors may effect the strength of a fit- 
ting as compared to that of the primary member 
Itself • The combined stress distribution and 
the allowable stresses for the common major fit- 
ting involving bolt holes, rather abrupt changes 
In section etc., is far less determinate than 
for the primary members to which the fittings 
attach. In fittings Involving several bolts 
with matching plates perfect bearing of all 
bolts is seldom obtained. Material tolerances 
and the human element particularly in welded 
connections provide additional unknown factors. 
Thus to take cars of these many unknowns It Is 
logical to provide an additional reserve minimum 
margin of safety for fitting design. 


C4.3 Special or Higher Flttlmg Margie* of Safety. 

A blanket margin of safety as specified 
above is not logical for all fittings. The man- 
ner under which the load it applied should be 
considered such aB questions of shock, vibration, 
and relative movement of connected parts. Pri- 
mary fittings like wing, fuselage, landing gear, 
and tall attachment fittings whose failure mean 
collapse of the airplane and possibly involving 
loss of human life should have greater margins 
of safety on the design loads than fittings which 
connect various structural parts of secondary 
units or Installations whose failure would not be 
dangerous but would only cause expense and In- 
convenience. 

The military and commercial design require- 
ments specify various required fitting margins 
of safety and the beginning stressman should ac- 
quaint himself with these requirements. 

C4*4 looMey in Flttlmg DMlgm. 

For structural economy the structural de- 
signer in the initial layout of the airplane 
should strive to use a minimum number of f lttlngc 
particularly those fittings connecting units 
which carry large loads. Thus In a wing struc- 
ture splicing the main beam flanges or Introduc- 
ing fittings near the centerline of the airplane 
are far more costly than splices or fittings 
placed farther outboard where member sizes and 
loads are considerably smaller. Avoid changes 
in direction of heavy members such as wing beams 
and fuselage longerons as these Involve heavy 
fittings. If Joints are necessary In continuous 
beams place them near points of inflection in 
order that the bending moments to be transferred 
through the Joint be kept of small magnitude. I] 
column design with end fittings avoid lntroducini 
eccentricities on the beam and on the other hand 
make uee of the fitting to increase column end 
fixity thus compensating sane of the weight In- 
crease due to fitting weight by saving In the 
weight of the beam. 

For economy of fabrication, the structural 
designer should have a good knowledge of shop 
processes and operations. The cost of fitting 
fabrication and assembly varies greatly with the 
type of fitting, shape and the require toler- 
ances. Poor layout of major fitting arrangement 
may require very expensive tools and Jigs for 
shop fabrication and assembly. 


Fittings likewise add considerably to the 
cost of inspection and rejections of costly fit- 
tings because of faulty workmanship or material* 
G4.1 
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are quite frequent thus adding greatly to the 
coat. 

C4.5 Aircraft El vatu. 

Rivet Types. From an airplane structural stand- 
point rivets may be placed into two general 
classifications, namely:- 

(1) The Protruding Head type of rivet. 


in Fig. C4.3c as the combined press and machine 
countersunk type or the dimpled machine counter- 
sunk type. 


t — ” 1 7 Machine countersunk Type 

VimmJ 

F*f - o 


(2) The Flush type rivet. 

Fig. C4.1 illustrates the protruding head 
type of rivet. Fig. C4.2 
illustrates a number of 
modifications of the pro- 
truding head type of 
rivet that have been used 
in the past. 


— i 

™ 3 l , 


Mg. C4-1 





Press Countersunk - Double 
Dimpled Type. 




Combined Press and Machine 
Countersunk; or Dimpled 
Machine Countersunk Type. 


H«. C44 



© 


© 


© 


— 
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RIVET TYPES 

B 

c 

1 

SOUND HEAD 

ZA 

73A 

t 

MUSHROOM HtAD 

ZA 


3 

Crazier ~ ’ 

&5A 

,5oa 

4 

MOMflEO SHHW 

tA 


5 

FLAT HEAD 1 

iA 

4A I 





Fig. C4.4 is presented to give the student a 
general idea of flush riveting operations. 

Fig. C4.5 illustrates the approximate sheet 
thickness limitations for the three methods of 
flush riveting. 


Approx. Sheet Limitations For Machine 
Countersunk Rivets" - 





1/8 Dla. Rivet. 


For many years the round head rivet was 
used for all interior work and before the era 
of high speeds It was used as a surface rivet 
as wsll. When wind tunnel experiments Bhowed 
that such rivets gave appreciable drag, design- 
ers turned to rivets with less head protrusion, 
thus the development of the Brazier and modified 
Brazier type of rivet head. Then as the age of 
relatively high airplane speeds arrived a flush 
surface was needed, particularly on certain 
sensitive portions of the airplane surface, 
thus various modifications of the countersunk 
head Involving press and machine countersinking 
of the sheets were developed. 

Fig. C4.3 Illustrates the flush type of 
rivet. The government ANC-5 Manual gives 
strength Information for three different rivet 
head angles, namely, 78, 100 and 116 degrees . 

The 100 degree angle head la possibly the best 
compromise between shear and tension strength 
values for the rivet. As illustrated In Fig. 
04.3, this flush type rivet can be used In 
several different ways, thus the method shown 
In Fig. C4.2& Is referred to as the machine 
countersunk type; that in rig. 04. 3b as tha 
press countersunk double dimpled type; and that 



6/38 Dla. Rivet 



3/16 Dla. Rivet. 


Approx. Limitations For Press Countersunk 
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6/38 Dla. Rivet 
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Apptox, Limitations for P ress-Machine 
Countersunk Rivets 
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C4.7 Strength of Klvsta. Protrudla* fe«d Typo. 



5/32 Dla Rivet 



3/16 Dla. Rivet 
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C4.S liTot material. in general the structural 
rivets now In use are made from various aluminum 
alloys. The cannon aluminum alloys for struc- 
tural rivets are:- 

178PT Rivets (Made from 173T alloy In the 
hard state). 

A178T Rivets (Made from 178PT alloy In the 
soft or annealed state). 

24OT Rivets (Made from 24ST alloy In the 
hard state). 

If the 178T and the 248T are driven In the 
hal'd state difficulty Is encountered In the 
form of cracked rivet heads, hence It Is common 
practice to heat treat the rivets and drive them 
within a half hour before they have age harden- 
ed. To delay the ageing period the rivets are 
kept In boxes with dry Ice and distributed to 
the workmen as needed. 


Rivets are widely used in airplane struc- 
tures to fasten or tie together two or more 
structural units, standard methods of stress 
analyses of riveted Joints consider two primary 
types of failure, namely, the shear of the 
shank of the rivet and the bearing or compres- 
sive failure of the metal at the point where the 
rivet bears against the connecting Bheet or plate. 

Fig. C4.7 Illustrates the main forces on a 
rivet In transferring a load from one plate to 
another. The load Is transferred to the rivet 
from the plate by bearing of the plate on the 
rivet. The load is then transferred along the 
rivet and resisted by bearing action on the 
other plate. Since the plate bearing forces on 
the rivet are not In the same line, the forces 
tend to shear and bend the rivet. Bending of the 
rivet Is usually neglected If there are no Inter- 
mediate filler plates. In Fig. (a) of C4.7, the 
rivet Is In single shear, whereas In Fig. (b) 
the rivet Is In double shear. 



A178T rivets are driven as received and no 
special handling is necessary. The disadvantage 
of this rivet Is Its weaker shear strength as 
compared to 178T and 248T rivets. The A17ST 
rivet Is being widely used since It speeds up 
production and lowers fabrication cost. Fig. 
04.6 shews the material identification mark 
which is Incorporated on the rivet head. The 
critical strength of a good proportion of the 
rivets used In the surface plating of wings and 
fuselages as well as many other places where 
rivets are in single shear is determined by bear- 
ing of rivet on plate, hence nothing Is lost 
from a overall strength standpoint In using the 
A178T rivets as the smaller rivet shear strength 
is not the critical factor. 


The ultimate shear strength of a rivet Is 
given by the following equation:- 

P a = Fgu A n (1) 

where, F. * ultimate shear strength of rivets, 
(lbs.) 

F su ■ ultimate allowable shear stress for 
rivet (psl.) 

A = area of rivet cross-section » n D“/4> 
where D equals the nominal rivet bole 
diameter. 

n = number of shear areas per rivet. 

Reference (1) Shows that the shear strength of 
protruding head aluminum alloy rivets is affected 
by increasing DA (Diameter of rivet over sheet 
thickness) ratios. The conclusions in Reference 
(1) are as follows:- 
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Rivets In single Shear s 

For values of D/t up to 3:* 

Slhgle shear strength * basic allowable single 

shear strength. 

For values of D/t greater than 3:- 
Single shear strength * basic allowable single 

hear strength times 
1-0.04 (D/t -3)] 

For Rivets In Double Shear 

For values of D/t up to 1,5:- 
Double shear strength = basic allowable double 

shear strength. 

For values of D/t greater than 1.5:- 
Double shear strength = basic allowable double 

hear strength times 
1-0.13 (D/t -1.5)] 

ANC-5 Amendment No. 2, August, 1946 incor- 
porates the above results in presenting Tables 
of Shear Strengths of protruding head rivets. 
Table C4.1 gives the rivet information as taken 
from the ANC-5 amendment. 

Bearing Strength of Protruding Head Rivets. 

Tables C4.2 and C4.2a taken from (ANC-5 
Amendment, No. 2 of August, 1946) gives the 
allowable bearing strengths between protruding 
head rivets and aluminum alloy sheets. The 
allowable bearing factors are given for rivet 
edge distances of 2D or 1.5D, where D is the 
diameter of the rivet. The edge distance Is 
measured from the center of the rivet hole to 
the edge of the sheet in the direction of stres- 
sing. Any reduction of edge distance may cause 
bulging of the edge of the sheet due to the 
driving energy. The edge distance should never 
be less than 1.5D. No Important gain In bearing 
strength is obtained with an edge distance over 
2D. 

C4.8 Strength of Rivets. Flush Type. 

Since flush rivets have no protruding head 
on the flush end of the rivet and also since 
flush riveting involves machine countersinking 
or press countersinking or both, the strength of 
the flush type rivet is different than the com- 
mon protruding head type. 

Fig. C4.8 illustrates a machine counter- 
sunk rivet. Due to the pull P on the two sheets 
which are held together by the rivet and Induced 
force Pi is produced on the sloping side of the 
head of the rivet. This Induced force tends to 
show and bend the portion 1-1 of the rivet head. 
The sharp edge of the countersunk sheet at point 
(a) tends to cut into the rivet. These combined 
Influences tend to cause excessive deflections 
and finally failure as roughly illustrated in 
Fig, 04.9. 





Rfl. C4-f 


In the press countersunk or dimpled type of 
flush rivet connection, see Fig. C4.3b and c # 
because of the interlocking of the sheets due to 
the dimple, the Joint could transmit a load with- 
out a rivet if the sheets were held together. 

Since there is no clearly defined bearing or 
shear surface in this type of Joint, the manner 
in which the loads are transferred Is quite com- 
plex. As a result resort must be made to tests 
to establish design allowables. Tables C4.3, 

C4.4 and C4.5 give the allowable strength values 
for flush type rivets. 

C4,9 Blind Rivftta. 

The name "Blind" rivet is given to that type 
of rivet which can be completely Installed from 
one side of the Joint, and is therefore almost 
exclusively used where it is Impossible or im- 
practical to drive the normal rivet, which re- 
quires access to both sides of the Joint, There 
are two general types of blind rivets, namely 
where the inside or blind head is formed mechani- 
cally or where it is formed by an explosive 
force. 

Explosive Rivet. Fig. C4.10 illustrates the 
first explosive type of rivet as developed by 
Heinkel of Germany. It was fired by holding a 
hot iron against its head. Fig. C4.ll illustrates 
the Du Pont extended cavity type of explosive 
rivet and it is available in both th§ protruding 
and flush type of head. When using this rivet 


HEINKEL EXPLOSIVE 

g/vgr Hf.c4.ii 

Rfl.C4.10 

the recommendations of the manufacturers should 
be strictly followed. Table C4.6 gives allowable 
strength values for the Du Pont explosive rivet. 

The "Cherry" Blind Rivet. The cherry rivet, Fig. 
C4.12 is a self -plugging rivet which has a 
mandrel with an expanded section and head on the 
blind side. This expanded section is pulled in* 
to the hollow member, expands the shank and forms 
a tulip head in the back. 
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AIRPLANE FITTINGS - BOLTED AND RIVETED 


Tnble C4« X 

SHEAR STRENGTHS Of PROTRUDING HEAD ALUMINUM ALLOT RIVETS (LBS) 


Dla. of Rivet 
or Fin 

1/16 

3/32 

1/6 

5/32 

3/16 

1/4 

5/16 

3/8 

50S 

F. u = 27 ksl 

95 

IBS 

350 

536 

774 

1400 

2210 

3160 

A178T 
r su - 3° 

106 

217 

388 

5B6 

862 

1550 

2460 

3510 

17ST 

F. u r 34 ksi ! 

120 

247 

442 

675 

B77 

1760 

2700 

3970 

178T 

F su = 38 ksl | 

135 

275 

4B4 

755 

1090 

IB70 

3110 

4450 

24ST 

F„ u = 41 ksl 

145 

296 

531 

615 

1180 

2120 

3360 

4600 


(Ref. ANC- 5-1940) 
Table (a) 


STANDARD RIVET MOLE 

DRILL 

SIZES AND NOMINAL MOLE DIAMETERS 

Rivet 81ns 

1/16 

3/32 

1/8 

6/32 

3/16 

1/4 

3/16 

3/6 

Drill No. 

51 

41 

30 

21 

11 

F 

P 

W 

Non. Hole Die. 

.067 

.096 

.1285 

.159 

.191 

.257 

.323 

.366 


SINGLE SRXAR RIVET STRENGTH FACTORS 


Dla. of Rivet 
or Fin 

1/16 

— 

3/32 

1/8 

5/32 

3/16 

1/4 

5/16 

3/8 

Sheet thickness 

,014 
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h .030 



T?»r 






.040 



.096 

^064 





• 04& 



T.005 






TOST 





.972 ' 




.044 




TT00O , 

i.swr 

7^4 









>60 1 

7964" 


.Sin 




- — - 



.974 


.091 



“ 1 1 

*“i 



.084 


"7m~~ 








.972 

,126 



, . .1 




T.W 

17000 

~Mfir 



./ T J 





KWr 







.250 






1 




DOUBLE SHEAR RIVET STRENGTH FACTORS 


Dla. of Rivet 
or Fin 

1/16 

3/32 

1/8 

5/32 

3/16 

1/4 

5/10 

3/8 


.014 










.w 

.688 









. 018 










j520 









w 

.025 

,Bl0 

~ttr 







s 

.052 

.935 

.818 

.608 






a 

.036 

.074' 

. 657 

.740 






$ 

.040 

"for 

~nj?r 

KiiJ 



wmmm 

MMMMH 

mmwm 

.046 


! 022 

mm 


■M 

wmm 

Sf 

wmm 

♦» 

7MT 

i 

“7961^ 

KixJ 

WkW 

BBii 

mm 



*> 

.064 


1.000 

KE3 

KL£1 

■mu 

■NT U 

BS 

mm 

* 

& 

.072 




KHJKL*JK££] 

■M 

HW 

tsir 



KniKIlJKiJJKIIJ 

MB 

03 j 




BMMI 

1 

s 

I 

s 



.102 



wmm 


KM 

mm 

mum 

■kill 


a 128 



m 


MBKK3I 

KU 

kuj 

Kim 








mm 

.935 

.883 

[ 






1,000 

7974 



“7250 


i 

] 




T, 000 

1.000 


MOTES: 1. 

2 . 

3. 

4 . 


Values of shear strength should be nultlplied by the factors given herein whenever the D/T ratio Is large 
enough to require such a correction. 

Shear values are based on areas corresponding to the nominal hole diameters specified In Table a above. 

Shear stresses in Table 5/7a corresponding to 00% probability data are used wherever available, (See ANC-5) 
Sheet thickness Is that of the thinnest sheet In single shear joints and of the middle sheet in double shear 
joints. 


Table C4.2 

BEARING STRENGTHS OF ALUMINUM ALLOY SHEET (LBS.) 
BEARING VECTORS FOR ALUMINUM ALLOY SHEETS 


(Ratio of actual bsarlng strength to 100 ksl) 


Material 

Thickness 

Tange 

Kultimate 

Kyle Id | 

e/d - 
2.0 

e/d - 
1.5 

e/d - 
2.0 

e/d - 
1.5 

24 ST (HT by user) 

all 

1.18 

.93 

.64 

.56 

248T 

<.250 

1.29 

1.02 

.80 

.70 

248BT 

<.500 

1.35 

1.06 

1.00 

.88 

clad 248T (HT by user) -<.064 

1.06 

.84 

.59 

.52 

clad 248T (HT by user) .064-. 500 

1.14 

.90 

.61 

.53 

clad 24ST 

.012-. 063 

1.16 

.91 

.76 

.67 

clad 24 ST 

.064-. 500 

1.25 

.99 

,78 

.69 

clad 24SRT 

.020-. 063 

1.25 

.99 

.93 

.81 

clad 24SRT 

.064-. 500 

1.29 

1.02 

.97 

.84 

clad 24 ST (colled) 

< .064 

1.16 

.92 

.61 

.53 

clad 24 ST (colled) 

.064 

1.22 

.96 

.64 

,56 

clad 2 4 ST 80 

<.064 

1.14 

.90 

.75 

.66 

clad 24ST80 

>.064 

1.18 

.93 

.78 

.66 

clad 248T81 

<.064 

1.22 

.96 

.90 

.78 

clad 248T81 

>.064 

1.27 

1.00 

.94 

.83 

eUd 248T64 

*.064 

1.27 

1.00 

1.01 

.83 

clad 24 ST 64 

>.064 

1.33 

1.05 

1.08 

.92 

clad 24 ST 86 

< ,064 

1.33 

1.05 

1.04 

.91 

clad 248T86 

>.064 

1,35 

1.06 

1.09 

.95 

clad MSN, R301-W 

.020-. 039 

1.06 

.64 

.69 

.52 

clad MSN, R301-W 

.040-. 250 

1.08 

.66 

.59 

.62 

clad 148T, R301T 

.020- .039 

1.20 

.94 

.90 

.78 

clad 148T, R301T 

.040*. 250 

1.22 

.96 

,91 

.80 

clad 758T 

.016-. 500 

1.42 

1.12 

1.09 

.95 

768T 

.016-. 500 

1.54 

1.23 

l 1.19 

1,04 


Table C4. 2a 


SHEET ALLOWABLE BEARING STRENGTH (LB. ) BASED ON F br - 
100,000 psl 


Dla. of Rivet 
or Fin 

1/16 

3/32 

1/8 

5/32 

3/16 

1/4 

5/16 

3/8 


.014 

44 

134 

180 

223 

267 

360 

452 

540 


.016 

107 

154 

206 

254 

306 

411 

517 

618 


,018 

121 

173 

231 

286 

344 

463 

581 

695 


.020 

134 

192 

257 

318 

382 

514 

646 

772 


.025 

168 

240 

321 

398 

478 

643 

808 

965 

g 

.032 

214 

307 

411 

509 

611 

822 

1030 

1230 

I 

.036 

241 

346 

463 

572 

688 

925 

1160 

1390 

1 

.040 

268 

384 

514 

636 

764 

1030 

1290 

1540 

0 

.045 

302 

432 

576 

716 

660 

1160 

1450 

1740 

* 

.051 

342 

490 

655 

611 

974 

1310 

1670 

1070 


.064 

429 

614 

822 

1020 

1220 

1640 

2070 

2470 

4i 

.072 

482 

601 

925 

1140 

1370 

1850 

2330 

2780 

1 

.061 

543 

778 

1040 

1290 

1550 

2080 

2620 

3130 

M 

M 

.091 

610 

874 

1170 

1450 

1740 

2340 

2940 

3510 


.102 

683 

979 

1310 

1620 

1910 

2620 

3290 

3940 


.128 

868 

1230 

1640 

2030 

2410 

3290 

4130 

4940 


.156 

1050 

1500 

2010 

2480 

2980 

4010 

5040 

6030 


.188 

.250 

1250 

1670 

2800 

MOO 

2410 

3210 

2980 

3970 

3580 

4770 

4820 

6420 

6060 

8070 

7240 


NOTES: 

1, Values of rivet bearing strength corresponding to a 
ratio of edge distance to rivet disaster of 1,5, 
2.0, or greater, are obtained directly by multiply- 
ing the bearing strength for F b - - 100 ksl by the 
appropriate factor given in Table C4.2, 

2, For e/D values between l.ft and 2,0, tba factor nay 
bo obtained by linear iaterpolatloa. 

3« Boaring atreanen for notarial! are based on unit 
bearing atreeeea corresponding to BO per cent prob- 
ability data whenever available. 

4, Bear lag values are based on areas corresponding to 
the nominal bole diameters specified la Table a. 
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Drawings of the self -plugging Cherry 
rivet asseaibUes in both the braaier 
and the countersunk types— before 
and after the heading -up operation. 

The cherry rivet is available in both the 
protruding head and the 100 degree flush head 
type. Allowable strength values for this rivet 
are given in Table C4.6. 

The Huck Blind Rivet. Fig. C4.13 illustrates 
the Huck rivet which consists of a sleeve and 
a pin. The sleeve is made of A17ST and the 
pin from 14SRT aluminum alloy material. The 
features of this rivet include expanding shank, 
positive pin lock and sheet clamping action. 

The installation recommendations of the manufac- 
turer should be strictly followed. Allowable 
strength values for this rivet are given in 
Table C4.6. 


C 4,7 


The hexagon head bolt is an Array-Navy 
standard bolt made from SAE 2330-3.5 percent 
nickel steel, heat treated to an ultimate ten- 
sile strength of 125,000 psi. 'fhe bolt head Is 
of sufficient size as to develop the full ten- 
sile strength of the bolt. 

The internal-wrenching bolt is a high 
strength steel bolt usually heat treated from 
160,000 to 180,000 psi. It is especially suit- 
able for main splice fittings because of its 
high strength and the relatively small space re- 
quired for the bolt head. 

The clevis bolt is referred to as a fihe&r 
bolt because Its head is not designed to develop 
the full tensile strength of the bolt. The 
clevis bolt is usually used when a group or clust- 
er of bolts is required to transfer a load by 
shear loads on the bolts. The smaller bolt heads 
thus save weight and also provide greater bolt 
head clearances. The clevis bolt will develop 
about one half the tensile strength of the stand- 
ard AN hexagon head bolt. 

The three bolts are also made from aluminum 
alloy for diameters over 1/4 inch. In many fit- 
ting designs weight can be saved by using alumi- 
num alloy bolts. 


IOC* 



Fig. C4-13 


tOCK 



C4.10 Aircraft Bolts. 

The aircraft bolt is used primarily to 
transfer relatively large shear or tension loads 
from one structural unit to another. Fig. 

C4.14 shows the three standard aircraft bolts 
which are in common use. 


Hexagon Head 


Clevis 


internal 

Wrenching 


Fig. C4-14 
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General Rules In Using Bolts. 

Bolt threads should not be placed in bearing 
or shear. The length of the bolt shank should be 
such that not more than one thread extends below 
fitting surface, which can be done by the use of 
washers . 

Bolts less than 3/8 diameter should not be 
used in major fittings. For steel bolts, 3/16 
inch diameter should be the smallest size to be 
used in any fitting. 

Bolts connecting parts having relative motion 
or stress reversal should have close tolerances 
to decrease shock loads. 

For bolts connecting members having relative 
motion a lubricator should be incorporated in the 
surrounding parts of the fitting; the fitting 
should not be drilled to provide lubrication. 

Bolts should be used in double or multiple 
shear if possible in order to Increase strength 
efficiency in bolt shear and to decrease bending 
tendency on bolt. 

It Is not good practice to tap a fitting to 
sa ve a nut. 

C4<11 Beading of Bolt*. 

When a bolt in a fitting such as Illustrated 
in Fig. C4.15 is loaded to failure, the failure 
seems to be a combination of shear crushing and 
bending. The magnitude of the actual bending 
forces are unknown, however It Is logical to 
believe that a free fit bolt with a clearance 
between fitting lugs would suffer considerable 
more bending stress than a tight fit bolt with no 





€4,8 AIRPLANE FITTINGS - BOLTED AND RIVETED 

Table C4. 3 

ALLOWABLE STRENGTH OF FL08H RIVETED JOINTS 
780 KXAJD ANGLE 


I 


MACHINE 


ALLOWABLE SHEAR STRENGTH 
- LB. PER RIVET 


Rivet Dia. 

3/33 

1/8 

8/32 

3/16 


A17ST 

186 

331 

518 

745 


17ST 

206 

366 

574 

828 

JSi. 

24ST 

341 

429 

670 

966 


ALLOWABLE BEARING STRENGTH 
- LB, PER RIVET 


IRffTWIIBMMi 

17ST McUi 

17CT 

34 ST Ale lad 

24ST 1 

unmmjxnm 

3/32 

1/8 

5/32 

3/16 

3/32 

1/8 

5/32 

3/18 

3/32 

1/8 

5/32 

3/16 

3/32 

1/8 

5/32 

3/16 

■HI 

.020 

92 

113 



105 

129 



122 

150 



131 

162 




• 025 

104 

132 



119 

151 



138 

175 



149 

189 



¥ 

• 032 

120 

158 

257 


138 

181 

294 


160 

210 

340 


172 

226 

366 



.036 

130 

174 

269 


149 

200 

307 


173 

231 

356 


187 

249 

384 


A 

.040 

139 

189 

283 

347 

160 

217 

324 

397 

185 

251 

375 

460 

199 

271 

405 

495 


.045 

151 

209 

300 

409 

173 

239 

344 

468 

201 

277 

398 

542 

217 

899 

430 

585 

Its 

.051 

166 

232 

3X9 

446 

190 

266 

365 

510 

220 

308 

423 

590 

237 

332 

456 

635 

■a* 

.064 

197 

284 

384 

525 

225 

325 

416 

601 

241 

376 

482 

695 

241 

405 

520 

750 

Is 

.072 

215 

315 

391 

573 

241 

360 

448 

655 

241 

417 

518 

758 

241 

429 

588 

615 

gs 

• 081 

237 

380 

421 

627 

241 

400 

481 

717 

241 

429 

557 

830 


429 

600 

895 


.091 

241 

389 

455 

687 

241 

429 

520 

787 

241 

429 

602 

910 


429 

650 

986 


.102 


429 

492 

756 


429 

563 

865 


429 

652 

986 


429 

670 

906 


• 128 



582 

922 



A AA 
DOT) 

966 



670 

966 



670 

966 


IX DIMPLED 


ALLOWABLE SHEAR STRENGTH 
- LB. PER RIVET 


Rivet Dia. 

3/32 

1/8 

5/32 

3/16 


A17ST 

276 

480 

735 

1020 

|h 

17ST 

300 

530 

810 

1130 

33 

24ST 

350 

620 

950 

1325 


ALLOWABLE BEARING STRENGTH 
- LB. PER RIVET 



Table 04.4 

ALLOWABLE STRENGTH OF FLUSH RIVETED JOINTS 

100° MACHINE COUNTERSUNK RIVETS - 
DESIGN ULTIMATE STRENGTH 


100° HEAD ANGLE 

100° DIMPLE COUNTERSUNK RIVETS - 
Design ULTIMATE STRENGTH 


Sheet Alloy 

Clad 248T ! 

Rivet Alloy 

A178T 

248T 

Rivet Disaster 

3/33 

1/8 

ITfl 

Bzeoi 

■sai 

5 

\ 

.020 

• 025 
.032 

• 040 
.051 
• 084 
.072 

190 

245 

285 

265 

285 

288 

288 

270 

375 

418 

480 

480 

480 

418 

810 

870 

880 

738 

738 

830 

750 

345 

880 

1030 

800 

030 

1080 

1330 

1330 


Sheet Alley 

Clad 248T 

■■■Hi 

Rivet Alloy 

A173T 

■EEHI 

Rivet Diaaeter 

3/32 

MUM 

E MM 

e ta 

3/16 

EKI 



• 025 
.032 

• 040 
.051 
.084 
.072 
,081 
•081 
,103 

• 128 

120 

158 

180 

218 

215 

215 

218 

218 

215 

218 

205 

255 

320 

300 

380 

300 

380 

380 

380 

310 

380 

488 

555 

885 
585 

886 
886 

475 

600 

885 

780 

060 

860 

800 

630 

788 

1000 

1135 

1180 

1180 



(Ref. ANC-6-1848) 
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ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 

T*bl* C4.5 

AJLLOflARLK STRENGTH OF FLUSH KTOTRO JOINTS 
110° DM) AKOLE 


ALLOWABLE AHA It HTtKHOFl 



— 

i7 r~ 

-mr 

T/If- 

II 

A17RT 

lie 

331 

SIS 

749 

1787 

206 

368 

574 

82S 


34ST 

241 

429 

470 

964 


MACH I HI COUNTERSUNK 
ALLOIABLE BEAR IMG STRENGTH 




II 

as 

A178T 

17ST 

24ST 

218 430 87B 980 
240 478 740 1040 
290 000 870 1280 


r inu*.us« 

wmajsam 

■ 3/sr" 

K%/y*trHTM 

■ 1 1 tii m 

as 

wptjm 

mm 

WKEBESM 

■S3 

SnzS 

■FT'TTI 

wekm 

n fmrm 

wKinm 

ESS 

EES 

■ Si 

ML- 

0/88 

„ . 


.020 

73 

76 



83 

96 



97 

100 



104 

108 




.025 

87 

m 



96 

110 



115 

128 



124 

138 



** 

.032 

103 

124 

174 


120 

141 

198 


139 

164 

230 


150 

177 

248 


1 1 

.036 

115 

139 

196 


132 

159 

224 


163 

184 

260 


166 

199 

290 


.1 

.040 

126 

154 

218 

252 

144 

176 

250 

288 

167 

204 

289 

333 

180 

220 

312 

360 

.043 

140 

174 

244 

293 

160 

200 

279 

335 

185 

231 

323 

385 

200 

249 

949 

416 

i? 

.051 

104 

197 

277 

342 

176 

#35 

317 

391 

904 

261 

367 

452 

220 

281 

394 

466 

i g 

.064 

169 

250 

348 

451 

216 

*•§ 

396 

516 

241 

331 

460 

597 

241 

357 

499 

646 

si 

.072 

209 

280 

393 

518 

239 

320 

447 

592 

241 

370 

516 

685 

241 

400 

059 

740 

n 

.081 

233 

314 

421 

593 

241 

360 

482 

678 

241 

416 

558 

785 

241 

489 

601 

646 

.091 

241 

35S 

455 

975 

241 

405 

520 

772 

241 

429 

602 

894 

241 

429 

650 

966 


.102 


399 

493 

756 


429 

563 

865 


429 

651 

966 


429 

670 

•66 


.129 



582 

922 



665 

966 



670 

966 ! 



670 

966 


DIMPLED 

ALLOWABLE BEARING STRENGTH 


i«*i rvmm 


17s TJ 

ilnled 



BBBB| 


Harm 


l l-x 


EB3MBI 

mturw 

BOOMB5££EI 

maim 

mam 

1/8 

6/32 

3/16 

3/32 

1/8 

6/32 

3/16 


wan 

8/31 

3/16 


.020 

147 

204 



168 

233 



195 

270 



210 

291 




.025 

165 

238 

340 


166 

272 

389 


218 

315 

450 


236 

340 

405 


*» 

.032 

168 

287 

378 

484 

215 

328 

432 

554 

249 

380 

500 

640 

268 

410 

040 

690 

*1 

M 09 

.036 

202 

301 

400 

520 

231 

345 

458 

596 

267 

369 

530 

690 

280 

430 

870 

745 

.040 

215 

317 

423 

566 

246 

363 

484 

648 

280 

420 

560 

750 

280 

453 

604 

810 

.045 

232 

340 

450 

612 

265 

389 

515 

700 

280 

450 

596 

810 

260 

485 

643 

•74 

is 

.051 

252 

363 

484 

873 

280 

415 

553 

770 

280 

480 

640 

890 

280 

518 

690 

960 


.064 

280 

415 

555 

800 

280 

475 

635 

915 

280 

550 

735 

1080 

280 

555 

793 

1140 

S3 

.072 


448 

600 

880 


512 

687 

1005 


555 

795 

1165 


555 

850 

1290 


.081 



650 

970 



744 

1110 



860 

1220 



•70 

1220 

.061 




1070 




1220 




1220 




1220 


.102 

.126 




1180 




1220 




1220 




1220 


Table C4.6 

Design Sheer Strengths of Blind Rivets 
(Protruding end Flush Reeds) 

Type A - Explosive Rivet 
Type B, Cless I Buck Rivet 


Type B. Cl> 

ss II - Cherry Rivet 



:ivet Diane ter I 

1/8 

5/32 

wtmuimi 

465 

430 

390 

725 

665 

600 

1050 

965 

860 

NOTES: (1) Higher shear values say be uaed in de- 

sign if substantiated to the satisfac- 
tion of the procuring or licensing 
agency. 


Type A - Du Pont Explosive Rivet 

Ultinata Bearing Strengths of Braaier Bead Type B - Cless I - Buck Rivet Yield Bearing Strengths of Brasier Head 

Blind Rivets In Alusinus Alloy Sheet Type C - Class 11 ~ Cherry Rivet Rivets is Alualnus Alloy Sheet 


TYPS A 


Thickness 

.025 

.032 

.040 

.061 

.064 

.072 

a 

1/8 

270 

350 

420 

465 

465 

465 

** £» 








IS 

5/32 


435 

555 

660 

625 

725 

ad 41 
o 

3/18 


400 

665 

640 

960 

1000 




TYPE 0 

, Clans 

II 



| Thickness 

.025 

.032 

.040 

.051 

.064 

.072 

a 

1/8 

250 

320 

375 

430 

430 

430 

is 

5/32 


400 

500 

585 

665 

665 

•I 

3/16 


490 

600 

755 

870 

•30 




TYPE R 

, Clans 

XI 



| Thickness 

.020 

.082 

• 040 

.051 

.064 

.072 

J 

1/8 

240 

300 

350 

390 

390 

390 

IS 

5/32 


390 

465 

555 

600 

600 

ft ; 
m 

3/18 


485 

070 

705 

820 

960 

HOTE: 








(1) ligher hearing values nay be used in design If sub- 


st ant is ted to the sat la fact lea of the procuring or 


licensing agency. 







TYPE B 


Thickness 

.089 

.032 

.040 

.051 

.064 

.072 

k 

6 
*» 4* 

1/9 

5/32 

210 

275 

325 

355 

360 



5/32 


335 

430 

510 

550 

575 

3/16 


360 

510 

660 

750 

780 


TYPE 8, Clsee I 


| Thickness j 

.035 

.032 

.040 

.051 

.064 

.072 

k 

e 

4* V 

1/8 

175 

225 

270 

340 

410 


|! 

5/32 


280 

350 

435 

030 

0R5 

a s 

3/18 


340 

425 

030 

840 

720 


TYPE », Class II 


Thickness 

.020 

.032 

.040 

.001 

.064 

.072 

A 

1/0 

230 

200 

290 

320 

960 


IS 

5/32 


345 

400 

460 

010 

040 

-1 

3/18 


425 

010 

600 

•70 

719 

NOTE: 








<1> Higher hearing values any he need in design if eub-1 


st as tinted to the satisfaction of the procuring or 1 



licensing agency. 






(Ref. ANC-5-1944) 

















C4.10 AIRPLANE FITTINGS - 

clearance between lugs and with bolt nut drawn 
tight against fitting. 

It Is the author’s opinion that free fit 
bolts in main fittings should not suffer a 
permanent bending deformation under the applied 
loads and Fig. C4.8 is offered as an approximate 
check on the bolt bending stresses. Some struc- 
tural designers neglect bending In the fitting 
type #1 but consider It for the more obvious 
condition of type #2. 


BOLTED AND RIVETED 

Table C4.7 


OltlMt* Itriutk of All *oit» 
ROMfOMl lo*4 Bolt* 




. _ "” t 

1 ™ ! 









No 

DUa 

SAAB 

toaalea 

•SNDtNG 


TENSION 

SENDING 



F, u — 78,000 

1^-126,000 

F fc - 160.00C 

iQSSEm 

F^-48,000 

F^- 78, 000 

3 

3/16 

3186 

3136 

lit 

668 

1066 

46 

4 

1/4 

8681 

3688 

376 

1717 

1675 

110 

ft 

S/16 

6781 

6489 

636 

8664 

3166 

316 

• 

3/6 

6387 

6603 

•38 

3666 

4637 

373 

7 

7/16 

11378 

13433 

1460 

5361 

6663 

683 

8 

1/3 

14782 

16356 

8810 

6871 

9104 

664 

6 

6/16 

18637 

33313 

3180 

8667 

11863 

1360 

10 

5/6 

33010 

36676 

4380 

10736 

14716 

1730 

13 

3/4 

33136 

43464 

7480 

16463 

21873 ! 

8660 

14 

7/1 

45067 

8651ft 

11640 

81046 

26680 

4740 

16 

1 

68608 

•0159 

17670 

87466 

36756 

7070 



Make X equal In bearing 
to T/2 
2 = X/4 

L = T ♦ 2Z ♦ clearance 
Bolt B.M. a PL/4 


Make X equal In bearing 
to T 
Y * T/4 
Z = X/4 

L - Y + Z ♦ clearance 
Bolt B.M. * PL 


Taper Bolts. Where tight Joints are required 
and expense Is not a criterion taper bolts are 
used. (See Fig. 04.16). When service produces 
wear they can be taken up. 



C4,12 Strength of Aircraft Bolts. 

Table C4.7 gives the ultimate strength of 
AN steel and aluminum alloy bolts in shear, 
tension, and bending. 


fitting, bolts are used under high combined 
tensionjknd shear loads. The allowable strength 
under this combined loading of tension and shear 
Is given by the interaction equation Rt*+K s 8s! 
1.0. Fig. C4.17 shows a plot of this equation 
for standard steel AN bolts. 



C4.13 Special Searing Factor*. 

The failure of a material In bearing may 
consist of crushing, splitting or progressive 
rapid yielding in the region where the load is 
applied. Such factors are reversal of stress, 
shape and size of surfaces In contact effect the 
allowable bearing pressures. Table C4.10 gives 
these special required bearing factors. 


Table C4.8 gives the allowable bearing 
strength of steal sheet on oteel pins or bolts. 
Table C4.9 gives the shear and tension strengths 
of steel internal wrenching bolts. 


Combined Tension and Shear on Steel Bolts. 

In* some parts of the airplane structure as 
for example the engine mount structure main 







ANALYSIS AND PgSIQN OF AIRP LAMB STRUCTURES 


C4*ll 


Table C4. 8 

BEARING STRENGTH OF STEEL SHUTS ON RIVETS, BOLTS A HD PINS 
NORMALIZED X-4130 SHEET (F^ r - 110*000 PSI) 


Riae of 
tlvotw 

1/10 

3/32 

1/0 

5/32 

3/16 

1/4 

5/16 

3/8 

1/2 

5/8 

3/4 

7/8 

1 

Plato 8iaes 

Bearing Strength of Plate 



• ORB 

345 

360 

490 











.035 

305 

459 

612 

705 

918 









.040 

420 

643 

657 

1072 

1286 

1714 








.050 

507 

761 

1015 

1269 

1522 

2030 

2537 







• 005 

569 

853 

1137 

1422 

1706 

2275 

2844 







.073 

630 

945 

1260 

1575 

1890 

2520 

3130 

3780 






,003 

726 

1069 

1452 

1815 

2178 

2904 

3630 

4356 






.005 

031 

1247 

1662 

2078 

2494 

3325 

4156 

49BS 

6650 





.130 

1050 

1675 

2100 

2625 

3150 

4200 

5250 

6300 

8400 

10500 




3/16 

1640 

2460 

3280 

4100 

4920 

6560 

8200 

9840 

13120 

16400 

19680 

22960 

26240 

1/4 

2100 

3281 

4375 

5469 

6563 

8750 

10938 | 

13125 

17500 

21875 

26250 

30625 

35000 


Pbr - 100,000 PSI 

OPR USE IN COMPUTING BEARING STRENGTH AT OTHER VALUES OF ALLOWABLE BEARING STRESS) 


Rise of 
Rivets 

1/10 

3/32 

1/8 

— 

5/32 





1/2 

5/8 



— 

Plate Siaes 

Bearing Strength of Plate 

Wffim 

■ 

.026 

175 

263 

350 





— 






.035 

219 

328 

438 

547 

656 









.049 

306 

459 

612 

756 

916 

1225 








.059 

362 

544 

725 

906 

1087 

1450 

1812 







.065 

406 

609 

812 

1016 

1219 

1625 

2031 







.072 

450 

675 

900 

1125 

1350 

1800 

2250 

2700 






.063 

519 

778 

1038 

1297 

1556 

2075 

2594 

3112 






.095 

594 

891 

1188 

1464 

1781 

2375 

2969 

3563 

4750 





.120 

750 

1125 

1500 

1875 

2250 

3000 

3750 

4500 

6000 

7500 




3/16 

1172 

1758 

2344 

2930 

3516 

4688 

5859 J 

7031 

9375 

11719 

14063 

16406 

18750 

1/4 

1563 

2344 

3125 

3906 

4686 

6250 

7813 ] 

9375 

12500 

15625 

18750 

21875 

25000 


FOR D/t VALUES >5.5 THE ALLOWABLE BEARING STRENGTHS MUST BE SUBSTANTIATED BY TESTS COVERING BOTH YIELD AND ULTIMATE OF 
THE JOINT. 


Table C4.0 

SHEAR AND TENSION STRENGTHS OF INTERNAL WRENCHING BOLTS 


MATERIAL 

HEAT TREATED ALLOY STEEL (160,000-180,000 pal) 

SPECIFICATION 

AM-QQ-S-687, 

AN-8-16, and 

AN-QQ-S-090 

AN-QQ-S-756 

SIZE 

STANDARD 

ULT. TENSILE STRENGTH 
(Min. lbs. ) 

DOUBLE SHEAR STRENGTH 
(Mln.lbe.) 

1/4 

NAS 144 

5,000 

9,300 

5/16 

NAS 145 

8,200 

14,600 

3/8 

NAS 146 

12,700 

21,000 

7/16 

NAS 147 

17,100 

28,000 

1/2 

NAS 148 

23,400 

37,300 

9/16 

NAS 149 

29,800 

47,200 

5/8 

NAS 150 

38,000 

58,300 

3/4 

NAS 152 

55,600 

83,900 

7/8 

NAS 154 

76,200 

114,200 

1 

NAS 156 

102,500 

149,200 

1-1/8 

MAS 158 

128,800 

188,900 

1-1/4 

MAS 172 

182,800 

233,200 

1-3/8 

MAS 174 

200,300 

282,100 

1-1/2 

MAS 176 

341,176 

335,800 

NOTES: 




1. Navy contract ore oust Obtain approval of atructural applications in- 
volving internal erenehlag bolts prior to their use in design. 

2. Internal wrenching note should be used in applications wherein these 
internal wrenching bolts are specified. 












C4.12 


AIRPLANE FITTINGS - BOLTED AND RIVETED 


Table C4.10* 1 * 

Bgyywq factors fob flair* 2 * riarihos* 3 * jgjmic wo oa 
iRFmoroOT* 4 * RIUTIVK rotation uxp« disigh leaps 


Infrequent Relative 
Rotation under Design Loads 

Shock* 6 * or 
Vibration 

Factor* 7 * 

Jtone (6) 

Nona 

1.0 

Tea 

Rone 

2.0 

None ( 3 ) 

Tea 

2.0 

Yea 

Yea 

2.5 


NOTES: 

(1) The factors given In this table are appli- 
cable to other materials as well as to 
steel. 

(2) "Plain*’ bearings as against anti-friction 
bearings (ball bearings, etc.). 

(3) Bearings are distinguished from fittings, in 
general, in that a bearing is a pin- Jointed 
fitting which permits relative movement be- 
tween the parts Joined other than that due 
to deformation of the parts under load. 

(4) For rotations in the order of 100 revolu- 
tions per hour, and up, see Table 4-3. 

(5) No relative rotation under design loads; to 
illustrate, some landing gear Joints have no 
relative rotation under landing loads, al- 
though they have relative rotation during 
retraction. 

j 

(6) Shock is considered to occur in such struc- 
tures as landing gears, gun mounts, hoisting, 
towing and mooring connections. 

(7) It should be noted that the fitting factors 
specified by the procuring or certificating 
agency also apply to the bearing surfaces. 

If the applicable fitting factor exceeds the 
bearing factor, the former shall be used in 
lieu of (not in addition to) the latter, and 
vice-versa. 

C4.14 Aircraft Nuts. 

Fig* C4.18 Illustrates the four standard 
steel aircraft nuts. Nut material is more duc- 
tile than bolt material, thus when the nut is 
tightened the threads will deflect to seat on 
the bolt threads. 

The Castle nut is probably the most common 
aircraft nut. It develops the full rated 
strength of the bolts. The nut has slots milled 
in it so that nuts can be prevented from turning. 

The Shear nut is only one half as thick as 
the Castle nut, and thus has only threads 
enough to develop one half of bolt tensile 
strength. It Is used with a clevis bolt which 
has a screw driver slot to limit the torsion in 
tightening the nut. The nut is also castellated 
for 'cotter pin lock. 



CASTLE NUT SHEAR NUT PLAIN NUT SELF LOCKING 
AN - 310 AN - 320 AN - 315 AC - 365 


The Plain nut which Is very seldom used in 
present design is used for permanent locations 
and is locked by "peenlng* or riveting the end of 
the bolt over the nut, an operation which des- 
troys the bolt -protective coating or finish. 

Aluminum Alloy Nuts. Aluminum alloy nuts 
are not used on bolts designed for tension. 
Sometimes aluminum alloy nuts are used on steel 
bolts on land planes to save weight provided the 
bolts are cadmium plated. If the bolt is used in 
places where the nut is repeatedly removed, 
neither bolt or nut should be aluminum alloy be- 
cause of the danger of Injuring the relatively 
soft threads. 

C4.15 Self Locking Nuts. 

Elastic Stop Nut. 

The elastic stop nut is widely used In the 
aircraft Industry. The self locking means is 
provided by a fiber insert. (See Fig. C4.18). 

When the bolt reaches the fiber collar it tends 
to push the fiber up because the hole in the col- 
lar is smaller than the bolt, and Is not threaded. 
The fiber ring thus sets up a heavy downward pres- 
sure on the bolt automatically throwing the load 
carrying sides of the nut and bolt threads into 
positive contact. Thus all play in the threads 
Is eliminated and a friction is set up between 
every bolt and nut thread in constant. This con- 
stant pressure which is maintained on threads, 
provides the friction which prevents nut from 
moving under vibration. (See Fig. C4.19 for 
various types). 

The use of the self locking nut reduces the 
assembly costs as it eliminates the bothersome 
cotter pin which takes extra operations of the 
mechanic and is very difficult to install on the 
nut in the many Joints and corners of an airplane. 

BOOTS Self Locking Nut. 

The photographs below show samples of the 
Boots all metal locking nut. The locking force 
is provided by the spring action of the upper 
portion of nut. 

The designer before using any type of stop 
nut should consult all military and governmental 
regulations to determine if any restrictions ex- 
ist on their use. 
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Fig. C4-19 Sol i Locklag Hut (Elastic Stop Rut) 




connections sufficient edge distance should be 
provided to ream hole for next size bolt In case 
of excessive wear of the unbushed hole. If con- 
siderable rotation occurs a lubricator should be 
provided for a plain bushing or a oil-impregnat- 
ed bushing should be used. 

C4.17 Standard Tie Rods, Lugs Slid Cables, 

Tie rods and cables are tension structural 
units which are frequently used in aircraft 
structure or aircraft control systems. These 
units have been placed in the category of AN 
standard units. The rated strength of these 
standard tie rods and the size of the mating 
male lug to go with the female clevis terminal 
on the tie rod is given in Table C4.ll. 

The strength and stiffners factor of air- 
craft steel cable are given In Tables C4.12, and 
C4.12a. 

Table C4.ll 





STEEL TIE RODS AMD TENSION LOGS 




C4.16 Bush Inge. 

It is customary to provide bushings in the 
lugs of single bolt or pin fittings subjected 
to reversal of stress or to slight rotation. 

Thus if wear and tear takes place a new bushing 
can be inserted in the lug fitting. Steel bush- 
ings are commonly used in aluminum alloy single 
bolt fitting lugs to increase the allowable 
bearing stress on the lug since the bushing 
increases the bearing diameter 1/8 inch since 
bushings are usually 1/16 inch in wall thick- 
ness. If 1 bushings are not used on single bolt 


Table C4.12 


STRENGTH OF STEEL CABLE 


Prsforaed Flexible Cable 
(Cor roe ion Res let lag) 

AX-RR-C-48 

7x7, 7 x 19 

Disaster in 

Approx. Wt. la 

Breaking strength 

laches 

lb. per 100 ft. 

la lb. alnlanm 

7x7 Flexible 

1/10 

0.75 

400 

3/32 

1.35 

020 

7 x 12 Flexible 

1/0 

2.0 

1000 

5/32 

4.44 

2000 

3/10 

0.47 

3000 

7/3 2 

0.50 

5200 

1/4 

12.00 

0600 

0/32 

14.50 

0000 

5/16 

17.71 

8200 

3/0 

20.40 

13000 






C4.14 


AIRPLANE FITTINGS - BOLTED AND RIVRTgP 


Table C4.12a 


8TRKJTOTH OF STEEL CABLE 


Diane ter in 
inches 

Amy Spec. 48-21 
19 strands, 
non- flexible 

EA** 

Army Spec. 48-22 
7x7 Flexible 

»** 

AK-RR-C-43 

7 x 19 Flexible 

IA** 

Approx. 
Wt. in 
lbs .per 
100 ft. 

Breaking 
Strength 
in lb. 
minimum 

Approx. 
Wt. in 
lbs. per 
100 ft. 

Breaking 
Strength 
in lb. 
minimum 

Approx. 
Wt, in 
lbs. per 
100 ft. 

Breaking 
Strength 
in lb. 
minimum 

0.031 

1/32 

0.30 

185 

20,580 







0.062 

1/16 

0.78 

500 

52,810 

0.81 

480 

47,990 




0.076 

S/M 

1.21 

780 

87,210* 

0.83 

550 

64,990* 




0.094 

3/32 

1.75 

1100 

125,690* 

1.45 

920 

83,900 




0.109 

7/64 

2.60 

1600 

176,540 







0.125 

1/6 

3.50 

2100 

227,730 

2.45 

1350 

123,110* 

2.90 

2000 

155,020 

0.156 

S/32 

5.50 

3200 

359,120* 

4.67 

2600 

270,700 

4.44 

2600 

255,230 

0.187 

3/16 

7.70 

4600 

528,910 

5.80 

3200 

332,240* 

6.47 

4200 

374,760 

0.218 

7/32 

10.00 

6100 

737,760 

8.30 

4600 

479,140* 

9.50 

5600 

500,500* 

0.260 

1/4 

13.50 

8000 

1,079,930* 

10.50 

5600 

603,670 * 

12.00 

7000 

643,5004. 

0.281 

9/32 







14.56 

8000 

613,510 

0.312 

5/16 

20.65 

12500 

1,667,350* 

18.70 

9200 

958,290* 

17.71 

9800 

1,026,230* 

|0.344 11/32 







22.53 

12500 

1,309,140 

0.375 

3/8 







26.45 

14400 

1,625,570* 


* Computed using estimated values of A 

** These values of EA should be used only If the cables are pro-stretched. 
It should be noted that the load deflection curves for cables, In 
general , are non-linear. The values of EA at low loads are less than 
those specified. 


THE GENERAL DESIGN AND STRENGTH 
CHECKING OF AIRCRAFT FITTINGS. 

C4.18 Single Bolt Fitting. 

Possibly the simplest method or Joining 
two members together 1 b the use of a single 
bolt or pin connection. Such a Joint can trans- 
mit relatively large loads and yet the Joint is 
easily and quickly disconnected. 

Fig. C4.20 illustrates the four general 
methods of connecting two members by a single 
bolt. First the connection is made symmetrical 
about the centerline of the load on the Joint. 
Thus is Fig. C4.20a the load P on the male part 
of the fitting divides equally and symmetrically 
to the two female plates or units which make up 
part of the fitting unit. If the male and fe- 
male parts of the connection are to be tied to- 
gether by a single bolt It is evident that the 
connecting plates will be weakened due to the 
bolt hole unless extra material is added at the 
bolt hole section. 

Fig. C4.20a shows a fitting consisting of 
three rectangular plates of uniform section 
throughout fastened together by a single bolt. 
Obviously the weak section for the plates in 
tension would be a section through the center- 
line of the hole. If this section is strong 
enough to carry the given loads, then the re- 
maining part of the fitting members are consid- 
erably over strength. To avoid this over- 
strength which means extra weight of fitting 
units, a single bolt fitting unit is usually 
made like one of the examples indicated in Fig. 
b, c and d of Fig. C4.20. 



Fig. c Fig. 4 

Flfl. C4-20 


In Fig. b, the plates are made constant 
thickness but increased in width in the vicinity 
of the hole section, in Fig. c, the width of 
the plates is kept constant but the thickness of 
the plates are increased in the vicinity of the 
hole section, and in Fig. d, both width and 
thickness of plates are changed. 

C4.X9 Methods of Failure of a Single Bolt Fitting. 

As the load on a fitting is transferred from 
one side of the fitting to the other, internal 
stresses are produced which tend to cause the 
fitting to fail in several different ways. 

Failure by Bolt Shear. 

In Fig. 04.21 the bushing id not continuous 
between the plates, but each of the three plates 
have separate bushings. As the pull P Is placed 
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on the fitting it tends to shear the bolt at 
sections (1-1) and (2-2), (Fig. C4.21a). Fig. 
C4.21b illustrates the forces or pressures on 
the bolt and the failure which can take place if 
the stresses are sufficient. 

Let P a represent the maximum or ultimate 
load on the fitting. This force p a must be re- 
sisted by the shear strength of the bolt at the 
two sections (1-1) and (2-2). Hence, 

Pa (bolt shear) =F W A ' 2 = F su A (1) 

where F gu - ultimate shearing stress for 
bolt material. 

A = cross-sectional area of bolt. 



Failure in Tension. 

Fig. C4.22 indicates how a fitting plate 
can pull apart due to tension stresses on a 
section through the centerline of the bolt hole. 
Both the male and female parts of the fitting 
must transfer the load past the centerline of 
the hole, thus both parts must be considered in * 
the design of a fitting. Equating the allowable 
load P a to the ultimate resisting tensile stres- 
ses at points (a) and (b) Fig. C4.22, we obtain, 

<*-»>*- 1 (2 > 

where F^u 84 ultimate tensile strength of 
plate material. 

Failure by Shear Tear Out. 


failure can occur by the shearing tear out of a 
plate sector in front of the bolt. In Fig. a, 
the load P causes the bolt (not shown) to press 
on the plate around the bolt hole edge. Stres- 
ses are produced which tend to cause the portion 
(a) in Fib. (b) to tear out as shown. Equating 
the load P a to the ultimate shear resistance of 
the material times the area of the two shear out 
areas, we can write, 

P a( shear out) =F, su A s (3) 

where F BU = ultimate shearing strength of 
the plate material. 

A s K shear out area. 

It is very common practice to take the shear 
out area A s equal to the edge distance at the 
centerline of the hole times the thickness t of 
the plate times two since there are two shear 
areas. This is slightly conservative because 
the actual shear area is larger. The ANC-5 Manual 
permits one to use the area along line 1-1 which 
is limited by the 40 degree line as shown in Fig. 
C4.23C . 

Failure by Bearing of Bushing on Plate. 

In Fig. C4.24a, the pull P causes the bolt 
(not shown.) to press against bushing wall which 
in turn presses against the plate wall. If the 
pressure is high enough the plate material ad- 
jacent to the hole will start to crush and flow 
thus allowing the bolt and bushing to move which 
results in the elongated hole as illustrated in 
Fig. b. Equating the load P a to the ultimate 
bearing strength on the bearing surfaces we can 
write, 

Pa=F br Dt (4) 

where F^r ~ allowable bearing stress 
D = diameter of bushing 

t = plate thickness 

Failure by Bearing of Bolt Bushing. 

A bushing is pressed into the plate hole 
and thus it is considered as a tight fit. A 
fitting bolt is usually considered as removable 
therefore a certain tolerance between the bolt 
and bushing inside diameters is necessary in 
order to insert and remove bolt. If fitting is 
subjected to reversible loads the small slop in 
the fitting tends to cause shock on the fitting. 
Also the fitting may be such that slight rotation 
takes place on the bolt, which tends to cause 
wear between bolt and bushing. It Is therefore 
customary to check the bearing pressure between 
the bolt and the bushing since failure of the 
bushing could take place In a manner explained 
in the previous article dealing with bearing of 
bushing on plate. Then as before, 

P a =F br Dt (5) 

where D = bolt diameter 


Fig. C4.23 illustrates the manner In which 
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Problem 1 



Fig. C4.25 shows a fitting link forged 
from 14ST aluminum alloy material. The design 
loads of 29000# and 37000# as shown Include the 
fitting factor of safety of 1.2. The fitting 
is subjected to shock and vibration but no ro- 
tation. Let it be required to check the link 
for the given loads as well as the fitting bolt. 

Let P a = allowable load on fitting. 

Consider bolt shear strength. 

From observation bolt will be in double 
shear. From Table C4.7 the single shear 
strength of a 3/4** diameter AN bolt (Ftu = 
125000 ) = 33100# 

hence P a = 2 x 33100 = 66200# 

M.8. ® 5ft - 1 = (66200/37000) - 1 * .78 


M.S. = (42600/29000) - 1 * .47 
Consider Bearing of Bushing on Link. 

P a - Fbr A 

A = bearing area = .875x .75= .665 
F br = 93000 pel. 

Hence P a = 93000 x .656 * 61000# 

M.S. = (61000/37000) -1 * .65 

Consider Bearing of Bolt on Bushing. 

For a free fit bolt subjected to shock and 
vibration but no relative rotation an additional 
bearing factor of 2.0 should be used. (See Table 
C4.10). 

Therefore the allowable bearing pressure 
equals .5 F br = .5x175000 = 87500 psi. The value 
175000 represents the F br for steel with Ftu = 
125000 psi. Usually AN bolts and bushings are 
made from Ftu ~ 125000 material. 

Bearing area = ,75x .75 = .562 

hence P a = 87500 x .562 = 49200# 

M.S. = (49200/37000) - 1 = .33 

Consider Bending of Bolt. 

The true bending forces on the bolt are un- 
known. Since the clearance in a free fit condi- 
tion permits the bolt to bend to some unknown 
degree, an approximate estimate of the bending 
stresses in the bolt will be made under the ap- 
plied loads. If these stresses exceed the yield 
strength stresses of the material, the deforma- 
tion of the bolt may be such as to make the bolt 
difficult to remove. 

The bending stress f b = || 


Consider shear out of link. 
p a * F su A s 

Edge distance = (.875+ .125 - 4375) = .5625 
Shear out area = 2x .75 x .5625= .843 sq. in. 

In the above equation the value .75 is the link 
thickness and the term 2 represents the two 
shear out surfaces. 


Referring to Fig. C4 L = T + 22 ♦ clear- 
ance or L = .75 + 2 x .0937 + .032 = .97" 

The applied load on the fitting = p g — y - g = 

20500#. 


8 = section modulus of 3/4 bolt = .041, 


* 


_ 20500 x .97 


4x .041 


= 121000 pel . 


hence 


F su = 39000 psi. (See Table Cl. 4) 

Hence P a = 39000 x .843 = 33000# 

M.S. = (33000/29000) - 1 = .14 

Note that the load of 37000# pushes in- 
ward on link and thus does not tend to cause 
shear out failure. Or in other words only ten- 
sion on link will cause shear out failure. 

Consider tension on section through hole. 

p a = F tu A 

A 53 tension area= (2x .875 -.875) .75 = .655 
sq. In. 

F^ u for 14ST material * 65000 psi. (See 

Table Cl. 4). 


The modulus of rupture F^ for a solid round 
steel rod with Ftu * 125000 pel equals 180000 
psi (see chapter C3 ). The tensile yield 
strength Fty for this material = 100000 psi. 
Therefore a yield modulus of rupture of 180000 x 
100000/125000 = 144000 psi will be assumed. Since 
the applied load bending stress f b is 121000 the 
bolt appears satisfactory In bending. 

Example Problem 2 

Fig. 04.26 shows a forked steel fitting fast- 
ened to a double channel section made of 248T 
aluminum alloy plate. Required, a completely 
strength check of the fitting portion as shown in 
Fig. C4.26. Fitting subjected to vibration and 
reversal of load. 


Hence P a = 65000 x .655 =42600# 
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Solution:- 

Design fitting load = *33000# ; - 25000# 

Since these values include the fitting fac- 
tor, the fitting must show a margin of safety 
of zero or greater to be satisfactory. 

Let P a - allowable load on fitting. 

Check bolt shear strength:- 

Slngle shear strength of 9/16 AN bolt « 
18637#, 

Bolt Is In double shear, hence 

P a = 2 X 18637 = 37674# 

M.S. = (37674/33000) - 1 = *14 
Check bearing of bolt on bushing :- 

Bolt bushing both have Ft u = 125000 pel. 

Bearing area= .5625 x .75= .422 sq. In. 

F for 125000 steel equals 175000 psl. 

Since fitting Is subjected to shock and vi- 
bration an additional factor of safety on bear- 
ing stresses of 2 must be used. Hence allowable 
Ffcr = 175000/2 = 875000. Then, 

P a = .422 X 87500 = 36900# 

M.S. = (36900/33000) - 1 = .12 

The bearing of bushing on fitting Is ob- 
viously satisfactory since bearing area Is 
greater and fitting steel la 150,000 psl, 
material. 

Check shear tear out of steel flttlng:- 

Shear out area = 2 (,6875- .3437), 75= .515 
sq. in, 

F su for 150000 alloy steel = 90000 psl. 

(See Chapt. Cl). 

Hence, P a 3 .515 x 90000 * 46100# 

M.S. « (46100/33000) - 1 * .40 


Check tensile strength steel fitting at bolt 
hole. 

Net tension area * .75 (1- .6875) = .234 
sq. In. 

F = 150000 ps 1 . 

Hence, P a = .234 x 150000 * 35100# 

M.S. = (35100/33000) - 1 = .07 

Check tensile strength section (2-2) Steel Fitting 

From Fig. C4.26 It is noted that 4 - 3/8 
dla. AN steel bolts transfer the load from the 
steel forked fitting to the two aluminum alloy 
channels. Thus It Is reasonable to assume that 
each bolt transfers 1/4 of the total fitting load 
between the steal fitting and the channels. Fig. 
C4.27 shows the manner in which the load is 
transferred by the four bolts. The graoh shows 
the load in the steel fitting and the channels at 



the various sections. The total load of 33000# 
passes by section 2-2. 

Net tension area = (1- .375) (.75- .25) = 

.3125 sq. in. 

P a = .3125 X 150000 = 47000# 

M.S. = (47000/33000) - 1 = .42 

Check tensile strength section (3-3) steel fitting. 

Load on this section « 16500# 

Net tension area = (1- .375) (.5- .25) = 

.1562 sq. in. 

Hence P a = .1562 x 150000 - 23500# 

M.S. = (23500/16500) - 1 = .42 

Check shear strength of the 4 -3/8 bolts. 

Bolts are in double shear. 

Single shear strength of 3/8 AN bolt = 8287# 
Hence, P a = 4 X 2 x 8287 = 66000# 

M.S. 3 (66000/33000) - 1 = 1.0 

Check bearing strength of 3/8 bolts on steel 
fitting. 

Load per bolt * 8250#. 

See (3-3) or (4-4) Is critical since steel 
fitting thickness is less or 1/8 Inch. 

Bearing area one bolt - .375 x .25 *= .09375 
sq. in. 

Hence P a = 175000 x .09375 3 16400# 

M.S. ■ (16400/8250)-! “ .99 
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Check bearing of 3/6 bolts on 24ST channel 
Sections. 

Bearing area per bolt = .375 x .25 = .0937 1 
sq. In. 

Fkr = 90000 psl. 

P a for bolts = 4 x .0937 x 90000 = 33500# 
M.S. * (33500/33000) - 1 * .02 

Check tensile strength of channels at sec. (4-4).! 


the loads efficiently. Also In many cases ex- 
ternal requirements such as clearance between 
fitting parts and other parts of the airplane 
may dictate certain dimensions for the fitting. 
Thus example problems of fitting design usually 
prove rather difficult to present in a textbook 
where space is limited. The author believes that 
if a student can strength check any type of fit- 
ting, he should be able to design a fitting with- 
out too much difficulty. 

In the designing of a single bolt fitting, 
three primary things must be determined namely, 
the diameter of the bolt or pin and the dimen- 
sions of the male and female parts of the fit- 
ting unit. In general each dimension of a part 
of a fitting has an influence on the dimension of 
another unit of the fitting. The following 
general order of procedure in designing a single 
bolt fitting will usually eliminate the trial and 
err oi' or guess and check method. 

Step 1 To establish bolt diameter, select bolt 
for shear failure. 

Step 2 To establish thickness of male fitting, 
that is the dimension of male fitting 
parallel to bolt axis, consider bearing 
of bolt on the bushing in the male fitting 
and the bearing Of the bolt on the bush- 
ing. Since the bearing area consists of 
the diameter of the bolt or bushing 
times the thickness of the male fitting, 
the only unknown is this thickness since 
the loads and allowable bearing stresses 
are known. 

Step 3 To establish the width of the male fit- 
ting at the bolt centerline, consider ten- 
sion failure at this section. The only 
unknown is the width dimension. 

Step 4 To establish the shear tear out dimension 
of the male fitting, consider tear out 
failure. Again only one value is missing 
in the equation P = F S u A, namely, the 
one shear out dimension of the shear area 
A. 

Step 5 To establish the size of the base of the 
male fitting, consider tension or any 
other type of failure for this part of 
the fitting. 

Step 6 Repeat the above general Btepe for the 
female part of the fitting unit. 

C4.21 Bolt Loads for Multiple Bolt Fitting, 
Concentrically Loaded. 

In designing or strength checking a multiple 
bolt fitting, the question arises as to what pro- 
portion of the total fitting load does each bolt 
transfer. This distribution could be affected by 
many things such as bolt fit or bolt tightness in 
the hole; bearing deformation or elongation of 
the bolt hole; shear deformation of the bolt or 
pin; tension or compressive axial deformation of 
the fitting members and the member being connec- 
ted, and a number of other minor influences. 


Load on this section = 33000# (See Fig. 
C4.27 ) 

Net tension area = .70- (.25 x .375) - .60 
sq. in. 

Note:- .70 = area of two channels (See 
Fig. C4.26) 

F tu » 62000 psi. for 24ST material 
hence, P a = .60 x 62000 = 37200# 

M.S. * (37200/33000) - 1 = .12 

Check shear tear out for channels at bolt gi . 

Centerline edge distance - (.625- .875) = 

.4375 

Shear out area = 2 x .4375 x .25 = .218 
sq. in. 

F su = 38000 psi. 

Hence, P a - .218 x 38000 * 8300# 

Load on bolt Bi = 8250# 

M.S. = (8300/8250) - 1 « .01 

The shear out area is conservative. It Is 
permissible to take shear out distance to a 40 
degree line thru center line of hole. This 
change would add .044 Inches to shear out 
length, hence 

P a = 2 X (.4375+ .044) .25x38000 = 9150# 
M.S. = (9150/8250) - 1 = .11 

Check shear tear out strength of steel fitting 
at bolt B 4 . 

Edge distance = (.4375 - .1875) = .25" 

Shear out area = 2x .25 x .25= .125 sq. in. 
F su - 90000 pel. 

P a « 90000 X .125 = 11260#. 

M.S. = (11250/8250) - 1 * .36 

Check shear strength of channels between bolts. 

Edge distance between 3/8 dia. bolts = 
(1.125 - .375) * .75 in. 

P a = .75 X ,25 X 2 x 30000 = 14200# 

Bolt load = 8250. Not critical. 

Conclusions: 

Since the strength check of the fitting 
shows no negative margins of safety, the 
strength is satisfactory. 

C4.20 Design o t Single Bolt Fittings. 

The example problems given above dealt 
with fittings that were already designed and a 
strength check was made. The usual case howev- 
er is given certain definite design loads, pro- 
portion or design a connection to transfer 
these* loads efficiently. There are usually two 
or more designs that will carry and transfer 
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Sines aircraft materials have a consider- 
able degree of ductility, if the fitting is 
properly designed, the loads on the bolts when 
the loads on the fitting approach their maximum 
value, will tend to be in proportion to the 
shear strength of the bolt. That is, if the 
combined shear strength of the bolts is the 
critical strength, the yielding of the fitting 
material in bearing, shear and tension will tend 
to equalize the load on the bolts in proportion 
to their shear strengths. For stresses below 
the elastic limit of the fitting plates the bolt 
load distribution no doubt is more closely pro- 
portional to the bearing area of each bolt. 

Since the primary interest is falling strength, 
the bolt load distribution in proportion to the 
bolt shear strengths is usually assumed. 

Let:- 

P = design load on fitting. 

P s * allowable shear strength of any bolt. 

P n = load on bolt n 

P sn « allowable shear strength of bolt n. 

Therefore we can write, 



Example Problem of bolt load distribution. 

Fig. C4.28 shows a multiple bolt fitting 
unit subjected to a concentric load of 100,000#. 
Determine the load transferred by each bolt. 



Bolt 

Sym. 

Bolt 

DU. 

Double Sheer Strength 

• V m 

A 

5/0 

23010 * 2 . 46020 

B 

9/16 

l«f 37 I 2 I 37274 

5 

1Ae 

11272 * 2 » 22544 

B 

S/lS 

ft76i itl 11502 



£ P* “ 117346 


Distribution of loads to each bolt:- 

Pa ■ p (f 8 ^)* 100, 000 X = 39200# 

P b *= 100,000 x 37274 /117340 = 31800# 

P c * 100,000 X 22544/117340 = 19200# 

P d * 100,000 X 11502/117340 = 9800# 

Total load on the four bolts adds up to 

100 , 000 #. 


C4.22 Kxuple Problra - Ruddar Torqua Tube - Rudder 
lorn Connection* 



Fig. C4.29 illustrates a rudder horn attach- 
ed to the lower end of a rudder torque tube. 

The horn Is attached to the tube by two collars 
riveted to the horn and likewise to the tube. 

For the design cable pull of 400# determine the 
margin of safety of the riveted connection. 


Solution 

The horizontal cable pull of 400# can be re- 
placed by an equivalent force system at centerline 
of tube consisting of a torsional moment of 400 x 
5 = 2000"# and a horizontal force of 400#. 

Consider Attachment of Collars to Horn: 

6 - 1/8 diameter rivets are used. 


Load per rivet due to torque « g™ = 334# 

400 

Load per rivet due to horizontal force = -g- « 

67# 

Rivet b will be critical as both load components 
are practically horizontal. 

Resultant load on rivet b = 334 + 67 = 401# 

Take the rivets as A17ST material, the double 
shear strength of a 1/8 diameter rivet from Table 
C4.1 is 388 X 2 = 776#. M.S. = (776/401) - 1 « 
.93. 

The bearing strength on the 253T - .064 col- 
lar with edge distance assumed as 1.5 rivet 
diameters is obtained from Table C4.2. 

P^ = 2 x .93 x 822 = 1530# 

Consider attachment of collars to torque tube:- 
10 - 5/32 diameter A17ST rivets are used. 


Load on each 
2000 

" 10 x .6 


rivet due to torque 
* 334# 
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The horizontal component of the 400# acting 
through the center of the tube can be taken by 
direct bearing of collars on tube. Single shear 
strength of 5/32 - A17ST rivet bearing on .049 
tube wall equals 596# from Table C4.1. 

Bearing strength on .049 tube wall using 
value for edge distance equal two or greater, we 
obraln from Table C4.2 

Pb * 1.18 x 100,000 X .049 x 5/32 = 903# 


the distance of the bolt from the center of re- 
sistance which coincides with the bolt group 
centroid. 

Let r a equal the distance from the bolt 
group centroid to bolt (a). Then the resisting 
moment developed by bolt (a) equals F a r a , where 
F a equal the load on bolt (a). Since the bolt 
loads are proportional to their distance from 0, 
the resisting moment developed by bolt (b) 
will equal 


Shear strength of rivet is critical, 

M.8. * (596/334) - 1 = .78 

C4.23 Multiple Riveted or Bolted Joints Subjected 
to Recent ric Loads. 

Fig* C4.30 shows a plate fitting attached 
to another member by means of four bolts or 
rivets. (The circles represent the bolts). The 
fitting plate is subjected to the loads Ph and 
Py acting as shown. Let It be required to find 
the resultant loads on the bolt group due to the 
given loads. 


(F a rMr^ or F a and similarly for bolt (c) 

^ ^ ' r * a tm* 

M c = Fa ?a~ and for b0lt d = Fa ?a~ ' 


The total moment resistance of the bolt 
group therefore equals. 


m - Far a * j F a r b * + F a r c " + Fa.rd " 
r a 


( 1 ) 


( 2 ) 



The centroid of resistance for the bolt 
group will then correspond to the centroid of 
the bolt areas. Fig. C4.31 shows the fitting 
unit with the force P H and Py replaced by an 
equivalent force system at the bolt group cen- 
troid point (0). This equivalent force system 
will be:- 

P V = -200#, Ph = 1000# 
and M 0 * -200 x 1.75 - 1000 x .25 = -600 in. lb. 

Since Py and P H act through the bolt cen- 
troid they will be reacted equally by each bolt, 
hence V load on each bolt due to py « -200/4 = 
-50#; H load on each bolt due to Ph = 1000/4 - 
250#, 


The load produced on each bolt due to the 
moment .load Mq = -600"# will vary directly as 
the distance of the b 


where I = 2 r* of bolt group. 

Therefore for the loads on the other bolts, 




For the bolt group of Fig. C4.31 r a - rp = 
r c = ra - 1.25". 

hence I - 2r* = 4 x 1.25 a = 6.25 in. 

Therefore the moment load on each bolt will 

equal 


Mr -600 x 1.25 

I = O 5 — 


120 # 


Fig. C4.31 shows the resulting H, V and 
moment loads applied to each bolt. The resultant 
load can be found graphically by drawing the 
force polygons as shown In Fig. C4.32. The re- 
sultant bolt loads can likewise be determined 
analytically. For example consider bolt (c) 

2H = 250 + 120 x g j** — ■ gg + 0 3 346# 

2V--50- 120x + 0 = -123# 

Hence R = v/SH* + SV* = V32S* + 122* * 367# 


Case where bolts or rivets are of Different 
diameters. 

When the joint bolts or rivets are not all 
the same size, the moment load on each bolt is 
proportional to the bolt area times its distance 
to the bolt group centroid. Thus the bolt areas 
must enter equation (2). 

hence, 

p — MA& r a 

Fa = n a Aa r a * nb Ab xV 7 n c A c r c * + Ad r d * 

~( 3 ) 
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where n a * number of (a) bolts. 

Hfc » number of (b) bolts, etc. 

Aa * area of an (a) bolt. 

* area of an (b) bolt, etc. 

Example Problem 1. Eccentric Loading 

Fig. C4.33 Illustrates a fitting plate at- 
tached to a double channel section by 6-1/4" dla 
rivets, the margin of safety on the given loads 
for the riveted connection will be determined. 



Solution 

the given fitting force system will be re- 
placed by an equivalent system acting at the 
center of gravity of the rivet group at point 0. 
This system will consist of: 

Hq = 8000# 

V 0 - -3000# 

M 0 a moment » 8000 xO + 3000 x3 = 9000"# 

All rivets are assumed to share equally In re- 
sisting the H and V loads. 

Load on each rivet due to H 0 = 8000/6 * 1333# 
in H direction to right. 

Load on each rivet due to H 0 - -3000/6 - -500# 

In V direction and down. 

From equation (2) load on a rivet due to a 
moment M 0 on rivet group equals F=Mr/I, where 

I s £r* « 1.625 1 x 4 + .625* X 2 * 11.4 

Consider rivet C: 

r = 1.625* arm to c.g. of rivet group, hence 
r* — 0000 X 1.625 _ i nar\M. 

F c — ro 1£80# 

Since rivet b, d, and e are the same dis- 
tance as rivet c from the rivet group centroid, 
the moment load on these rivets will also equal 
1260# each. Fig. 04.34 shows the H, V and M 
loads on rivets b, c, d and e. Since the am r 


to the rivets f and g is only .625*, the moment 
load will be considerably smaller and these riv- 
ets will not be critical. Observation of Fig. 
C4.34 shows that rivet (c) is critical. The re- 
sultant load on this rivet equals, 

R c = V 2Fh* + 2Fy* 

2F h = 1333 + 1280 x 1 .5/1.625 * 2513# 

2F V = -500 - 1280 X .625/1.625 * -992# 

Hence, R *V 2513* + 9^2* * 2700# 

The rivets are in double shear. Double 
shear strength of 1/4 diameter 173T rivet equals 
22 X 1760 * 3520#. 

Bearing strength on .072 24ST alclad chan- 
nel sections Is 4625#. 

Hence shear Is critical. M.S. = O- 1 *- 30 

Example Problem - Eccentric Loading - Rivets With 
Different PlametersT 

Take same fitting as In Fig. C4.33 but change 
rivets (f) and (g) to 3/16 diameter rivets. Re- 
quired the resultant loads on the rivets. 

Solution 

In this example we have two rivet sizes mak- 
ing up the rivet pattern. Thus In this case the 
assumption that the load on any rivet Is propor- 
tional to its distance from the bolt pattern cent- 
er of resistance does not hold. However for 
rivets of the same material, the stress on the 
rivets remains proportional to the distance from 
the group center of gravity. (See equation (3). 

Let area of 1/4 diameter rivet equal unity. 
Then equivalent area of 3/16 diameter rivet * 
(3®/4*) 1 = 9/16. Hence moment of inertia of 
bolt group about bolt group c.g. which remains at 
same location as before equals: 

I = 2nAX* *4x1x 1.625* 4 2x .5625 X .625* = 11.00 
Total equivalent 1/4 diameter rivets =4 +2x9/16 
= 5.125 

Load on each 1/4 rivet due to H 0 = 8000/5.125 * 
1560 lb. 

Hence H load on 3/16 rivet * .5625 x 1560 = 877 
lb. 

Load on each 1/4 rivet due to V 0 = -3000/5.125 = 
-585 lb. 

Hence V load on each 3/16 rivet * .5625 x - 585 * 
-329 lb. 

Consider rivet C: Load due to moment, 

„ _ 90000 X 1 X 1.625 _ 

Fc roo 1330 

ZFh = 1560 + 1330 X 1.5/1.625 » 2790 

2Fv = -585 - 1330 x .626/1.625 « -1005 

1/P 

Hence R = (2790* + 1095*) ' » 3000 lb. 

H.8. = (3520/3000) - 1 * .17 
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Consider rivet 


(«). 


Proper Rivet Size to use. 


„ 9000 X .5626 x .625 _ 

Moment load Fg “ 1 1 ■ 1 ■ q — ** " t ~" — 288 It* 

ZPH = 677 + 0 = 877 It* 

2Fy - -329 - 288 = -617 It. 

Hence R = (877* + 617*) 1/2 = 1065 lb. 

Doutle shear strength - 1954 

Bearing strength on .072 channels = 3520 

M.S. = (1954/1065) - 1 = .83 


C4.24 Strength Check and Design of Sheet Splices 
or Attachments. 

In splicing or connecting two sheets to- 
gether by means of rivets or bolts, the Joint or 
connection may fall in the various ways as ex- 
plained In detail for single and multiple bolt 
fitting units. Thus one must check the shear 
strength of the rivets; bearing of rivets on the 
sheets; tear out of the sheet edges and tension 
on sections through the rivet holes. 

Types of Sheet Splices or Connections. 

Fig. C4.35 illustrates the various types 
of sheet splices. In the offset lap splice be- 
tween two sheets of different guages, the offset 
should be in the heavier material. For a single 
shear butt splice, the butt splice plate should 
be equal to the thinnest of the two sheets be- 
ing spliced and likewise in the double shear 
butt splice the splice plates should be of the 
same thickness and should be equal to the thin- 
nest plate being spliced. 
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Lap Splice 


Offset Lap Splice 
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Butt-Double Strap 
Splice 
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0 0 0 © 


Butt-single Strap 
Splice 


No exact rules can be given relative to the 
optimum rivet for a given splice, because a numb- 
er of practical considerations usually enter 
into the design of a sheet splice. Small rivets, 
namely 1/16 and 3/32 diameters are hard to 
handle and are seldom used as structural rivets. 
The common size of rivets are 1/8, 5/32, 3/16 
and 1/4 inch diameters. The larger sizes should 
not be used in sheet splices unless there is a 
backing up structure as the sheet may buckle under 
the driving of the large rivets. From a struc- 
tural design standpoint, the optimum Joint is one 
in which the allowable rivet shear strength and 
bearing strength of the given sheets are prac- 
tically the same for the largest practical size 
rivet. 

Rivet Spacing. Sheet Edge Distance. 

The allowable rivet-sheet bearing loads as 
given in ANC-5 are based on an edge distance of 
two diameters. Therefore in general no edge dis- 
tance in a Joint should be less than 2 rivet 
diameters for protruding head rivets, and 2-1/2 
diameters for press and machine countersunk 
flush rivets. 

The minimum pitch (distance between center- 
line of rivets in the same row) for a given size 
rivet should not be less than that given in Tables 
A and B. 


Table A 


PROTUDING HEAD RIVET 

NORMAL MINIMUM SPACING 

Rivet Diaaeter 

1/8 

0/32 

3/16 

1/4 

Normal Minimi* 
Spacing 

1/2 

8/16 

11/16 

7/8 


Table B 


NORMAL MINIMUM S RACING 


PRESS AND MACHINE COUNTERSUNE FLUSH RIVETS | 

Rivet Diaaeter 

1/8 

5/32 

3/16 

1/4 

Normal Minimi* 
Spacing 

11/16 

27/32 

1 1/32 

1 1/4 


In general the minimum rivet row spacing 
should be such as to make the distance between 
any two rivets in the two rows not lees than the 
minimum rivet spacing for the rivet size being 
used. 

Splice Sheet Tension Efficiency. 

When a sheet is spliced by means of rivets 
or bolts it means the sheet is weakened since 
the rivet holes cut away a part of the sheet ma- 
terial. The ratio of the tension strength of 
the spliced sheet to the unspliced sheet is 
called the sheet tension efficiency of the 
Joint. If the minimum rivet spacing is used 
and only one row of rivets the sheet efficiency, 
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will be around 70 to 75 percent* The designer 
should strive far a higher efficiency. 

C4.24 Ixaaple Probleae In Strength Checking Sheet 
Splices. 


since the strength in tension would have been 
1680# at section (1-1) and the load 2015# or a 
negative M.B. of -.16 

Example Problem 2 



Problem 1. 


Design a butt splice Joint using 178T riv- 
ets for the .072 24ST sheet carrying a fitting 
design load of 2400#/in. See Fig. C4.37. 

H*C4-87 

?400%+-c= ; 1 ■ :x '"'i "Z1 ■ ■ - *00*^ 

sa -el Pi.ms y 

Solution: 

The splice plates will be made .036 each, 
thus they will be as strong as the main plate. 
Using table C4.1 and 2 the shear and bearing 
strengths of 1/8 and 5/32, 178T rivets on 248T 
sheet are as follows 


Fig. C4.36 shows a sheet lap riveted Joint. 
The max lmum applied tensile stress on the .040 
sheet Is 27500 psl. The sheet material Is 
24ST ale lad. Using a design ultimate factor of 
safety of 1.5 and a fitting factor of 1.15, 
check the strength of the sheet splice. 

Solution 

Design load P per 1-1/16" length of Joint 
= 27,500 x 1.0625 X .040 X 1.15 = 2015#. 

Check Shear Strength of RlvetB:- 


Rivetslxe 

Double Sheer Str. 

Bearing On .072 

1/8 

2 x 442 = 884# 

1.18 x 92S - 1080# 

5/32 

2 X 675 - 1350# 

1.18 x 1140 s 1345# 


To obtain highest efficiency the 5/32 rivet 
Is best since shear and bearing strengths are 
practically the same. 

Number of 5/32 rivets required per Inch * 
(2400/1345) = 1.78. 


Effective rivets per 1-1/16" length of 
Joint = 4 in single shear. 

Allowable shear strength 5/32 dla. A17ST 
rivet * .964 x 596 = 575# (See Table C4.1) 

Hence allowable P a = 4 x 575 = 2300# 

M.S. = (2300/2015) - 1 = .14 

Check Bearing Strength of Rivets on .040 Sheet. 


If one row of rivets was used on each side 
of the splice the spacing would be 1/1.73 = 

.5625 = 9/16 lnchl Since this Is the minimum 
normal spacing for 5/32 dla. rivets, one row of 
rivets at 9/16 spacing could be used. With this 
spacing the sheet strength will be checked. Net 
area over a rivet pitch = (9/16 - 5/32) .072 = 
.0293 sq. in. 


Allowable bearing of 5/32 rivet on 24ST 
alclad .04 sheet = 1.16 x 636 = 737# 

Hence P» = 4 x 737 = 2948# 

M.S. = (2948/2015) -1 = .45 

Check Tension on .040 sheet at section (1-1) 

Net area = (1.0625- .1562) .04= .0362 sq.ln. 
Ftu for 24ST alclad = 56000 psl. 

Hence P. = 56000 x .0362 = 2030# 

M.S. = (2030/2015) - 1 = .01 

Check Tension on .04 Sheet at section (2-2) 

Net area = [i.0625- (2 x. 1562)] .04* .03 
sq. In. 

P a 5 66000 x .03 * 1680# 

Load on this section* .75x2016 = 1510#, 
since the rivet at section 1-1 has transferred 
1/4 of load. 

M.S. = (1600/1510) - 1 » .11 

The student should notice that If the rivet 
spacing at sections 1-1 and 2-2 had been revers- 
ed, the s»rgln of safety would be negative 


Load on 9/16" Joint width = 9/16 x 2400 = 
1350#. 

Tension stress = = 46000 pel. which 

leaves a considerable margin of safety. 

If two rows of rivets were used the spacing could 
be 1-1/8 inches and the rows could be staggered 
or In line since tension In the sheet would not 
be critical. Edge distances on sheet and splice 
plates should be 5/16" or two rivet diameters. 

C4.25 Problem. 

(1) Strength check the male fitting end as 
shown in Fig. C4.38. Design fitting load is 
65000# tension. Hinge bolt Is 3/4 diameter AN 
bolt. Ftu = 125000 psl. Steel bushing has 1/16" 
wall and is heat treated to Ftu * 125000 psl. 
Fitting material Is 148T aluminum alloy. 
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(2) The female hinge fitting in Fig. C4.39 
is made of X-4130 steel heat treated to Ftu = 
180000 psi . The 1/2" diameter steel hinge pin 
is heat treated to 150,000 pel, as is also the 
steel bushing. Strength check the fitting for 
the design fitting loads as shown. 




(3) Fig. C4.40 illustrates an end fitting 
for a streamline strut. The tube is flattened 
slightly at the end to fit a simple block fit- 
ting. Loads shown are design strut loads. Us- 
ing a fitting factor of 1.20, check the strength 
of the entire fitting unit. Assume no shock or 
vibration. 

(4) Fig. C4.41 illustrates a fitting unit 
on the end of an extruded (I) section. The web 
on the <I) section extends out to form part of 
the fitting lug, which is reinforced by steel 
fitting. plates. Strength check the fitting for 
a design load of 45000 lb. Use fitting factor 
of 1.15. 




(5) Fig. C4.42 shows a typical beam end- 
single pin fitting unit. The fitting plate is 
attached to beam section by the rivet pattern as 
shown. The loads shown on figure are applied 
loads. Using a factor of safety on applied loads 
of 1.5 and a fitting factor of 1.2 determine the 
margin of safety of the rivet attachment of flttng 
plate to beam section. 

(6) Fig. C4.43 shows a flap hinge fitting 
attached to supporting structure by 4 -1/4" dla. 

AN steel bolts. The bolts are in double shear. 
Check the most critical bolt in shear and bear- 
ing for load of 3500# acting as shown. Fitting 
material is 24ST. 



(7) in the eccentrically loaded multiple 
bolt fitting of Fig. C4*44, determine the result- 
ant load on each of the five AN steel bolts in 
resisting the 24000# load acting as shown. 
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(8) Strength check the riveted lap splice 
shown in Fig. C4.45 if the maximum applied ten- 
sile stress on the .051 sheet is 25000 psi. 

The sheet material Is 24ST alclad and the rivets 
are 3/16 dla. A17ST. Use a design factor of 
safety = 1.5 and a fitting factor of 1.15. 


(12) In Fig. C4.48 find the size of 17ST 
rivets necessary to carry the ultimate fitting 
design load of 3000# as shown. The fitting 
plate is X4130 steel 1/8 thick and the 248T 
channel frame is ,081 Inch thick. 



(9) What would be the maximum allowable 
applied stress in the 0.91 25ST alclad sheet 
which Is shown butt spliced in Fig. C4.46. 

The fitting margin of safety of 15 percent must 
be maintained. 



(10) The shear flow along a wing sheet 
splice of .025 and .032 24ST sheet is 460# per 
inch. This value Includes all factors. Design 
a butt-single strap plate splice Joint to carry 
this shear flow load. 



(13) Design the lightest protruding head rivet 
offset lap splice in .051 24ST sheet carrying a 
tension load of 2350#/ln. Determine rivet diamet- 
er, number of rivet rows, rivet spacing, edge 
distances and splice overlap width. 

(14) Rework the splice of Problem (13) using 
flush type dimpled rivets. 

(15) Same as (13) but use flush machine 
countersunk rivets. 

REFERENCES 

(1) NACA Tech. Note No. 942. "The Shear Strength 
of Aluminum Alloy Driven Rivets as affected 
By Increasing D/t Ratios". By Hartman and 
Wescoat. 

(2) NACA Tech. Note No. 981. "Bearing Strengths 
of 24ST Aluminum Alloy Plate" by Moore and 
Wescoat. 

(3) ANC-5 - 1946 


(11) in Fig. C4.47 the fitting Is attached 
to a fuselage frame by four 1/4 dla. AN steel 
bolts. The design fitting loads are as shown. 
Determine the margin of safety on the most 
critical bolt. Use Fig. C4.17 to obtain equa- 
tion for combined tension and shear stresses. 




CHAPTER C5 

AIRPLANE WELDED JOINTS AND FITTINGS 


C5. X Gas Wald lag. 

There are two types of gas welding, namely, 
oxyacetylene and oxyhydrogen. Practically all 
gas welding in aircraft work is oxyacetylene. 

Some welders prefer the oxydrogen flame in weld- 
ing aluminum alloys because the flame is not so 
hot. The major aircraft structural units in 
which gas welding plays an important part are 
welded steel tubular fuselages, engine mounts, 
and landing gears and the attachment of plate 
and machined fittings to such structure. Air- 
craft welding in steel Is generally limited to 
low carbon (SAE 1020) and chrome-molybdenum 
(x 4130). 

C$.2 General Motes on the Practical Design of 
Welded Joints, 

The designer of welded structures in steel 
can greatly help the welder obtain good joints 
or connections by adherrlng to the following gen- 
eral rules. 

(1) It Is much easier to obtain a good weld when 
the parts being welded together are of equal 
thickness. It Is general design practice to 
try and keep thickness ratio between the two 
welded parts less than 3 to 1. Some design- 
ers try to keep within a 2 to 1 ratio in 
order to eliminate possibilities of welders 
burning the thinner sheet. 

(2) Designers usually consider .035 as the mini- 
mum thickness to be welded In general prac- 
tical structural joints as there is consid- 
erable danger that the average welder might 
burn a thinner guage. 

(3) In general avoid welds in tension since they 
produce a weakening effect. In some connec- 
tions It is difficult to avoid all tension 
loads on welds, thus weld stresses should be 
kept low and if possible incorporate a fish- 
mouth joint or finger patch to put part of 
weld in shear. 

(4) A weld should not encircle a tube in a plane 
perpendicular to the tube length. Standard 
splices or joints for over lapping tubes, 
and end socket fittings in tubes have been 
developed, which require no strength check. 
These are the diagonal weld and the fish- 
mouth welds as illustrated in Fig. C5.1 

(5) Tapered gusset plates should be incorporated 
in all important welded joints to insure 
gradual change In stress intensity in memb- 
ers. These gussets lessen the danger of 
fatigue failure by reducing stress Intensity. 
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(6) A weld over a weld should not be made. 

(7) To prevent burning of sheet welds should not 
be made on both sides of a thin sheet. 

(8) If two welds are placed close together lack 
of shrinkage space may cause cracking. 

(9) Cracks usually develop if welding is done 
on bends. 

(10) When tubes are spliced by welding locate 
splice near one end of the tube, to avoid 
effecting column properties. In general It 
is not good practice to weld brackets to the 
middle of column members. Clamps are pref- 
erable. 

(11) In welding members together local internal 
stresses are set up. On most weld assemb- 
lies it Is therefore customary to “normalize 1 
the assemblies after welding. This heating 
permits the equalization of the Internal 
localized stresses thus preventing cracking 
in service. 

(12) Standard aircraft bolts should not be welded 
in place since they are made of nlcket steel 
and therefore cannot be satisfactorily weld- 
ed. Since standard aircraft nuts are made oi 
1025 steel they can be welded In place if de- 
sired. 

C5.3 General Types of Welded Steel Fitting Units. 

Fig. C5.2 taken from aircraft tubing hand- 
book of the Summer! 11 Tubing Company summarizes 
the common types of tube terminals and discusses 
their structural merit. Fig. C5.3 illustrates 
the conventional concentric butt welded fuselage 
joint which tests show is satisfactory where vi- 
bration is not present. Tests have shown that 
the fatigue strength of a welded joint as Illus- 
trated in Fig. C5.3 when the members are subject- 
ed to reverse bending is reduced considerably, 
thus It is common practice to add additional 
Joint reinforcement such as finger plates or In- 
sert gussets as illustrated In Figs. CS.4 and 
C5.5 to joints subjected to vibration. 

Figs, C5.6 to C5.8 Illustrate methods of 
splicing a longeron at a truss Joint. The 
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TYPICAL WELDED STEEL TUBE TERMINALS 
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, oooin**v fH.lt mm i mmtim oo 

Engine Mount for Mertin Bomber, one of the latest design* for modern high power radial 
engines. Note re-enforcements at |oims and extra-disgonal tube* 


Good example o/ welded joint design with special 
fitting at cluster for controls. 
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vertical and diagonal members strengthen the 
butt weld on the spliced member. 

Figs. C5.9 and C6.10 illustrate fitting 
plate attachments to tubes. Except for light 
fitting loads, the fitting plate should extend 
thru to both sides of tube or to the adjoining 
members. The fitting type illustrated in Fig. 
C5.ll is only used for secondary conditions 
where loads or plate are relatively light. 

Since eccentricity of member forces on a 
joint produce bending in the connecting members 
which may lower the fatigue strength of the 
Joint, such cases of Joint eccentricity as il- 
lustrated in Figs. C5.12 to C5.14 should be 
eliminated In Joint design. 

The photographs illustrate welded Joint 
design of tubular structures. 

C5.4 Electric Arc Welding. 

This method of welding is based upon the 
heat generated in an electric arc. Arc welding 
to a limited extent has been used for many years 
in aircraft fabrication. No doubt the flexibil- 
ity and general all around good results obtain- 
ed with gas welding retarded its extensive use, 
however in recent years its use is increasing 
rapidly as its economies and advantages become 
apparent to the designer. One large aircraft 
manufacturer making use of recently developed 
welding equipment is using electric arc welding 
on mass production of steel tubular fuselage. 

In arc welding the applied heat is more 
concentrated and quicker welding results with 
less expansion and warning as compared to gas 
welding. In the design of tubular Joints, care 
should be taken to make all welds as accessib&e 
as possible. To secure proper stress distribu- 
tion in arc welded Joints the designer should 
follow the recommendations as illustrated in 
Figs. C5.15 to C5.17. 

The fact that less expansion and warping 
takes place since the heat Is concentrated 
makes it possible to hold to closer tolerances 
on parts requiring machining after welding an 
allowance of 1/16 inch Is generally sufficient 
on most assemblies. 

New electric arc welding and control equip- 
ment is constantly being developed. This new 
equipment makes it possible to weld sections 
as thin as .016.* 

C5.5 Effect of Welding on Base Metal. 

Tests show that plain carbon and chrome- 
molybdenum steels suffer very little in loss of 
tensile strength due to welding. For cold 
rolled sheet or tubing the refinement in grain 


*See Arc Welding in Design, Manufacture, and 
Construction published by J. E. Lincoln, Arc 
Welding Foundation, Cleveland, Ohio 


due to cold working" is lost in the material ad- 
jacent to the weld which lowers strength to a 
small degree. Welding however does produce a 
more brittle material which has lower resistance 
to shock, vibration and reversal of stress, thus 
it is customary to assume an efficiency of welded 
Joints less than 100 percent. Table C6.1 gives 
the decreased values as permitted in AN06. 

For steels heat-treated after welding, the 
allowable stresses should be reduced to 80 per- 
cent of the standard heat-treated values. 

C5.6 Allowable Loads for Welded Seam. 

The allowable load on the weld metal in 
welded seams can be computed from the following 
formulas: (Kef, ANC-5) 

Low carbon steel P = 32000 Lt. 

Chrom-molybdenum steel — P - .48 Lts. 

where P = allowable load in lbs. 

L = length of welded seams. 

t * thickness of thinnest material 
Joined by the weld in the case of 
lap welds between two steel 
plates or between plates and 
tubes, (inches) 

t = average thickness in inches of 
the weld metal in the case of 
tube assemblies, but hot to be 
greater than 1.25 times the 
thickness of the welded stock. 

s = 90000 psl for material not heat- 
treated after welding. 

s = ultimate tensile stress of ma- 
terial heat-treated after welding 
but not to exceed 150000 psl . 

C5.7 Bracing. 

Brazing as applied to aircraft work is a 
process of uniting steel parts by means of a 
copper-zinc mixture, which is applied by melting 
with an air-gas flame or by dipping into the 
molten mixture. The strength of the Joint de- 
pends on the surface areas of contact and the 
clearance between the parts to be Joined. 

Although the brazing mixture may develop a 
shearing strength of 40000 psi , a general allow- 
able value of 10000 psi Is used in aircraft work 
because many factors particularly the skill of 
the workman effects the strength of a brazed 
Joint. 

The requirements of the procuring or govern- 
ment agencies should be noted before using braz- 
ing in aircraft work. 

Cft.8 Welding of Aluainua Alloys. 

The heat-treatahle alloys, commonly referred 
to as the strength alloys, namely 178, 248, can- 
not be welded with the oxyacetylene torch without 
destroying their mechanical properties, which are 
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not restored even If heat-treated after welding. 
Ihese alloys are difficult to weld and are thus 
generally classed as unweldable. 

The strain-hardened alloys, namely 2S, 3S, 
43 and 58 are readily Joined by gas welding. 
Either a oxyacetylene or a oxyhydrogen flame Is 
used and sheet thicknesses as low as .020 are 
successfully welded. After welding the material 
on either side of the weld Is In the annealed 
condition and the weld Itself In a cast struc- 
ture. It Is common practice to weld fuel and 
oil tanks fabricated from aluminum alloy sheets. 


C5.8 Example Problem*. Strength Check of 
Fitting*. 

Problem 1 
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Fig. C5.19 shows a welded lap plate joint. 
The material Is chrome-moly (x-4130) steel, 
U.T.8. = 95000 pal. Find the margin of safety 
for weld strength. 

Allowable weld strength P a = .48Lts 
L = 2 x 1 = 2" 
t a .065 

s = 90000 for x 4130 steel 

Hence, P a = .48 x 2 X .065 x 90000 * 5620# 

M.S. = (5620/5200) - 1 « .08 

Tensile strength of .065 plate using re- 
duced allowable tensile stress = 1 x .065 x 

Table 


80000 = 5200#. M.8. * 0. This Is no doubt con- 
servative since weld Is along edge of sheet and 
thus should not effect material near middle of 
sheet. 


Problem 2 



Fig. C5.20 shows a gusset plate Inserted be- 
tween the ends of two tubes of a truss. The gus- 
set Is used as a fitting to take the pull from a 
3/16 dla. steel tie rod. Determine the margin of 
safety of connection of gusset to tubes. All ma- 
terial x - 4130 U. T. S. 95000. 

Resolving the wire pull into components para- 
llel to the tubes we obtain P = 2100 x sin 45° = 
1480# x 1.2 (fitting factor = 1780#. The allow- 
able weld load Is governed by thinnest material 
or .049 of the vertical tube. 

Allowable load on vertical weld seam * P a = 
.48LtS = .4b x 1.125 x .049 x 90000 = 2400 M.S. 

= (2400=1780)-1 = .35. 

Problem 3 

In general welded fittings Involving plates 
and tubes present conditions for which It Is dif- 
ficult to determine the actual stress flow through 
the Joint, thus the general procedure is to make 
conservative assumptions regarding the stress flow 

C5.1 


Allowable Steel Stresses Before And After Welding 



Norma li red 
Plate Tube 
& bar over 
,188" thick 
(x-4130) 

Normalized 
Plato tube 
fc bar .186" 
thick and 
under 
(X - 4130) 

Near Weld, 
when welded 
after heat 
treatment 
(x-4130) 

Normalized 
Tubes . 188" 

& under 
(x-4130 Spec- 
ial) (2) 

Non r wo Id 
when welded 
nfter heat 
trentment 
(x-4130 Spec- 
ial) (2) 

Stainless 

Steel cold 
worked bar 
b sheet 

Stainless 
Steel near 
weld 

90000 

95000 

80000 (1> 

100000 

84100 

123000-189000 

80000 

90000 

95000 

67500 

100000 

78600 

125000-165000 

60000 

55000 

55000 

50000 

58000 

52500 

90000-129000 

70000 

140000 

140000 

125000 

147000 

130000 




Not**: 

( 1 ) 


Whore joints with tapered wolds at angles of 30 degrees or less to the center line, Or fishmouth wolds 
formed by cuts of 60 degrees or lese are used, the allowable tensile stress near the voiding csn be 


assumed to be 90,000 psi. 


(2) Properties in these columns are for uee in civil aircraft only, Their use is permitted provided that 

tensile stresses stated are guaranteed by manufacturer . These properties apply to tubing "as received". 
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distribution and check the fitting units for 
these conservative assumptions. The following 
example illustrates this approximate procedure 
of strength checking a welded fitting Joint. 




In Fig. C5.21 the fitting plate which is 
welded to the three steel tubes is subjected to 
a tension load of 14000 lb. as shown. The fit- 
ting will be investigated for possible weakness. 

Solution 

Shear strength of Clevis Pin: 

Load on pin = 14000# 

Double shear strength of 1/2 diameter AN clevis 
bolt =2x 14722 = 29444# M.S. = (294444/14000) 
-1 * 1.1 

Bearing of Clevis bolt on Bushing: 

14000 

Bearing stress ft> = t**- — “ 59500 pBi 
• o x »OfO 

Ultimate bearing stress = 175000 psl. Thus a 
large margin of safety Is available to take care 
of wear due to slight rotation or shock. 

Bearing Stress Bushing on Lug: 

r b ’ THTFTS 55 ' 69600 ■>“ 

Allowable bearing stress F^ r = 125000 psi (See 
Table C6.1) 

The result shows that bearing on lug is not at 
all critical. 

Shear Out Strength of Fitting Plate: 

Shear area Main plate = (.75 - .3125) .1875 x 2 

= .164 

Washers = (.625 - .3125) .1875 x 2- .118 
Total shear out area - .282 

sq. in. 


f s = 14000/. 282 » 49700 psi 
^su = 50000 psi (See Table C&.l) 

M.S. = (50000/49700) - 1 - .01 (Conservative) 

Tension Stress on Section Thru Bolt Hole: 

area of section thru hole : 

Main plate = (1.6 - .625). 1875 = .164 
Washers - (1.25 - .675) .1875 = .118 

Total net area = .262 sq.in. 

f t = 14000/. 282 = 49700 psi. 

Ftu * 80000 psi M.S. * .60 

Tension stress on fitting plate at section 1-1 
(See Fig. C5.21) 

Net area = (2.5 - 1.25) .1875 = .235 sq.in. 

The entire load of 14000 will be assumed to pass 
this section, which is no doubt conservative. 

f t = 1400C>/.235 = 59500, F t = 80000 psi. o.k. 

Check of Weld Strength: 

Connection of fitting plate to tube Vi 
Load = 14000 x 2/V5 » 12500# 

The weld length between tube and plate is 1.5 
inch on the upper tube surface and 2" on the 
lower surface. To be conservative a weld 
length of 2 x 1.5 = 3” will be taken. The weld 
strength P a = .48 Lts where t = .065 (Tube 
thickness is critical) 

L = 2 x 3 = 6 (plate is welded to tube on both 
sides and since twice .065 is less than thickness 
of fitting plate the weld length of 3 is multi- 
plied by two since tube thickness is critical, 
s = 90000 psi hence, P a = .48 x 6 x .065 x 90000 
= 16800#, which gives considerable reserve strength 
over the load of 12500# 

Connection of fitting plate to tube ^B": 

Load = 14000 x l/S/5 = 625Q#. Part of this 
load will be transferred first to the tube ”C” by 
the weld between the plate and the bottom and 
right side of tube "C". Tube **C" than transfers 
it to tube ,% B* by butt action on the weld between 
tubes *B" and "C". Additional strength is pro- 
vided by the weld between plate and tube °C”, 
which is 5/8” long on one side and 1” on the 
other. To be conservative take a total weld 
length twice the shorter length or 2 x .625 = 

1.25” 

hence strength of this weld connection = P a = .48 
x 1.25 x .058 x 2 x 90000 = 6250 . Thus Joint ap- 
pears to have plenty of strength for transferring 
the 6250# load from plate to tube ‘'B*. 

C5.10 Spot Welding of Alunlmm Alloys. 

After many years of research and experiment, 
spot welding of aluminum alloy sheets had devel- 
oped to the point that today it is an established 
reliable method of Joining many parts or units of 
the metal airplane. 

Most of the design information which follows 
is based on or taken directly from an article by 




ANALYSIS AMP DESIGN OF AIRPLANE STRUCTURES 


Mr. 0* W. Dodge and published in the June (1941) 
issue of "Aviation". Figures and photographs 
are reproduced by courtesy of "Aviation". 

Spot Welding Process 

According to Mr. Dodge, "spot welding is 
accomplished by clamping two or more sheets of 
metal between copper or copper alloy electrodes, 
under comparatively high pressure and causing 
an electric current of low voltage to flow be- 
tween the electrodes for a predetermined inter- 
val. The current creates an Intense heat at 
point "A w (See Fig. a) which melts the metal 
locally due to the resistance set up by the 
sheets. As soon as the metal IS molten to the 
extent shown at "B", the predetermined time of 
current flow is completed and the sheets are 
forged together by the pressure on the elec- 
trodes "P". This pressure depends on the thick- 
ness of the sheet". 



Aluminum Alloys Best Sul ted, for Spot Welding 

In general all the aluminum alloys can be 
spot welded, however best results are obtained 
with 24 ST, 24SRT and 17ST alclad alloys. If 
alclad sheets are not used, the spot welding 
must be done before anadlzlng of the material. 


01.7 

General Design Considerations 

For successful spot welding results, the 
structural designer should give consideration to 
proper shapes and sections, possible sheet thick- 
nesses, edge distances, etc. Fig. b and Table 
C5.2 gives this general information. 

Spot Strength Design Data 

The strength of spot welds is influenced by 
the edge distance aB well as the spacing of the 
spot welds. In general a minimum spacing should 
be eight times the sheet thickness. Table (A) 
gives the recommendation of Mr. Dodge. 

Table A 


Spot we Id Spacing 


Condition 

♦Secondary 

Structures 

♦ Primary 
Structures 

Below 

.051 

Above 

.051 

Row "8" 

5/8 ± 1/8 

1/2 ± 1/8 

5/8 ± 1/8 

Double Row "S" 

1 ± 1/8 

3/8 ± 1/8 

1 ± 1/8 

Normal Distance 




Between Rows "D" 

5/8 

5/8 

5/8 


* Ab determined by structures department. 


Table C5.3 from ANC-5 gives the maximum 
design shear strength standards for aluminum 
alloys. 

C5.10a Problems. 

(1) Fig. C5.22 illustrates a welded plate 
fitting unit fastened to a round steel tube. If 
all material is chrome-moly steel F u t = 95000 
psi, what is the maximum design tensile load (P) 
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Table C5.2 


Spot Diameters 

Minimum Edge Distance 

Practical Limits 

pEL 3z] ii4 -ss-i 

Stctiork 2 fcKtien* ft*.rtfWc#r**nt 

*v«r |*N> 

Thickness 

of 

Dimpled 

Sheet 

t? V 

* o 

V 

Spotwold 
n Inches 

Single 

Sheet 

Thickness 

Minimum Edge Distance 

T 

24ST Alclad 
•’A” 

Soft Alloys 

*A" 



Ale. 24ST 

Softer Alloy 

in. 


Win. 

ISBSEBSli 

.016 

1/8 

5/32 

.016 

3/16 

3/16 

.016 

3/8 

1 

7/16 

1/2 

.020 

9/64 

11/64 

.020 

3/16 

3/16 

.020 

3/8 

1/2 

7/16 

1/2 

.025 

5/32 

3/16 

.025 

3/16 

1/4 

.025 

3/8 

1/2 

1/2 

1/2 

.032 

5/16 

7/32 

.032 

1/4 

1/4 

.032 

1/2 

5/8 

9/16 

5/8 

.040 

7/32 

1/4 

.040 

1/4 

3/36 

.042 

1/2 

5/8 

5/8 

5/8 

.051 

15/64 

17/64 

.045 

1/4 

5/16 

.045 

9/16 

5/8 

5/8 

5/8 

.051 ; 

1/4 

9/32 

.051 

5/16 

3/16 

.051 

5/8 

5/8 

11/16 

3/4 

.064 

9/32 

5/lfl 

.064 

5/16 

3/8 

.064 

5/8 

5/8 

3/4 

3/4 

.072 

19/64 

11/32 

.072 

3/8 

3/8 

.072 

11/16 

3/4 

13/16 

3/4 

.081 

5/16 

23/64 

,081 

3/8 

7/16 

.081 

3/4 

3/4 

7/8 

7/8 

.001 ! 

11/32 

3/8 

.091 

3/S 

7/16 

.091 

3/4 

3/4 

7/8 

7/8 
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Table C5. 3 


Spot we Id Maximum Design Shear Strength Standards for Unclad 
And Clad Aluminum Alloys* 

(Ref.) ANC-5 


NOMINAL 

ULTIMATE TENSILE 

ULTIMATE TENSILE 

ULTIMATE TENSILE 

ULTIMA TI TIMS ILK ! 

THICKNESS OF 

STRENGTH 


STRENGTH 


THINNER SHEET 

56 knl and above 

28 kai to 56 knl 

19.5 knl to 28 knl 

19.5 kni and below 

INCHES 

POUNDS 

POUNDS 

POUNDS 

POUNDS 

.012 

60 

52 

24 

16 

.016 

66 

78 

56 

40 

.020 

112 

106 

80 

62 

.025 

148 

140 

116 

88 

.032 

208 

188 

168 

132 

.040 

276 

248 

240 

180 

.051 

384 

354 

329 

240 

.064 

552 

500 

451 

320 

.072 

678 

589 

524 

364 

.081 

842 

691 

620 

424 

.001 

1020 

810 

703 

484 

.102 

1230 

960 

760 

548 

.114 

1465 

1085 

803 

591 

• 125 

1698 

1300 

840 

629 

.156 

2400 





♦Spot welding of aluminum alloy combination conforming to AN-A-11, AN ~A -12 and AN -A -22 may he accomplish- 
ed providing specific approval Is obtained from the procuring or certificating agency. 



which the fitting can be subjected to If a fit- 
ting factor of 1.2 Is used. Fitting Is not sub- 
jected vibration and no relative rotation of 
hinge pin. 

(2) Same as problem (1) but tube and fit- 
ting unit Is heat treated to 150000 psi after 
welding. 

(3) A .032 24 ST alclad sheet is Joined to 
a .025 sheet by means of a lap Joint and spot 
welds. If the applied tension load on .032 
sheet is 20000 pel, design a spot welded Joint 
using a design factor of safety of 1.5 and a 
fitting factor of 1.15 

C5.ll assistance Welding of Magnesium Alloys. 

Resistance welding (spot, seam and butt) of 
magnesium alloys is Increasing In use because 
the operations are rapid and economical. Since 


no flux Is required corrosion possibilities are 
greatly eliminated. As with aluminum good spot 
welding depends on accurate control of current, 
time and electrode pressure. The power consump- 
tion in welding magnesium is considerably lower 
than for aluminum, however the spot welding 
equipment designed for aluminum can be used for 
magnesium. The various sheet and extruded al- 
loys of magnesium can be spot welded together 
but It Is preferable to use the same alloys. 

To obtain best results the bichromate coating 
should be removed by wire brushing before weld- 
ing, after welding the spots should be scrubbed 
with hot water to remove copper deposits. 

Strength of Spot Welds. 

Very little Information is available on the 
strength of spot welds for magnesium alloys. 
Table C5.4 reproduced by permission from the 
"Resistance Welding Data Book" published by the 
P. R. Mallory and Company of Indianapolis gives 
information on spot weld strength and proper 
spacing. 

Strength of Seam and Butt Welding. 

Tables C5.5 and C6.6 give values for the 
strength of seam and butt welds in magnesium al- 
loys. 

CS. 12 Reeiatance Welding of Stalnleoa Stool. 

Stainless steel 18-8 (18% chromium, 8% 
nickel) has an electrical resistance several 
times that of carbon steel, thus the heat gener- 
ated in a spot welding operation is much greater 
with stainless steel as compared to the ordinary 
carbon steels* Stainless steel furthermore has 
a low value of heat conductivity, thus it poses- 
ses the properties to provide good spot welding. 
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Table C5«4 


Spot welds of Magnes iun alloy sheet welded to each 
other (single-spot lap welds) have been found to 
have the following approximate mechanical strengths : 


Alloy and 
Temper 


Sheet 

Thickness 

.040" 

.051" 

.081" 

. 125" 

Average Breaking Load in 
por Spot 

Pounds 

AM3S ' T 

270 

320 

710* 

820 

AM3S-RT 

270 

320 

710 

820 

AM53S-0 

340 

450 


1450 

AM538-H 

390 

530 

1200 

1750 


Definition of letter designations : 0 - Annealed; 
H - Hard rolled; T - Soft (heat treated); RT - Hard 
(rolled after heat training)* 



Minimum and Recommended Dimensions for Placement of 
Welds in Magnesium Alloys 

Spot 

Thickness 

(In.) 


S 



E 



W 



L 

.016 

1/4 

_ 

1/2 

3/16 

_ 

5/16 

3/8 


S/8 

1/2 

- 5/8 

.020 

1/4 

- 

1/2 

3/16 

- 

5/16 

3/8 

- 

5/8 

1/2 

- 5/8 

.025 

1/4 

- 

1/2 

3/16 

- 

5/16 

3/8 


5/8 

1/2 

- 5/8 

.032 

1/4 


1/2 

3/16 

- 

5/16 

3/8 

- 

5/8 

1/2 

- 5/8 

.040 

3/8 

- 

3/4 

3/16 

- 

5/16 

3/8 

- 

5/8 

1/2 

- 5/8 

.051 

3/8 

_ 

3/4 

3/16 


3/16 

3/8 

_ 

5/8 

1/2 

- 5/8 

.064 

1/2 

- 

1 

1/4 

_ 

3/8 

1/2 

- 

3/4 

9/16 

- 3/4 

.081 

5/8 

- 

1 1/4 

5/16 


3/8 

5/8 

- 

3/4 

5/8 

- 3/4 

.102 

3/4 

- 

1 1/2 

3/8 

- 

1/2 

1 


1 1/2 

1 

-1 1/4 


Courtesy P.R. Hal lory Co. 


Table C5.5 


The following breaking loads were obtained in con- 
tinuous seam welds (lap welded shoot of 1" width); 


Strength of Seam Welds In Magnesium Alloys 


Alloy and 

Temper 

Sheet Thickness 

.040" 

.051" 

.081" 

. 125" 

Average Breaking Load Lbs. per 
Linear Inch of Welded Scam 

AM 38-1 

750 

800 

900 

1460 

AM38-RT ........ 

750 

BOO 

980 

1480 

AM535-0 

1200 

1400 

1750 

2100 

AM53S-H 

1270 

1480 

1750 



2100 


Table C9,6 


Depending on the size and shape of the welded section and 
on the alloy, tensile strengths of about 26,000 to 43,000 
lbs. per sq. in. with 3 to 8% elongation can be obtained. 
Mechanical properties obtained in welds of 1/2" diameter 
rod after trimming off the excess metal are approximately 
as follows; 

Strength of Electric Butt Welds in Magnesium Alloys 


Tensile 

Yield 


Alloy 

Strongth 

Strength 

Elongation 


Lb./Sq. In. 

Lb./Sq. In. 

% 

AM53S 

35 . 000 

21,000 

4 

AM5/S 

41,000 

22,500 

Q 

AM58S 

36,000 

24,000 

3 


The low current requirements compared to that 
required for aluminum makes It possible to de- 
velop long secondary leads for portable hand 
spot welding tools. 

In the act of spot welding the heat develop- 
ed by the current flow causes the metal between 
the adjacent pieces at the point of contact be- 
tween the electrodes to become molten and fuse 
together. When the current flow Is stopped, the 
fused metal Is chilled by the surrounding metal 
forming a small ingot on button. 

Strength of Spot Welds. 

Fig. CL. 23 gives the minimum required values 
for spot welds in single shear. 























CHAPTER C6 

DESIGN OF METAL BEAMS: WEB SHEAR RESISTANT 


C6.1 Introduction. 

The analysis and design of a metal beam 
composed of flange members riveted or spot- 
welded to web members is a frequent problem In 
airplane structural design. In this chapter, 
the general theory for beams with non-buckling 
webs is considered. In Chapter C7, the more 
common case where the beam web wrinkles and 
goes over into a semi-tension field condition 
is considered. The advantages and disadvantages 
of the non-buckling and the buckling or semi- 
tenslon field web are discussed in Chapter C7. 
The general beam theory as given In this chapter 
Is basic to that given in Chapter C7, thus the 
student should study this chapter before C7. 



ftg.CM (From AC I Circular No. 622) 



Pfe. • Trues type of beam with channel section 
flange member. 


C6.2 Flange Design 

For strength/weight efficiency, the beam 
flange should be designed to make the radius of 
gyration of the beam section as large as possi- 
ble, and at the same time maintain a flange sec- 
tion which will have a high local crippling or 
crushing stress. Furthermore, the flange sec- 
tions for large cantilever beams which are fre- 
quently used In wing design should be of such 
shape as to permit efficient tapering or reduc- 
ing of the section as the beam extends outboard. 
This tapering of section should also be con- 
sidered from a fabrication or machining stand- 
point. The most efficient flange from a strength/ 
weight standpoint might be very costly or en- 
tirely impractical from a fabrication and assemb- 
ly standpoint. 







ft** Wing beam 
of Boeing "Clip- 
per" flying boat. 
Basic flange sec- 
tion is square 
tube. 
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K £ntt of rh&rnt 


Chvmt (mm 

Notm -IQ&fmat 7 (tS ‘ etf*mmwr > : 
m/ortg confo i/f 

,. t00 y*' 

v vr*% 2in '\.y 

* i oW ou* ow 

■ -~f~ 

art" 


? * 


om v<vv 

-r -r 


r 


Q?40 1 a 197" 



1 i 


0(94 

-*• TSSr 


Fig. (1). Flange section of wing beam for Bell Aircraft "Alracobra* airplane. Tapering of section 
as shown accomplished by only two passes thru a special milling machine. 



Fig. (J). Basic wing section of outer panel wing beam of Vought-Slkorsky VS-44 airplane showing 

gradual taper of flange section as wing tip is approached. Basic section B-B is further 
Increased by adding reinforcing plates. 


Fig. C6.1 shows a few typical metal beam 
sections for externally braced wings. Such 
beams must carry large axial compressive loads 
as well as bending loads. Fig. C6.2 shows typi- 
cal beam flange sections for cantilever metal 
covered wing construction. Sections (a), (b), 
(c) and (d) are typical beam flange sections for 
wide box beams where additional stringers or 
skin stiffeners are also used to provide bending 
resistance. These flange sections are generally 
of the extruded type although such sections as 
(b) and (c) are frequently made from sheet 
stock. These flange sections are almost always 
used with a beam web composed of flat sheet, 
which is stiffened by vertical stiffeners rivet- 
ed or spot-welded to the web or stiffened by 
beads or flanged lightening holes. 

Figs, (e) and (f) illustrate two types of 
flange sections used In truss beams which lend 
themselves readily to connection with truss web 
members. Beam flange sections (g) and (h) are 
typical sections for wing construction in which 
no additional spanwlse stringers are used. In 
section (g) tapering of sectional area Is pro- 
vided by first omitting the reinforcing plates, 
and then gradually decreasing the extruded 
shape by machining until only a small angle re- 
mains. In section (h) a gradual decrease in 
section area is produced by milling out the 
center portion to form a n section and then cut- 
ting this section down finally to a simple ang- 
le. Figs. (1) and (k) show actual examples of 
tapering of the flange sections of wing beams. 

Allowable Flange Beslgn Stresses 

The calculating of the stresses in the beam 
flanges is in general not a difficult procedure 
if the usual assumptions are made in the flexure 
theory. The question as to what flange stresses 
will cause failure is the difficult one from a 
theoretical standpoint. The only sure way to 
determine the design allowable is to make suffi- 
cient static tests of specially designed test 
beams. 


For beam sections as illustrated in Fig. 
C6.1, the following tests are usually necessary 
for forming the basis of design alllwable stress- 
es. 

(1) A test subjecting the beam to pure bend- 
ing. 

(2) A test of a short length of beam in 
bending so that failure will occur in web Instead 
of flange. 

(3) A test of a short length of beam in 
pure compression to obtain local crippling 
strength. 

(4) Several tests of beams in combined bend- 
ing and compression, using different ratios of 
bending to compressive loads. 

Enough data from the above tests can usually 
be obtained to give rather complete allowable 
stress curves for the design of the beam. For 
the approximate design of beam flanges, the meth- 
od given in this chapter can be used. 

The beam flange sections (a), (b), (c), and 
(d) of Fig. CG.2 are stabilized by the sheet 
covering and also by the beam web; thus compres- 
sive tests of short lengths to obtain crippling 
stress, and a test of a length equal to the wing 
rib spacing should give sufficient lnforrr&tlon 
on which to base design allowables. Several 
lengths of the flange section for the truss type 
of beam should be tested in compression to ob- 
tain the column curve since the distance between 
panel points of the truss will vary. 

Before designing any test beams, the struc- 
tural designer would like to know approximately 
what his proposed beam flange sections will car- 
ry from a stress standpoint, since it is desir- 
able to make test specimens closely approximate 
to the sections to be finally used in the com- 
pleted structure. For most of the sections of 
Fig. C6.2, the ultimate stresses can be calculat- 
ed approximately by the methods of part B, Chap- 
ters B1 and Bb, For heavy sections similar to 
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(g) and (h) ol Fig. C6.2, where the ultimate 
stresses Xall far above the yield strength of 
the material, and where some parts of the sec- 
tion buckle before other parts, and also where 
two different kinds of material are used in the 
same flange section, a logical procedure in try- 
ing to calculate ultimate strength of the sec- 
tion would be to make use of the stress-strain 
diagrams of the materials. 


obtained. The solution for the ultimate Intern- 
al resisting moment for such a beam requires 
that consideration be given to the stress-strain 
diagram of the various materials and units mak- 
ing up the beam section. This general method of 
approach in studying the ultimate internal re- 
sisting moment of a beam section can best be ex- 
plained by an example problem. 

Example Problem 


C6.3 Dm of StreM-Strala Diagram la Cooputing 

Bern Flange Bending Allowable Design 

8 tr eases. 

In the beam type of wing construction, 
where the flange material is concentrated over 
the web members Instead of distributed over the 
surface in the form of stringers, the allowable 
ultimate compressive stress which can be develop- 
ed is considerably above the yield strength of 
the material since the flange is composed of a 
section with thick elements which promotes a 
high crippling stress and since the beam flange 
is stabilized In both vertical and horizontal 
directions by the web and skin covering respec- 
tively, the Influence of column action Is negli- 
gible. Fig. (A) illustrates this type of beam. 
The general flexure formula assumes that stress 
is proportional to strain which is correct for 
stresses below the proportional limit of the 
beam material, but the ultimate resisting 
stresses for the flange of a beam such as in 
Fig. (A) is far above the proportional limit, 
thus the actual stress distribution is more like 


*V" 




Assumed stress 
distribution in 
beam formula* 



Actual stress 
distribution 
above yield point. 


the dashed line in Fig. (B) Instead of the tri- 
angular distribution aB assumed in the common 
beam theory. Thus to obtain beam fiber stresses 
above the proportional limit, It is necessary to 
consider strain and the stress Which accompanies 
such a strain which relationship can be obtained 
from the stress-strain diagram of the material. 

A straight line distribution for strain, that 
Is, plane sections remains plane after bending 
Is a reasonable one. 


In a beam in bending one side is In tension 
and the other In compression. The tensile and 
compressive stress-strain diagrams for materials 
like aluminum alloy are different above the 
proportional limit, and the same unit strain 
will cause different stresses on the two sides 
of the beam. In frequent cases of large beam 
design, the beam flange may be composed of two 
kinds of material and certain portions for at- 
taching to skin or web make buckle before the 
ultimate strength of the section as a whole is 


Fig. C6.3 shows the cross-section of a beam 
in a metal covered wing. The main flange members 
are composed of heavy 24ST extruded shapes. The 
extrusions are reinforced by 24SRT sheet strips. 
The beam web is made from 248T alclad material. 
The problem is to calculate the ultimate Internal 
resisting moment for this beam section* 

Fig. C6.4 shows the stress-strain diagram 
for these various materials. The 1/8 Inch thick 
outstanding legs of the extrusions, act as a 
plate stiffened on three sides and free on the 
fourth. These legs will buckle at a stress of 
35,000 psi in compression as determined by the 
methods given in Chapter B5. The stress-strain 
diagram of the two outstanding legs will be 
horizontal at 35,000 psi as shown in Fig. C6.4. 
Although the legs buckles, they will tend to 
hold the buckling stress under farther flange 
strain. In Fig. C6.5, each beam section has 
been broken down into narrow horizontal strips 
designated from (a) to (w). Only that portion 
of the web in way of flange has been considered 
in this example. Fig. C6.5a shows the strain 
distribution assumed for the trial solution. A 
heavy aluminum alloy section in compression will 
usually fail at a strain between .008 to .01 
inch per inch if column failure is prevented. 

In Fig. C6.5a, the compressive unit strain at 
the upper beam fiber has been taken as .008"/". 
The neutral axis of the section has been assum- 
ed at 1.25" above center line of beam. Taking 
zero strain at this point the beam section strain 
diagram Is as shown in Fig. C6.5a. 

For equilibrium the total compressive bend- 
ing stresses above the neutral axis must equal 
the total tensile bending stresses below the 
neutral axis. 

Tables C6.1 and C6.2 give the detail cal- 
culations for calculating the resisting moment. 
The bending unit stress in column (5) is obtain- 
ed from Fig. C6.4 using the unit strain in col- 
umn (4), If the summation of column (6) in each 
Table is the same, the assumed location of the 
neutral axis Is correct. The total ultimate re- 
sisting moment for this section equals 1032000 
♦ 1360110 « 2393000 In. lb. Using the ordinary 
beam formula with properties about the geometric 
neutral axis as given in Fig. C6.3 and taking 
extreme fiber stresses of 46000 and 62000 psi 
which correspond to stresses as per strain dia- 
gram of Fig. C6.5a, the internal resisting mom- 
ent would equal, M * f I/c - 46000 x 436/969 * 
2070000 in* lb. as compared to 2392006 In. lb. 
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Table 06. 1 


Resisting Moment of Comp, Sending Stresses about Neutral Axia 


strip A a nrsa 
Port, of strip 

y m tret 

to strip 
from M.A, 

Unit strain 
£ a . 00676y 

f c «unl t 

Btrsss 

Lead on 
Strip ■ 
f c A 

Mom. about 
N.A . 

- *c A y 

• 

.3125 

9.0625 

. 00795 

-35000* 

10940 

99200 

b 

.1250 

8.675 

.00778 

-45800 

5725 

50800 

• c 

.1250 

6.625 

.00756 

-45400 

5660 

48900 

e * 

.1250 

8.375 

.00734 

-45150 

5640 

47200 


.1250 

8. 125 

.00712 

-45000 

5620 

45700 

a f 

.6250 

7.875 

.00691 

-44700 

27900 

220000 


.0625 

7.625 

. 00668 

-44300 

2770 

21150 

5 » 

.0625 

7.375 

.00646 

-44000 

2750 

20300 

w i 

.0625 

7.125 

.00625 

-43300 

2710 

19300 

j 

.0625 

6.875 

. 00603 

-43100 

2695 

18610 

k 

.0625 

6.625 

.00581 

-42700 

2670 

17700 

1 

.0625 

6.375 

.00559 

-42000 

2625 

16720 

TT® 

.01275 

I 7. 375 

.00646 

-40700 

519 

3630 

-M ; n 

.01275 

7.125 

.00625 

-40100 

511 

3640 

, b o 

.01275 

6.875 

.00603 

-39700 

506 

3480 

p 

.01276 

6.625 

.00581 

-39000 

497 

3290 

tSjq 

.01275 

6.375 

.00559 

-38600 

492 

3130 

i »* 

.21875 

8.3125 

.00728 

-55500 

12230 

101800 

iJ s 

.21675 

8.1875 

.00718 

-55200 

12080 

98700 


. 21875 

8.0625 

.00706 

-55100 

12050 

97100 

* u 

WFnJfu 

BiJffHfl 


BTTEal 

11900 i 

91450 

•tc 

warn 

■■9991 

■ ■ 

91 99 


I0SSW5 
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by the more logical solution, which is a differ- 
ence of 16 percent. The descrepancy would still 
be larger if the outstanding leg (a) did not 
buckle, since the more exact solution only al- 
lowed 35000 psi on this element whereas the gen- 
eral beam formula stresses it to 46000 psi. 

Trial and Error Approach 

The location of the neutral axis Is un- 
known,* thus the calculations in Tables C6.1 and 
Z are for the final assumption which is the true 


Table C6.2 


Resisting Moment of Tensile Rend. Stresses shout Neutrel Axis 


StrJ 

Par 


A . area 

of strip 

y • arm 
to strip 

Unit strain 
t m . 0000 76y 

ft«unit 

stress 

Load on 
Strip M 
ft A 

Mon, about 
N.A, 

. * t * r 


a 

. 31250 

11.5625 

.01014 

52050 

16280 

186000 


b 

.09375 

11.375 

. 00997 

52000 

4870 

55450 

• 

c 

.09375 

11.125 

.00970 

51950 

4865 

54100 

2 

6 

.09375 

10,875 

.00954 

51900 

4880 

52900 


• 

.09375 

10.625 

.00931 

51800 

4855 

51600 

& 

f 

. 59375 

10.376 

.00910 

51750 

30700 

318000 

H 

8 

.0469 

10.125 

.00887 

51700 

2425 

24550 


h 

.0469 

9.875 

.00866 

51600 

2420 

23900 

N 

i 

.0469 

9.625 

.00844 

51500 

2415 

23250 


3 

.0469 

9.375 

.00822 

51400 

2410 

22600 


k 

.0469 

9.125 

.00800 

51300 

3405 

21950 


1 

.0469 

8. 875 

.00778 

51200 

2400 

21300 


a 

.01275 

9.876 

.00866 

46600 

633 

6250 

< 

n 

.01275 

9.625 

.00844 

49400 

629 

6050 

b 

o 

.01275 

9,376 

.00822 

49300 

628 

5690 

9 

P 

.01275 

9. 125 

.00800 

49200 

627 

6720 

w 

4 

,01275 

8.875 

.00778 

49100 

625 

5500 

H 

r 

. 21675 

10.8125 

.00946 

67500 

14770 

159600 

S8 

s 

.21875 

10.6875 

•00936 

67300 

14720 

157200 


t 

. 21879 

10.5625 

.00926 

67100 ! 

14700 

156300 

| TOTALS 
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location of the neutral 
axis. The general proced- 
ure would be as follows: 
Assume neutral axis as 
center line axis of beam, 
and find total axial load 
on each side of axis. 

The results will usually 
show excess load on one 
flange. For the next 
trial move neutral axis 
so as to give excess load 
on other flange. Plot the 
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results as Indicated m Fig. C6.5b to obtain 
true location of neutral axis and then make 
final calculations as illustrated in Tables 
C6.1 and 2. 

C6.3a. Flange Disc oat laultlea. 

From a weight saving standpoint, It is 
necessary to taper flange sections in order to 
approach a beam of constant strength relative 
to the applied loads. Figs. (1) and (J) of 
Fig. C6.2 illustrated how this was done In the 
case of two actual wing beams. 

Fig. A illustrates how such tapering of 
the flange section may produce local eccentric 
flange loads. Between sections (1) and (2) the 
upper flange tapers in side view as shown which 



FI*. « Fig. b 


displaces the flange neutral axis as shown. As- 
suming there Is no change in bending moment 
over the beam portion as shown, the force F x 
must be greater than F since resisting arm d x Is 
less than d. For equilibrium this moment due to 
F x and F not being colinear must be balanced In 
some manner. If the flanges are rigidly con- 
nected to web and stiffeners, this moment can be 
balanced by an additional shear stress on the 
web panel between points (1, 2, 3 and 4) as 
illustrated in Fig. B. Thus in cases of rather 
abrupt changes in flange sections which produce 
the eccentricity as illustrated the web and 
stiffeners should be checked for the additional 
shear flow load on the web. If such displace- 
ments in the flange neutral axis occur in the 
plan view, the skin covering should be investi- 
gated for the additional shearing stresses. 

C6.4 «eb Design 

in this chapter only, the shear resistant 
web is being considered. From elementary mech- 
ancis (see Art. A4.3 of Chapter A4) it was 
proven that when a point in a body was subjected 
to pure shear stresses, normal stresses of the 
same intensity as the shear stresses were pro- 
duced on planes at 45 degrees with the shearing 
planes, one normal stress being compressive and 
the other tension. Therefore, if a thin sheet 
is subjected to shearing stresses, the first 
evidence of distortion will be the buckling of 
the sheet along diagonal lines due to the dia- 
gonal compressive stresses which are caused by 
the shearing stresses. 

In Chapter B2, Art. B2.3, the equation for 
the critical shearing stress which produced 
diagonal buckling due to compressive stresses Is 


ce.js 

>■•«»■) - * mwi <!>' < 1! 

Since the web of a beam Is subjected to 
shear stresses, the web shear stresses must be 
found in order to compare it with the critical 
buckling shear stress of equation (1). 

In Art, A12.3 of Chapter A12, the well- 
known flexural shear stress equation was derived, 
namely 

r s = ^ / ydA (2) 

Since the term / ydA is maximum for a sec- 
tion at the neutral axis, the shearing stress in 
a beam will be maximum at the neutral axis. In 
general, the webs of aircraft beams are relative- 
ly thin; thus the term /ydA for the web is quite 
small so that the shearing stress intensity over 
the web is approximately uniform. Thus a simple 
formula f s = v/hb has been widely used for calcu- 
lating the maximum web shearing stress. In this 
equation h is a distance which will make the 
shear stress f s check the maximum value of the 
shear stress as given by equation (2). 

A simple consideration of the Internal 
stresses on a small element cut from a beam in 
bending and shear will indicate what value of 
h to use in the simplified shear equation f 8 = 
V/hb. 
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Fig. C6.6a shows a beam element of length dx 
cut from a beam which is subjected to a bending 
moment which produces compression on the upper 
portion. The bending moment on section (AB) is 
M and on section (CD) M ♦ AH, thus the vectors 
representing the stress on face (CD) are drawn 
longer than on face (AB). The beam element Is 
also subjected to a total shear force V on each 
face. C ft and C x represent the resultant of the 
total compressive forces on each face and T a and 
T x the resultant of the tensile stresses. Fig. 
(b) shows the same free body but with the tensile 
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CS. ft 

and compressive stresses on each face replaced 
by a simple force C and T which tends to move 
the block with the same results as the system of 
Fig. (a). In Fig. (c) the beam element of Fig* 
(b) has been cut along the neutral axis, and a 
force applied to the cut faces equal to f B bdx, 
where f 8 equals the horizontal shear stress in- 
tensity. 

Writing the equilibrium equation, that the 
sum of the horizontal forces on the upper por- 
tion must equal zero, we obtain 

C - f s bdx « 0, hence C = f B bdx 

and likewise for the lower - T ♦ f s bdx = 0, 
hence T » f 8 bdx. 

Fig. (d) shows the free body of Fig. (b), 
but with C and T replaced by their above equiva- 
lent values* 

Taking moments about point (o) 

Mq * f 8 bdx . h - Vdx ® 0, hence 

f s = Sfi (2*0 



Cft.5 Shear assistance Provided by Sloping Flanges. 

A large majority of the beams in airplane 
wing and tall surfaces have sloping flanges be- 
cause of the taper of the structure in both 
planform and thickness. This sloping of the 
beam flanges relieves the beam web of consider- 
ing shear load and should not be neglected. 

Fig. C6.8 shows a beam (abed) carrying a load 
system P x , P B , etc. The top flange is sloping 


Thus to obtain a value f s equal to the 
maximum value given by equation (2) use an ef- 
fective arm (h) equal to the distance between 
the bending stress centroids. For a rectangular 
section the effective am is obviously equal to 
2/3 the beam height, but for the common beam 
sections as illustrated in Figs. C6.ll or C6.12, 
the distance between bending stress centroids 
Is not so obvious particularly, If the web Is 
considered effective In bending. A close ap- 
proximation of the effective arm (h) and a pro- 
cedure which is common practice is to assume 
(h) equal to the distance between the centroids 
of the web- flange rivets. The student should 
take several example beam sections and check 
this assumption for (h) using Eq. (2a) against 
the exact values by Eq. (2). 

Some structural designers make assumptions 
as to the proportion of the total vertical beam 
shear which is carried by the beam web. For 
example, it is sometimes assumed that the web 
takes the entire beam shear, or it may take only 
90 percent* The percentage of the shear load 
carried by the web depends of course upon the 
size of the flange sections and the form of the 
web section. For example in Fig. C6.7, the 
same flange is connected by a web which is at- 
tached to the flanges in two ways as Illustrated 
in Figs, (a) and (b). in Fig. (a), the shear 
flow on portions (AB) and (CD) help resist the 
external shear, whereas the shear flow on these 
portions in Fig. (b) act in the same direction 
as the external shear load; thus causing the 
shear load on the web to be greater than the 
external shear load, (see Chapter A14 and AID 
for general discussion of shear flow In open and 
closed sections)* 



as shown. If both flanges were extended, they 
would Intersect at point (0). 

Let M - bending moment at section (ac) 

Then C = Tft - M/h (h = distance between flange 
stress centroids) 


The vertical component T v of the load T in 
the upper flange equals Tn h/Lg* but Tj* = M/h, 
hence 


Tv 


. n h 

h L o 


2L 

Lo 


Let Vp = shear load carried by beam flanges 


Then V F * M/Lo (3) 

Thus the shear component carried by the 
axial loads in the eloping flange members equals 
the bending moment at the section being consider- 
ed divided by the distance from the section to 
the point of intersection (0) of the flanges. 


The above derivation was based on the as- 
sumption that the entire resisting moment M was 
developed by the flanges. With the web effec- 
tive in bending, the moment developed by the web 
should be subtracted from the total bending mom- 
ent M. 

Let I - Ipi. ♦ I web 


The moment developed by web * m where 
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M * total banding moment on section 

In airplane construction the cantilever 
beam with sloping flange members is the common 
case, and the shear resistance by the flange 
axial loads Is an important factor which should 
not be neglected if an efficient structure is 
desired from a strength-weight standpoint, 

C6.6 tffect of Variable Xoaent of Inertia on 

Flexural Shear Stress Distribution, 

The fundamental shear stress equation (2) 
as derived In Chapter A12 applies strictly to 
beams of constant moment of inertia. For air- 
plane beams the common case Is one with variable 
moment of Inertia; thus the stresses obtained by 
equation (2) are Incorrect, although the descrep- 
ancy In most cases Is not large. The student 
should realize this fact In studying the shear 
flow picture in tapered wing structures. 

C6.7 Crlticsl Sheer Stresses for Sheer Resistant 

Webs. 

Chapter C7 considers beam design in which 
the web acts in a semi-tension field condition, 
and which 1 b a more general type of web design 
than the one dealt with In this Chapter where 
the web is considered as a complete shear re- 
sistant member, that is, the web does not 
buckle due to the compressive stresses on dia- 
gonal planes due to the shear stresses. Ab 
given In Chapter B2, the critical shear stress 
which produces the diagonal buckling Is given 
by the equation, 

Fs < cr ) ~ i2fr-^) { b } (4) 

The value of K depends on the edge condi- 
tions of the flat sheet and the ratio of Its 
width to length, and can be obtained from Fig. 
B2.5 of Chapter B2. To Increase the critical 
buckling shear stress f 8 , the sheet thickness t 
must be increased or the size of the flat sheet 
panel must be decreased, which Is done In a 
beam by decreasing the vertical stiffener spac- 
ing. 

C6.8 stiff «Mr 81 m to Dm with Shear Re* let met 

Web. 

A web stiffener Is used to decrease the 
size of web panel; thus When buckling of the 
web starts, the stiffener tends to keep buckles 
from extending across the stiffener or causes 
the sheet to buckle In two panels instead of 
one. Hr. H. Wagner In a paper presented before 
a meeting of the A.8.M.B. In 1930 offered the 
following expression as the required moment of 
Inertia of a stiffener to be used with a shear 
resistant web. 



JBSmS 

where 

I 8 t * moment of inertia of stiffener 

d - center line distance between stiffeners 

hyy = depth of web plate 

V = vertical shear at section 

t - web thickness 

E = modulus of elasticity 

C6.9 Critical Madias Buckling Stress of Web 
Plate. 

A shear resistant beam web Is also subjected 
to tensile and compression stress parallel to the 
beam axis due to bending stresses. These compres- 
sive stresses acting with diagonal compressive 
stresses due to web shear stresses tend to reduce 
the critical shearing stresses as determined by 
equation (4). Chapter B2, Art. B2.4 and B2.5, 
gives Information on the bending critical buckling 
stresses for flat sheet panels as well as combined 
stress relationships. 

C6.10 Wo to* on Rivet Design* 

Except for very small beam sections which 
may be extruded as one piece, the usual beam 
consists of separate web and flange members, 
fastened together by rivets, bolts, spot welding 
or continuous welding. In the design of such 
beams it Is thus necessary to know what loads the 
rivets, bolts, etc. are subjected to in order to 
provide the proper connective strength. It Is 
quite easy to substitute In simple formulas to 
find the loads on beam flange rivets, however, 
the student should be sure that he understands 
the fundamental beam action behind these formulas. 

Fig. C6.9 illustrates a beam portion equal 
in length to the flange rivet pitch p. The beam 
section at (AA* ) is subjected to a bending moment 
M and M + AM at section (CC* ) . The bending 
stress distribution on the beam faces is indicat- 
ed by the stress triangles. In this example 
section it will be assumed that the web takes no 
bending stresses. 

Let Fy equal the total pull on the flange 
angles due to bending stresses at section AB due 
to bending moment M. Then total pull on flange 
angles at section CD due to a moment M ♦ AM on 
beam section CC 1 equals pp + APp. 

Under the action of these two forces the 
flange angles would move to the left, but this, 
movement is prevented by the rivet which ties 
the flange angles to the web. Thus load on rivet 
equals APp The same reasoning applies to the 
rivet holding the bottom flange angles to the 
web. 

— The beam portion of Fig. C6.9 as a whole 

Is In equilibrium under the bending stresses and 
the shear load V on each face. 
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Fig. C6-9 


Taking moments about the intersection of 
the lower flange bending load and the beam face 
CC‘ , 


[Py- - (Pp + APp) ] h' + Vp - 0 


APp n ^ (6) 

Equation (6) says that the change in flange 
axial load in a distance p equals the vertical 
shear on beam times rivet pitch p divided by the 
distance between flange bending stress centroids. 
APjr is also the horizontal shear flow produced 
by flange angles over a length of p. The hori- 
zontal shear (q) per inch due to flange would be 

q = V/h’ (?) 

The general expression for shear flow (see 
chapters A12 and A14) is, 


q = v/ydA 


Equation (7) Is easier to use since the terms I 
and/ydA of Eq. (8) are not required, and the 
distance h can be estimated closely without cal- 
culation, and will be greater than the distance 
between the centroids of the flange areas. 

Equation (7) wasderlved on the assumption 
that the beam web took no bending stresses. In 
general this is not true or only partially true. 
With the web taking bending, equation (5) would 
be wrong because the moment of the bending stres- 
ses on the web about our moment center is not 
included. Thus to make the simplified equation 

(7) , check the exact result as given by equation 

(8) , the distance (h) would have to be greater 
tijan the distance between the flange stress 
centroids. In fact, taking (h) equal to beam 
depth would not be far off from the results of 
equation (8) 

Ce.ll Load* on Rivets Attaching Reinforcing Plata* 
te flange Angles. 

The beam flange is commonly composed of a 
main uqit plus several reinforcing plates or 
parts which are held to the main unit by rivets 
or spot welds. Fig. C6.10 Illustrates typical 


beam flanges. The basic section of the upper 
flange is reinforced by the plates (a) and (b), 
and the lower flange by the plates (c) and (d). 

The purpose of the rivets is to keep the rein- 
forcing plates from sliding along the flange tee 
section due to the bending of the beam; thus 
making the plates effective in bending. This 
horizontal force tending to slide reinforcing 
plates and which is prevented by the rivets in 
shear is given by the fundamental shear flow 
equation (B), namely 

q = f/ydA, which _ _ ^ 

X . 

equals the horizontal shear J — -rr-r N pj- jirV -T 
per inch along the beam. \r ' j m 
To find the load or rivet ~\j [ j 

section 1-1 of the upper n 

flange of Fig. C6.10, the I 

term/ydA equals the area 

of the plate (a) times 

the distance from Its cen- 
troid to the neutral axis. 

For shear load on rivet at Fig. ce-io 

section (2-2), the term y : , 

/ ydA equals the area of , 

plate (b) times distance p3 q ~ j T fo 

to neutral axis. On the 4 

lower flange rivet section 

(3-3) is critical since 

both reinforcing plates are on same side, and 
the entire shear flow produced by plates (c) and 
(d) must be resisted by rivet section (3-3). The 
term/ydA would thus equal area of both plates 
times the distance to the neutral axis of the 
beam. 

A simplified method which yields good results 
Is based on the relative areas of the units of 
the total flange. To design connection of flange 
to beam web, the total horizontal shear q produced 
by entire flange is always necessary and Involves 
the use of the entire flange area in the shear 
flow calculation 

q = |/ydA. 

The shear flow produced by a reinforcing 
plate is then taken as proportional to the area 
of the plate over the total flange area times the 
total flange shear flow. Using simplified equa- 
tion (7), we can write 


ap = area of plates under consideration 
Ap - total area of flange 
q * load per inch on rivet 
V and h same as explained before 

For rivet loads In beams with sloping 
flanges the shear V Is the net shear as explain- 
ed before in discussing web shear stresses. 
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Web Splices. 


equations (10) and (11) . 


Usually in designing a sheet girder beam, 

It is necessary from a weight saving standpoint 
to use several web sheet thicknesses, which 
means web splices. Fig. C6.ll illustrates typi- 
cal web splices. Fig. (a) Is typical for a 



Since in most cases only two rows of rivets 
are used in a web splice, a close approximation 
for the moment load on critical rivet can be 
written by using the vertical distances (y) to 
the rivets instead of the radial distances (r), 
the resulting force acting in the horizontal 
direction. Hence 




- Ma 
2y» 


( 12 ) 


The resultant combined load on critical 
rivet Is 


R = V Rv a s + 


The student should review Chapter C4 for 
more detailed information on rivet loads due to 
moment loads on riveted connections. 


C6.13 Example Problems. 

Example Problem #1 


comparatively heavy web which prevents Joggling 
of web as in the case of Fig. (b). In the case 
of Fig. (b), the lap is usually made under a web 
stiffener which provides a support for the web 
in driving the rivets thru the thin web sheets. 

Loads on Web Splice Rivets 

The web is subjected to shear loads and for 
stable webs, the web undergoes bending stresses. 

For rivet design it is usually assumed that 
the web shearstress is constant over the depth. 
Thus the vertical component of load on each web 
splice rivet is the same or 

*v = a do) 


where 


V « net web shear 

n = number of rivets in splice. If butt 
splice, n, equals the number of rivets on one 
side of splice. 

In bending the splice rivets must transfer 
the bending moment due to the bending moment M 
developed by the web. The largest rivet load on 
a rivet due to bending will be on the most re- 
mote rivet, e.g., rivet (a) at distance r a from 
center of rotation of the rivet group. Then 
load on this rivet due to web moment equals 

- (ll) 

where 

Jr* * moment of rivet group which equals 
the sum of the squares of the distances of the 
rivets from the center of rotation of bolt 
group. 

The resultant load on the critical rivet 
will equal the vector sum of the values of 


Fig. C6.12 shows the cross-section of a 
riveted beam. If the design vertical shear on 
the section is 3000#, check the strength of the 
riveted connection. 





(tiFx g*r) 
V pr cpa P. OS J 
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Solution; 

The loads on the rivets will be calculated 
by the "exact" and also by the simplified approxi- 
mate equations. 

The exact shear flow equation is 

q = j / ydA 

The first step will be the calculation of 
the moment of inertia of the beam section about 
the neutral axis. The bending loads are such as 
to put the upper flange in compression. 

The moment of inertia will be calculated 
about the centerline axis of the beam section 
and then transferred to the neutral axis. Table 
06,2 gives the detailed calculations. 
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Table Cfl.il 



Rivet spacing = 1.5* with two rows of 
rivets. 

By exact equation, load on two rlitets 
q * 1.5 j / ydA 

= 1.5 X g— £ x >1093 x 2.961 = 236# 

Load per unit = 236/2 = 118# 

By simplified formula: 


" * 7943 * * 6?2 - e « 17 la * 4 

* 1a « noaist of lnurtla About its own ooatroldal axis. 


Rivet load on upper flange rivets which at- 
tach angles to web: 

Rivet pitch = 1-1/8 inch 

Horizontal shear load per 1-1/8 inch dis- 
tance equals 

q = 1.125 j/ydA (A) 

/ ydA = first moment of flange area about 
N.A. 

- angles =2x .089 x 2.731 * .486 

Reinforcing plate » 1.75 x .0625 x 
2.961 = .324 

Total .810 

Substituting in equation (A) 

q = 1.125 x x .810 = 443# 

v 

Shear flow by simplified equation q - 


_ _ ,V “plate \ , c _ ,3000 _ .1093, n c _ 

Q ( H' at— 2 1 - 5 " ( 9Tog5 x ^S7S ) 1 * 5 “ 
flange 

243# = 122#/rlvet 

The rivets are in single shear which 1 b 
critical and equals 331# as given above. 


Hence Margin of safety = jjg 


- 1 - 1.8 


h* * beam depth = 7. 062" (see Art. C6.10) 


Example Problem #2 

Fig. C6.13 shows a built up (I) section 
beam simply supported and carrying a uniform 
ultimate design load of 75#/ln. The beam will 
be strength checked for the design load. 

Check on Bending strength 

Since the beam cross-section is constant, 
the critical section in bending occurs at mis- 
span. 

^ = 1/8 w L* » 75 x 100 */8 = 94,000"# 

As indicated in Fig. C6.13, the beam is 
riveted to the Bheet covering. On the upper 
flange which is in compression under the given 
loading, a certain effective sheet width will 
act with the beam flange. This effective 
sheet width depends upon the beam flange stress 
which is unknown as yet. As a preliminary value, 


Tftbl* C6.3 


hence 

q * 1.125 x ^ 478 # which is conservative 

compared to 443 by exact expression. 

The web is attached to angles by 1/8 dia- 
meter A17ST aluminum alloy rivets and are acting 
in double shear. 

From Table C4.1 of Chapter C4: 

Double shear strength of 1/8 - A178T rivet 

* 2 x 331 = 662#. 

Bearing strength on 248T - .051 web plate 

* 573#, thus bearing is critical and 

Margin of safety * |j| - 1 * .29 and with the 

approximate method the Margin of safety would 
equal (573/478) - .1 * .20 

Checfc on rivets attaching reinforcing plate 
to angles: 


to I *r a 



7 m .305/. 771 • .40 

XU'*, « *.M* - .771 x .4 a • la. 4 

1/7 upp»r tlaas* » f.M/3.0 • 3.4«, l/j lemmr fl*ag* • 

HI* a - ow 
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the assumption that a width of skin sheet equal 
to 30 t as acting with each rivet line Is a 
reasonable one. On the tension or bottom side 
the entire skin sheet is effective or 2 inches 
to each side of the beam which is the distance 
half way to the first skin stiffener on each 
side. 

Fig. C6.14 shows the details of the effec- 
tive cross-section at midspan of the beam. 

Three rivet holes are assumed In the tension 
flange. Table C6.3 shows the calculations for 
the section properties, first about centerline 
reference axis, then transferred to the neutral 
axis. 

Maximum bending stress at top edge of the 
upper flange angles: 

fb ( Upper) ”¥ =-94,000/2.46 = 38,300 psl. 

At the midpoint of the outstanding leg of the 
angles 

f b = ~ &4, 6?6^ X 3,65 = -37,600 psl. 

The assumption of 30 t for effective width 
of sheet used will now be checked. 

From Chapter B4, von Karnan-sechler gives 


the effective sheet width as w = 1.90 t Vfc/f 8 t» 
where 

f s t = stiffener stress. Taking f s t - 38,3CX) 

psl. 

w = 1.90 X •025x'\/^^^p= .78". since 30 

t or .75” was assumed, the error is negligible, 
and also the accurate expression for effective 
width is still unknown. 

The difficult question now is the question 
of the allowable stress at this point. Since 
the flange angles are prevented from buckling 
as a column due to skin and web, a reasonable 
estimate of the allowable stress would be the 
crippling stress for the onstanding leg of the 
angle. This crippling stress can be estimated 
closely by the methods of Art. B5.4 of Chapter 
B5 . 

Thus b/t of leg * (.75 - .093)/. 093 « 7.1 

From Fig. B5.13 the crippling stress for 
24ST extruded material would be 40,400 psl,, 
using a plate element with one edge free. The 
vertical legs of the angles are riveted together 
and are stabilized to some extend by the web, 
thus the crippling stress of this portion would 
be higher, and after the outstanding leg had 
buckled this portion could still keep on taking 
load thus increasing the ultimate internal re- 
si sting moment. Thus the apparent stresB as 
computed in equation (c) could no doubt be a few 
percent higher than the allowable crippling 
stress of 40,400 psl. The student should realize 
that the computed bending stress is by the flex- 
ure formula derived on the assumption that the 
stresses are in the elastic range while Our 
stresses are in the plastic range. 

The conclusion then is that the beam is 
safe in bending stresses on the upper flange 
since the apparent stress Is around 38,000 psl 
and the allowable should be somewhat higher than 
40,400 psl. 

Tension Flange 

f b = 94,000/2.005 = 46,900 pal. 

The allowable tensile stress for 243T extru- 
sions is 58,000 (see Chapter Cl). Hence margin 
of safety « (58,000/46,900) * .23 
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The student should try to find the ultimate 
Internal resisting moment of this section by us* 
lng the method of attack illustrated in Art. 
C6.3. 

Check of Web Buckling Strength 

The maximum shear occurs at the support and 
equals 75 x 50 « 3750#. The web thickness is 
.051, and the web is stiffened by stiffeners at 
4 inch spacing. The maximum shearing stress on 
web using the simplified equation is 

f 6 = Et * ^.lJT.oSl = 10350 pBl • 

(Student should check this value using 
exact Eq. 2). 


Load per rivet due to beam distributed load 
j of 75#/in. equals 75#. 

| Result ant load on rivet at bean end * 

+ tS« = 475#. 

Double shear strength 1/8, A17ST rivet = 

2 x 331 = 662. 

Bearing strength on .051 24ST web « 573# 

Margin of safety = (573/475) * 1 = .20 

The student should check rivets for .032 web. 

Check of Web Stiffener Size 

The web is stiffened by 1/2 x 1/2 x .040 
angles on one side of web. 


The critical shear stress at which buckling 
occurs is given by the following equation. 

(See Equation 4, page B2.3) 


Fs (cr) 


K n* E 

irrrr^ 


<5> 


a 


To be conservative the four edges of the 
web panels will be assumed simply supported. 
With web stiffeners at 4 inch spacing the size 
of panels between rivet lines will be 7.125 x 
4. With a/b « 7.125/4 = 1.78 and using the 
curve of Fig. B2.5, we obtain K * 6.85, hence 


, _ 6.85 x n® x 10,300, 000 _ ,.051 x *_ 

■ter) 12 (i- .8«) — X( “J“ ) ' 


10,000 P8l. 

The margin of safety on buckling strength 
of web = (10000/10350) -1 =- .04. This Is not 
serious since panel edges were assumed freely 
supported . 


FT am 
qulred of 

1st » 


equation (5), moment of inertia re* 
stiffener to prevent web buckles equals 
4/3 


2.29d (V hw 

~T~ ) 

2.29x4 / 3750 x 7.875 ) 

.051 V 33 x 10, 300, 000 J 


4/3 


.00062 


Moment of inertia of stiffener = .00094. 
Thus stiffener Is satisfactory. 


Example Problem #3 

Fig. C6.15 shows a tapered cantilever beam 
carrying the trapezoidal distributed load as 
shown. Determine the bending and shearing stres- 
ses at section (A*A), and estimate the margin of 
safety of this section for carrying the given 
loading. All material is 24ST, and the skin and 
web is spot welded to the flange. 


Check of .032 Web portion 


Vertical shear at midpoint of first .032 
web panel or 34" from end = 3750 - 34 x 75 = 1200#. 


f 8 = V/ht = 1200/7,125 x .0:52 = 5275 pel. 


Fs (cr) = 


6.85 n*X 10,300,000 „ ,.0 32 v *_ 

YT T ttFf — x - 


4100 psl • 

Thus for buckling strength of the web at 
this point the web appears weak since the shear 
stress is 5275. The student should notice that 
if the edges of the web panel were assumed 
clamped (see Fig. B2.5) the value of K would be 
11.5 thus making F 8 * (11. 5/6. 05 ) 4100 = 6880 
psl. Using an average value for freely support* 
ed and clamped edges K = 0.17 and F S(cr) = 54V0, 

which should show a margin of safety. 

Check on Rivets Attaching Web to Flange Angles 

Rivets for .061 web 

q » j, s 5^9 a 468# per Inch. 

Since rivet pitch le 1", load per rivet = 

468 #. 


/LoAO'ffSi- 

TU TT.l rn L1MI V=s^ 
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Solution 

Bending moment at section A-A: 

M S5 22*6x 96x48"** 96 x 11.25 X 32 * 138,400 In. 

lb. 

Shear V = 96x 33.75 * 3,240# 

Calculation of Section Properties at Section A-A 

On the compression flange an effective 
width of skin equal to 30 t will be assumed act- 
ing with each row of spot welds. On the tension 
flange, the full skin width of 3" will be taken, 
which Is the distance midway to adjacent skin 
stiffener. 

Effective width of top skin = 2 x 30x .025 = 
.75x2 = 1.5 inches. 

Area of section: 

Top flange angle » .207 
Top skin = 1.6 x .025 = .0375 
Web = 9.625 x .04 = .385 
Lower flange angle = .207 
Lower skin = 3 x .025 = .075 
Total = .911 sq. in. 

Moment of Inertia about center line axis of 
section: 

Angles = (.00589+ .207 x07§*) 2=9.89 
Skin = 4.5 x .025 x 5.0125* =2.84 

Web = .04 X 9.625 */12 = 2.98 

1577T in. 4 

Distance to neutral axis from center line 
axis equals 

n _ 1.5 x .025 x (—5.0125) _ oacn 
y r5ir= — - 206 

I„ . = 15.71- .911 x.206* = 15.67 in.* 

N.A. * 


Q = / y<U = 6.02x .04 X 2.51+ .207 x 5.08+ .0376X 

6.22=1.76 (about N.A.) 

Bending Stresses 

Tension (lower flange) 

y = 5 - .206 + .025 = 4.819" 

„ _ 138,400 x 4.819 _ 

ffc * — ... = 42,600 psl. 


Since the flange has a slope, the above 
stress represents the horizontal component of 
the flange stress at this point. However, this 
angle Is only 1.24 degrees, thus correction 
1/cos 1.240 Is negligible. Since the allowable 
tensile stress of 24ST sheet Is 62,000 and 
58,000 psl for extrusions, the calculated stress 
of 42,600 gives 4 large margin of safety. 

Compressive Stress (upper flange) 

y = S 4 .206 - .046 = 6.16 


, -138,400 x 5.16 

f b 


-45,600 psl • 


(y has been taken to the midpoint of the 
horizontal leg of the tee section) 

The difficult question now is the allowable 
ultimate compressive stress. 


To obtain a close approximation of the 
crippling stress of the elements of the T sec- 
tion, the method of Chapters B5, Art. B5.4, will 
be used. 



Considering plate element (1) of Fig. C6.16: 

b/t = .625/. 0937 = 6.7 
From Fig. B5.13: 

F cr = 53,000 psl 
Plate element (2) 

b/t = .578/. 0625 = 9.25 
F cr = 37,000 psl 

Crippling section for section as a whole: 

„ _ ZF C r bt 53, 00QX.625X, 0937x2+37, 000x.578x. 0625 

F cs - zbT* — .essx. urns? .sfrsx.aas 

F = *49,200 psl. 

A reasonable allowable bending crippling 
stress would appear to be somewhere between 
-49,200 and -53,000; -51,000 will be selected. 

The question of column action of the flange in 
the sideways direction should also be considered. 
The flange is stabilized by the skin to an un- 
known degree and by transverse ribs at 10.5 inch 
spacing. To be conservative the lateral column 
strength of the tee section for a length of 10 . 6 " 
and end fixity coefficient C = 1.5 will be deter- 
mined. 


f y « .474", L/* = 10 . 5/. 474 = 22 

Using the Johnson-Euler curve for C = 1.5 on 
page B1.7 of Chapter Bl, an allowable column 
stress of -49,000 psi is obtained when the cripp- 
ling stress of 51,000 is used for L/f = 0. 

Thus an estimation of the margin of safety 
for the compressive flange for the given loading 
is (49,000/45,600) - 1 = .07. 

To determine the error of this estimated 
strength a static test of the section in bending 
should be made. 

Web stresses 

External shear adjacent to section A-A * 
3,240#. Since the beam flanges slope they carry 
part of the beam shear. 
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Prom equation (3) 

V flange = M/L ° 

M is the tending 
moment developed by the 
flange members at sec- 
tion A-A. Since the 
web was considered ful- 
ly effective In resisting bending, the moment 
developed by the web will be subtracted from the 
total moment of 138,400 In.#. 

Moment developed by flanges = x M 

1 total 

= (i§j2J^2§) 138,400 = 112,000"# 

(The moment of inertia about £ axis was 
used since there is very little difference from 
that about N.A.) 

Therefore shear taken by flange equals 
112,000/174.5 r 642 lbs. 

Net shear load on web = 3,240-642 = 2,598# 

V PRQft 

Maximum shear stress on web, f s = = 9“l25xj54 



= 7120 

By exact formula, f s = VQ/It * = 7250 

pel . 

Web stiffener spacing = 3.5" 

Depth of web panel between spot weld lines 
= 9.25" 

Panel ratio a/b = 9.25/3.5 jf 2.64 


From Fig. B2.5, K = 6.30 

IP r KflE /b \ a 

Fs cr 12 (1- b^ 

_ 6.30 it* X 10,300,000.. , .04 N * 

is’Ti - — x ( o } 


= 7700 psl . 


Therefore, the web will not buckle at sec- 
tion A-A for the given beam loads which produces 
a maximum shear stress of 7250 psl. 


It is suggested that the student check 
other sections of the beam and recommend proper 
tapering of flange section and web gages In 
order to save weight for the given beam loading. 

C6.14 Problem. 

(1) Fig. C6.17 shows the cross section of a 
wing beam. Calculate the ultimate resisting 
moment for the section using the stress-strain 
diagram for 24ST extruded material from Fig, 
C6.4. Use .008 unit strain at extreme fiber of 
the compression flange, compare the results 
with the resisting moment using the general beam 
formula. 


(2) Solve problem (1) but use .009 unit 
strain tm extreme fiber of the compressive 
flange. 


(3) The beam section of Fig. C6.18 Is subw 
Jected to a design ultimate shear load of 5000#. 
Determine the margin of safety of all riveted 
connections, assuming web does not buckle. 

(4) Design a butt web splice for the beam 
section of Fig. C6.12 for a design shear load 
of V equals 3000# and a bending moment of 50000 
In. lbs. 

(5) Fig. C6.19 shows a tapered cantilever 
beam carrying a trapezoidal distributed load. 

Make a strength check of the beam at section A-A. 

(6) A cantilever beam 120 inches long carries 
a design uniform lateral load of 40 pounds per 
inch. The depth of the beam at the supported end 
is 12 inches and 5 inches at the free end, the 
lower flange being horizontal. Make a complete 
design of the beam using 24ST extruded and 24ST 
sheet material. The beam is braced laterally by 
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CHAPTER C7 

DESIGN OF METAL BEAMS: SEMI-TENSION FIELD WEB 


C7, 1 Introduction* 

The aircraft structural engineer Is con- 
stantly searching for types of structures which 
will save structural weight and yet be satis- 
factory from a fabrication and economic stand- 
point. The Introduction and development of the 
semi-tension field beam or commonly referred to 
as the "Wagner" beam Is an excellent example of 
the results of such a search. 

In Chapter C6, the general beam principles 
dealing with the design of a beam with shear re- 
sistant web (one that does not buckle) was con- 
sidered. In such a beam the only way the al- 
lowable web stresses can be Increased Is to 
either Increase the web thickness or to decrease 
the panel web size by adding more web stiffeners. 
Such a procedure Is inefficient from a weight 
saving standpoint; thus the semi-tension field 
web type of beam was introduced. (Reference 7.2) 
In this type of beam the web Is permitted to 
buckle, but provision Is made to prevent entire 
failure or collapse of the beam due to web 
wrinkling. Much research testing In recent 
years has been carried out by airplane companies 
and government agencies to obtain accurate In- 
formation on which to base the design procedure 
of such beams, but this Information in general 
Is not available to the general public; thus the 
material In this chapter can be only general In 
character and cannot discuss the latest design 
information In this particular problem. 


Fig. C7.2 shows the same frame as In Fig. 

C7.1 but with the diagonal members replaced by a 
thin sheet. Under a small load P the web Is shear 
resistant. The shearing stresses In the sheet 
produce compression stresses in a direction para- 
llel to diagonal (A) and tensile stresses paral- 
lel to member (B). (Reference Art. A4.3 of 
Chapter A4). The web sheet being quite thin can 
carry only small compressive stresses In the (A) 
direction; thus the sheet buckles and folds Into 
corrugations parallel to the lines in Fig. C7.2. 

In the direction parallel to the lines in Fig. 
C7.2, the sheet is in tension thus having the 
capacity to carry any increase of panel shear due 
to a further increase of load P; whereas, the 
compressive stresses normal to the folds remain 
practically at the same snail stresses which 
caused the buckling of the sheet. Such a beam 
panel which carries its shear load by a diagonal 
tension field In the web after the web has wrink- 
led, constitutes the fundamental action In the 
"Wagner beam". Figs. C7.3, 4 and 5 show photo- 
graphs of so-called Wagner beams under loadings 
which cause wrinkling of the web In to diagonal 
folds. Fig. C7.6 shows two photographs of a 
thin sheet panel subjected to shear loads. Fig. 
(a) shows the condition of the web for stresses 
slightly above the sheet buckling stress; where- 
as, Fig. (b) shows the web condition under stres- 
ses far above the critical buckling stress. 

C7.3 Elementary Derivation of Approximate Tens i on - 
Field Bean Formulas. 


C7. 2 Xlenentary Approximate Explanation of 
Tens ion-field Beam. 

Fig. C7.1 shows a single bay truss with 
double diagonal members (A) and (B) carrying an 
external load P. The load P will produce a com- 
pression on diagonal member (A) and tension in 



member (B). If member (A) is quite flexible It 
will buckle under a relatively small load P. as 
the load P is Increased above this value, the 
diagonal (A) will hot take any more load than 
that which caused it to buckle; but member (B) 
being in tension is capable of taking any In- 
crease of panel shear due to an increase in the 
load P. Thus when P becomes large the propor- 
tion of the panel shear carried by the buckling 
strength of (A) Is negligible. 


In order to give the student a general pic- 
ture of the influence of web tension field ac- 
tion upon the beam component parts, an elementary 
approximation of the beam equations will be given. 

Fig. C7.7 shows a cantilever beam with 
parallel chords and vertical stiffeners subjected 
to a single shear load V at the free end. The 
dashed diagonal lines indicate the direction of 
the wrinkles as the thin sheet buckles under the 
load V. 

Assuming that the flange angles develop all 
the bending resistance, the vertical and horizon- 
tal shearing stress is constant over the web and 
equals 



where 


t Is web thickness 

h is taken as the distance between centroids 
of flange rivets. 

V * vertical shear load. 
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(froa Ref, 7.1) 
Wg. C7-4I 



Hg. CM 

(Froa Hef. 7.1) 



Pig. C 7-5 


Fig* C7.8 shows the free body diagram of a 
small triangular segment of the web cut from 
the upper portion of the beam. 



From elementary mechanics (Reference Chap- 
ter A4) the horizontal and vertical shearing 
stresses produce compressive and tensile stresses 
on planes at 45° with the shearing planes. 

The web, being very thin, can carry very lit- 
tle compression stress on the surface (AC) of 
Fig. C7.8 before buckling; thus this small stress 
which produces buckling on AC will be neglected 
or f c = 0. The edge BC is subjected to tensile 
stresses which the sheet can carry effectively. 

The forces acting on the sheet element are shown 
in Fig. C7.8. 


(Fro* Ref. 7.1) 


For equilibrium of the element: 


ZF X ~ 0 or - f s tdx + ft tdx .1=0 

■Tz vi 



Ft* CM 

(Fro* Ref. 7.3) 


whence 

- (2) 

or the web tensile stress equals twice the web 
shearing stress: 

From (1) f 8 = V/ht 

whence 

ft = 2V/ht (3) 

Likewise for equilibrium: 

SFy ■ 0 or f ■ v tdx - ft t dx . 1 = 0 

V® vi 

whence 


ft s 2f v W 

hence 

fv»f B (5) 
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Rivet Loads 

the sheet element is held to the flange 
angles by the rivets along line (AB). The rlv- 
ets are subjected to two loads, one parallel to 
AB and one normal to AB; and each force equals 
fs tdx. The resultant rivet load therefore 
equals y/2 f 8 tdx; and if dx is taken as one inch, 
the resultant load will be v® f s t. 

But f s = V/ht, hence 

Rivet load/inch * 1-41 V/h (6) 


Taking moments about point B: 

2M B = - F t h< “ f t cos 460 h* t , cos 460 . 



where 

h f - distance between flange centroids 

But 

. 2 v 

ft -2 f s and f s *V/h't, hence ft = 


Web stiffener Load 

The tendency of the web is Fig. C7.7 which 
has broken down into the tension bands, is to 
pull the flanges together; this action is pre- 
vented by the vertical stiffeners which keep 
the flanges apart. Thus if a complete tension 
field is assumed, the axial compressive load P s 
in the stiffeners from Fig, 07. 9 equals the 
vertical component 
of the web tensile 
stresses over a 
distance (d), the 
stiffener spacing. 

whence 


p 8 ’ 


P sin e 


But 


p = ft at l a/2 



hence 


«g. C7-9 


but 




ft = fc f s and f s = V/ht 


whence 

Stiffener load P s « Vd/h compression — (7) 
Flange Axial Loads 

Fig. C7.10 shows a free body of the por- 
tions of the beam to the right of a section a 
distance x from the end of the beam. 



Let * external bending moment at Section AB. 
For equilibrium the Internal resisting moment on 
Section AB must equal external bending moment 

«x- 


Substituting this value of f^ in Eq. (8) 
Mx " Ft h* - = 0 

whence 



Then to make 2H = 0 on Section AB: 



Thus the compressive flange axial load due 
to bending is Increased by a value equal to V/2 
lbs. and the tension flange load due to bending 
is decreased by v/2 due to the horizontal compon- 
ents of the web tension field. 


C7.4 General Varner Equations for Tension Field Beans. 

The approximate elementary derivation given 
in the previous article was for the purpose of 
giving the student a general idea of the influ- 
ence of a complete tension field beam on the 
various beam stresses. The angle a is in gener- 
al not 45° but depends on flange areas, beam 
height, stiffener spacing, etc. 

The general equations derived by Wagner 
(Ref. 7.1) are as follows: 

For beams with infinitely rigid and parallel 
flanges with vertical web stiffeners: 


Diagonal tensile stress in web: 

* _ 2V 1 

- K? • sin Fa (10) 

Axial load in tension flange: 

F 't = H r "2 cota (11) 

Axial load in the compression flange: 

Fc = - jjr * 5$ c °t a - - (12) 

Axial force in stiffeners: 

r 8tiff. *-vgtana (13) 

In the above equations: 

v = applied shear load 


h = distance between centroids of flange- 
web rivets 
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h* » distance between centroids of flange 
sections 

t a web thickness 
d = vertical web stiffener spacing 
a s angle of web buckle (see Fig. C7.10) 


In deriving equations (10) to (13) Wagner 
assumed that the beam flanges were Infinitely 
stiff in bending. Actually the flanges due to 
the lateral pull of the web tension field will 
act somewhat as a continuous beam over the web 
stiffeners as supports, as illustrated in Fig. 
C7.ll. The deflections of the beam flanges re- 
lieves the web stress In the midportion of the 
panels and concentrates the web stress near the 
stiffeners where deflection of the flange is 


prevented. 




Wagner (Kef. 7.1, Part III) has developed a 
correction factor R to take care of this web 
stress concentration due to flange deflection. 
This stress ratio factor is obtained from Fig. 
C7.12 and the following equations: 

wd = 1.25 d Bln i£ ' VH (14) 

d « stiffener spacing 

I u and I L = moment of inertia of upper and 
lower beam flanges about their own neutral axis. 

Wagner also has derived the following equa- 
tions for determining the web buckle angle a as 
follows: 

sin* a = v/a* + a - a (15) 


where 


a 


1 ♦ 


ht 


ax 

£ 


HE 


E 


+ Al 


(16) 


A u and Al * area of upper and lower flanges 
including reinforcing plates but neglecting web 
material. 


A 8 - area of stiffener 


C7.5 Modified Vagner Ignat Ion* for Hoe in Design. 


web and the web is riveted to the flange; thus 
the web acts as a large gusset plate instead of 
a pin end condition as assumed in the Wagner 
equation. 

The following general method of analysis of 
Wagner beams has been used by many airplane comp- 
anies. Instead of assuming that the entire beam 
shear is taken by the web in diagonal tension, 
the following assumptions are made relative to 
the resistance for carrying the beam vertical 
shear. 

(1) The shear strength of the beam flanges 
is not neglected. 

(2) The shear carried by the web before it 
buckles, that Is, as a shear resistant member is 
considered as an effective resistance and not 
neglected. 

(3) The remainder of the beam shear after 
subtracting that carriod by (1) and (2) is con- 
sidered carried by the web in a buckled state in 
the form of a diagonal tension field. 

The above assumptions apply to beams with 
parallel flange members. If the beam has sloping 
flanges, part of the beam shear will be carried 
by the shear component of the flange axial loads, 
and thus the assumptions should be applied to the 
net beam shear. 


The Wagner equations are too conservative 
for design, particularly in the web stresses and 
the loads in the vertical stiffeners. The shear 
stress carried by the web before it buckles is 
In many cases an appreciable part of the total 
resistance, as the buckled sheet normal to the 
diagonal compressive stresses has the ability 
to hold this buckling shear load after wrinkling. 
The load in the vertical stiffener Is too con- 
servative, since the stiffener is riveted to the 


C7.6 Shear Carried by the Sea* Flange*. 

The general flexural shear flow equation is 

q x r JS (if/ydA is given symbol Q) 

For beam flange and web arrangements com- 
monly used in aircraft structures the shear 
stresses are approximately constant over the web, 
that is, between the centroids of the flange-web 
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rivets. Using this assumption, the value Q in 
the above equation equals the static moment of 
the flange area about the neutral axis of the 
beam, and 1 equals the moment of inertia of the 
flange area about neutral axis, (web area is 
neglected) . 


The shear load resisted by the web alone 
therefore equals 



(17) 


The critical shear buckling stress is given 
by the following equation from Art. B2.3 

*s cr = K s E (£)' (30) 

where K is a function of the aspect ratio a/b of 
the shear panel and of the edge conditions. Pig. 
B2.5 of Chapter B2, gives the value of K for 
edges simply restrained. Taking a value of K for 
condition, this edge condition is no doubt 
slightly conservative. 


where 


h * effective web depth = distance between 
centroids of flange-web connection rivets. 

The total beam shear V which equals the re- 
sistance of both web and flange, equals 

V ■ V < 18 > 

The difference between (17) and (18) gives 
the shear carried by flanges. 

C7.7 Shear Load Carried by Web, 

Up to the buckling stress of the web plate, 
the shear flow Is assumed to be of constant in- 
tensity over the effective web depth. When the 
web buckles, it is assumed that the web main- 
tains the diagonal critical compressive stress 
that produced the buckling of the plate. For 
further increase of shear load on the web, the 
entire resistance is provided by the Increase In 
diagonal tensile stresses with no increase In 
the diagonal compressive stresses. In other 
words, for loads above the web buckling point, 
the web acts as a pure tension field beam. Fig. 
C7.13 illustrates these assumptions. 



Ffe. C7-13 


Shear Load Carried by Web at Web Buckling Stress 

Fig. (C7.13A) shows the shear resistance on 
the web face (aa) when the web is shear resist- 
ant. The vertical shear stresses on (aa) have 
been replaced by the diagonal compressive and 
tensile stresses. The intensity of these diag- 
onal stresses equals the intensity of the criti- 
cal shearing stress Fg cr (see Art, A4.3 of 

Chapter A4) . 

Hence the shear load carried by the web at 
the web buckling stress equals 


Vcr - Fe cr h t 


Shear Load Carried by Web after Buckling 

Fig. (C7.13B) shows the web stress distri- 
bution that is assumed to be subjected to the 
web when the web shear load is increased above 
that which caused the web to break down into a 
tension field. The diagonal tensile stress ft 
tends to pull the beam flanges together, and thus 
to bend the flanges. The diagonal tensile stress 
ft for the shear resistant web does not produce 
such action. To obtain the maximum combined 
tensile stress in the web, the stress ft must be 
multiplied by a concentration factor l/H from 


Fig. C7.12. 

Hence 

rt (max.) * ‘if * r =cr> < 21 > 

Solving for ft 

^ (max. ) ~ Fs cr^ R 


If the web is riveted to the flanges and web 
stiffeners, part of the web material Is cut away 
due to the rivet holes thus the tensile stress of 
equation (21) must be multiplied by a rivet cor- 
rection factor 1/K r to obtain the true f* 


Hence for riveted connections: 

■ <R ‘ F »cr’ k I 251 

whence 

■ "«(»«.) -2sE> *T* ^ 

K r 

Where 


K = rivet spacing - rivet diameter 
rivet spacing 

Equation (22) would apply for webs spot 
welded to flange members. 

The vertical components of the total ft 
stresses on the web effective depth (h) would 
thus equal the shear load Vt developed by the 
web after buckling. 

For spot welded flange, web and stiffeners con- 
nections: 

V t = -fs cr ) R ht *in a cob a - - (35) 

For rl voted connections: 

Vt g (ft ffia . y - F ”cr ) Kr Rht etna cos a- (26) 
'^r 


(19) 
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If f t mov 18 taken as the tensile yield 

point stress Fty or the ultimate tensile stress 
Ftu equations (25) and (26) will give the shear 
load carried by the web above the buckling load 
when the web Is stressed to the yield and ulti- 


mate tensile strengths respectively. 

Thus for yield strength: 

F Ser 

Vty* (Fty--^) K r Rht sin a cos a - (27) 
(riveted connect.) 

Vty s (^ty - Fs cr ) Rht sin a cos a — — — (28) 
(Spot welded connect.) 

For ultimate strength: 

Fs cr 

Vtu“ (Ftu--]p“) K r sin a cos a - - (29) 
(riveted connect.) 

Vtu = (Ftu*Fs AY .) Rht sinacos a (30) 

cr 

(spot welded connect.) 

The total yield shear resistance of the web 
equals 

Vw ty = (v cr + Vty) (31) 

Total ultimate web shear resistance: 

Vw tu ■ (Vcr + V tu ) (32) 


Total beam shear resistance equals equa- 
tions (31) or (32) multiplied by I (Ref. Equa- 


tlon 18) 
hence 

Veld = (V <* + v ty) < 33 ) 

v ult. = ^ < v cr ♦ V tu ) - - - (34) 


Substituting values from equations (27 to 
30) for Vty and Vtu, 

For spot welded connections: 
v yleld = ^Kr 4 (F ty -*s cr > R Bln a 008 a ] “ ^ 
V ult. = ^[Fs cr MFtu-Fs cr )R8inacoea] - (36) 
For riveted connections: 

V yleld " §[ F8 cr ♦ (Fty- !^)K r R slna coe a]- (37) 

v ult. * ^[ FB cr + ( F tu " Fs ° r ) K r R 8ln a 008 ®J“ ( 30 ) 

C7.S wltn Parallel Flanges but with Oblique 

Web Stiffeners, 

Wagner has developed equations for the con- 
dition where stiffeners are placed at an angle 
with the parallel flange members. (Fig. A) In 
this case equations (27) to (30) should be mul- 
tiplied' by a correction factor equal to (1 - tan 
a cot JO where p Is the upright angle. For 


oblique stiffeners the wrinkle field angle a is 
equal to fi/2 and the concentration factor R can 
be taken as unity. Hence the equations for Vty 
and Vtu become as follows: 

Vty = 1/2 (Ft.v- Fs cr) K r h t (38a) 

K r 

Vtu = 1/2 (Ftu-!f£T) Kr h t 1 ~ (38b) 



C7.9 Rivet Loads. 


The loads on the rivets connecting the 
flanges to the web consists of two parts, (1) 
that due to the web acting as a shear resistant 
member subjected to stresses which cause web 
buckling, and(2) that due to the web tension field 
for web stresses above the web buckling stress. 


Rivet Load At Web Buckling Stress 


Px cr 


Vcr If 
h I 


where 


(39) 


P x „ = load on rivet parallel to flange In 
Cr #/ln. 

Ijr = moment of inertia of flanges about 
beam neutral axis 

I = moment of inertia of total beam 
section 

h = distance between flange rivet cen- 
troids 

Vcr = buckling shear strength of web, # 


Rivet Loads for Tension Field Action 


in Fig. C7.14 the web element (abc) is at- 
tached to the flange along line (ab). A vertical 
depth (be) of 1 inch has been taken. The shear- 
ing stress on this length due to Vt u ©duals Vtu/* 1 * 
This load represents the vertical component of the 
tension field, hence 



Resolving the tension load Pt Into x and y 
components on rivet line (ab) and dividing by the 
length ab to get rivet loads per Inch, we obtain 



sing sing 
sin a cos a 


^ tan a 


(41) 


?x 


Vtu cos a sin a 
h sin a cos a 



(42) 


Combining the three component rivet forces 
as given In equations 39, 42 and 41 to obtain 
resultant load R on rivet. 
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C7«10 Flange Loads* 

The axial flange loads are due to two pri- 
mary causes, namely 

(1) Stresses due to primary bending of the 
beam by the usual flexural theory. 

(2) Additional stresses produced by the web 
tension field. 

In addition to these two primary effects, 
secondary bending stresses due to the bending of 
the flange because of the tension field are pro- 
duced as illustrated In Fig. C7.ll. 

Stresses for Primary Bending : 

f b = ± ff.sr:.,y ± (m ~ncr)y {44) 

where 

I = moment of Inertia of total section in- 
cluding web about neutral axis 

I F = moment of Inertia of section without 
web about neutral axis 

Mcr = bending moment for load which causes 
web buckling 

M = total bending moment on section 

The first term in the above equation gives 
the bending stresses at the point where the web 
breaks down into a tension field. The web is 
thus effective in computing the moment of iner- 
tia. I, The second term in the equation gives 
the bending stresses when the beam web acts as a 
tension field web, or in other words the buckled 
web is assumed ineffective in bending. 

To be slightly conservative the bending 
stresses can be computed by the following equa- 
tion which neglects the resistance of the web in 
bending before buckling. 

f b - 1 J (46) 

The total flange loads can be calculated by 
equating the internal resisting couple to the 
external resisting couple to the external bending 


moment, or 

F c = Ft 1 ”, - (46) 

where 

F c and Ft - total compressive and tensile 
flange load respectively 

h* = distance between flange 

centroids 

Equation (46) neglects the resistance of 
the web in bending. 

Flange Axial Stresses Due to Web Tension Field 

Due to the horizontal components of the dia- 
gonal tension field each flange is subjected to 
a compressive load equal to 

Fc = Ft “ - cot a-------- - (47) 

(Reference see Equation (12) and general 
derivation when a = 45° see Equation (8) and (9), 

In Equation (47) Vt * shear load carried by 
tension field action. 

Secondary Bending Stresses 

For estimating the secondary bending moments 
on flanges due to lateral pull of web tension 
field, the flange can be treated as a continuous 
beam with spans equal to the stiffener spacing. 

The component of the web diagonal tensile 
stresses normal to flange. 

w v = & tan a (pounds per inch) (48) 

where 

Vt = shear carried by web in diagonal tension 

For a continuous beam of equal spans, the 
moment over the supports = 1/12 w v d*, where d 
equals the stiffener spacing. The deflection of 
the flanges tends to relieve the pull In the 
center portion between stiffeners which then de- 
creases the continuity moment over the support. 
Wagner (Ref. 7.1) gives a relieving factor C (See 
Fig. C7.12) for use with the bending moment ex- 
pression. 

Therefore, the secondary bending moment on 
flanges is 

M sec = 1/12 c d * tan a (48) 

C7.U Loads la Web Vortical Stiff attar*. 

No theoretical analysis Which gives satisfac- 
tory results has been developed which gives the 
loads in the web stiffeners or loads on which to 
base the design of the stiffener. Some recent 
studies and tests on this problem have been car- 
ried out by government research agencies but such 
information is not available to the public. No 
doubt some airplane companies have carried out 
enough study and research on this stiffener design 
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question to place it upon a reasonably rational 
basis, but such information is usually not pub- 
lished. 

If the web stiffeners were riveted only to 
the flange members, the axial load in the stif- 
feners tending to hold the flanges apart due to 
the lateral pull of the web tension field could 
be reasonably calculated as given by equation 
(13). However the stiffener is riveted in the 
web; thus a certain amount of the web acts with 
the stiffener. Tests indicate that the stress 
in the stiffener after the web has wrinkled is 
considerably greater near the middle than near 
the ends. The web stiffener prevents the buck- 
led tension field from extending across the 
stiffener. This breaking up of the tension 
fields at the stiffener point no doubt places 
considerable torsion on the stiffener thru the 
medium of the web folds pulling on the rivet 
heads. The failure of a stiffener Is therefore 
due to a combination of column, bending and 
torsional loads acting upon the stiffener. Un- 
til more definite information is available on 
the design of web stiffeners the following meth- 
od proposed originally by Wagner (Ref. 7.1 II) 
which Is conservative can be used in checking 
the strength of stiffeners. 

The axial column load In the web stiffener 
equals 

F stm. = " v t R tan a (50) 

This is the same as equation (13) except 
V Is replaced by V^, the shear carried by the 
web in diagonal tension field action. Under 
this load Wagner considers the stiffeners as 
columns with elastic supports as the web ten- 
sion restrains the struts from buckling out of 
the plane of the web. Wagner's calculations 
yield a reduction factor C* which the actual 
length of the stiffener Is multiplied by to ob- 
tain a reduced length L' , or 

L’ = C.L -(50a) 

With this reduced length L' , and the actual 
cross section of the strut, the column strength 
can be calculated by the methods of chapters B1 
and B5. Fig. C7.16 by Wagner shows a plot of 
the reduction factor C. which Is a function of 
the parameter as shown. 

It is general practice If possible to at- 
tach stiffener to each flange by two rivets and 
to place the first two or three stlffener-web 
rivets adjacent to the flange at closer spacing 
than on the balance of the stlffener-web connec- 
tion. To keep the web from pulling off rivet 
heads of stiffener rivets due to web wrinkles, 
round head rivets should be used. 

C7.M lease with Xoa-Far.U.l nusea. 

In many aircraft beams the flanges are not 
parallel but have a slight taper. For this case 
equations (46) and (47) give only the horizontal 



components of the flange loads. The total flange 
forces and their vertical components can be com- 
puted from the horizontal components and the slope 
of the flange b . Thus from Fig. C7.15a subtracting 
the vertical components of the flange forces we 
obtain the net web shear load Vw n » 

Vw n = V w - (Ft tan St + F c tan 6 C ) (51) 

where 

Vw = net web shear for beam with non-paral- 
n lei flanges 

Vw = web shear for parallel flanges 



C7.13 Inapl. VroblMS. 

Example Problem 1 

Fig. C7.16 shows a cantilever beam of con- _ 
stant cross-section carrying a 13500# load at 
the free end. The beam will be strength checked 
for the given load. 

inveetlgatlon of Web strength 

Web panel size between web stiffeners and 
centroid of flange rivets = 10 by 26.66. 

Aspect ratio of panel * a/b * 28.56/10 * 2.866 

The critical buckling shear stress la given 

toy 

Fs cr a K 8 E (§)* (see Eq. 20) 
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Substituting 
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fw=r 


TOTAL AMA’1.79^ 
X|^^| * &70*5 ^ 


28.56 X .026 


« 4.06 


sin* a - vOF+TS5 - 4.05 * .47 

sin a = .685, a = 43°, cos a * .73 

To determine the web stress concentration 
factor R, we solve for term wd and use curve of 
Fig. C7.12. 


wd = 1.25 d sin oti 


(Ref. Bq. 14) 


K for panel with freely supported edges = 
5.3 (Ref. Fig. B2.5) 

Tb„ s 5.3x 10, 300, 000X (.025/10)* = 342 psi 
cr 

Therefore shear load resistance developed 
by web up to buckling stress equals 

v cr = Fs cr & t = 342 x 28.56 x .025 = 244 

The shear strength of the web acting as a 
tension field after buckling is given by the 
following equations, when stressed to the yield 
point In tension 

v ty * (Fty - Fs cr ) K r R h t sin a cos a 

Kr (see Eq. 27) 

when stressed to ultimate stress in tension 

Vtu a (Ftu - Fs cr ) K r R h t sin a cos a 

K r (see Eq. 29) 

Before solving these equations, the terms 
a, R, and K r must be determined: 

The angle of the diagonal tension field 
with horizontal Is 

sin* a ■ VA“ ♦ a - a (see Eq. 15) 

where 

1 + ^ 

a = jfc (see Eq. 16) 

*s ^ Mj 


wd = 1.25 x 10 x .68ST/- r - T( 5 yg T - 75S5I7 208 “ 
2.43 V 

From curve Fig. C7.12, R = .86 

Since the web Is riveted to the flange, cor- 
rection must also be made for net area of web. 

„ rivet spacing - rivet diameter _ .75 - ,156 _ ^ 
Kr rivets pacing 775““ * * 79 

For 24ST alclad material, F ty = 37000 and 
Ftu = 56000 psi. (Ref. Chapter cl) 

Vty * (37000 -^|j.79x .86 x 28.56 X .025 X .685 
X .73 

V ty = (36566) .242 = 8840# 

Vtu = (56000 - 775). 242 = 13450# 

The total shear load Including strength of 
flanges is given by equations (33) and (34), 
namely 

V.M * & ‘ V cr * »t»> 

v ult. (Vcr ‘Vtu) (*) 

From Fig. C7.16 

I % _ . of section without web = 210 In. 4 

N . A. 

Q of flange about N.A. = 7.15 

.f - 210 tr>AA . aaAn\ . QV.A1 


'yield 


(244 + 8840) = 9370# 
(244 + 13460) * 14110# 


The design ultimate shear load * 13500# 

hence 

M.S. = (14110/13500) -1 = .046 

The applied shear load using a factor of 
Bafety of 1.5 is 13600/1.5 * 9000# 

The yield strength is 9370#. Thus for 
margin of safety of yield strength over applied 
load, we have (9370/9000) -1 - .04. 
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The above results show that the beam shear 
resistance Is proportioned as follows for a 
total ultimate strength of 14180#. (344/14110 

x 100 * 1.7% carried by web in pure shear. 
(13450/14110) 100 = 95.1% carried by web as a 
diagonal tension field. 

The remainder or 3.2% Is carried by the 
shear strength of the flange s. This value is 
relatively low for this particular beam, as in 
general the flange may provide considerably more 
of the resistance. Due to the thin web thick- 
ness and the large web panels, the web buckles 
at a relatively low stress, thus the percent of 
the external shear load carried by the web at 
the buckling stress is quite small. The results 
of example problem (2) are more representative 
of normal conditions. 

Check of Rivet Attachment - web to Flange 

The .025 - 24ST alclad web Is attached to 
the flange member by 2 rows of 5/32 diameter 
A178T rivets at 3/4 inch spacing. 


Design external bending moment = 50 x 
13500 » 675,000"#. 

Since v C r ** 244#, which Is the shear load 
the web carries without buckling, the bending 
moment due to a shear of 244# will be resisted 
by the entire cross-section including the web. 
Above this value the remaining moment is resist- 
ed by the section with the web neglected in com- 
puting the moment of inertia. 

Thus bending moment at web buckling load = 
244 x 50 = 12200"#. 

Bending moment for tension field beam = 
675,000 - 12200 = 662800"#. 

Bending Stresses 

Upper Flange Bending Stresses: 

# 12200 X 12.58 662.800 X 10.94 

fb » 270 SIo 

(See Eq. 44) 

= -567 - 34600 = - 35167 pal. 


The resultant load on the rivets per Inch 
of flange Is given by equation (43), namely 

The web Is not stressed to its ultimate 
tensile stress since we have 4% margin of safe- 
ty. We will therefore solve equation (A) for 
Vtu using the given external shear load V - 
13500#, and call this value V £, the. shear load 
carried by the tensile field under the given 
shear load of 13500#. 


If the entire bending moment were assumed 
resisted by the flanges alone, then, 


*b 


675000 X 10.94 

STo 


- 35200 psi. 


Lower Flange Bending 8tr esses 


* -12200 X -17.42 . -662800 X 19.06 

fb + gxo 


® 783 ♦ 60200 = 60980 pal. 


13500 = 7 :i ri gs ' Tse (244 ♦ v t> 

13500 = 1.03 (344 + Vt) 
whence 

V-t * 12850#, which represents V tu in equa- 
tion (B) for P r 


(Note: Section properties were computed without 
taking out one 5/32 rivet hole in verti- 
cal leg of flange Tee, thus stresses are 
slightly unconservatiVe. To be on the 
safe side, the net section properties 
should be used in figuring stresses). 

Average Axial Flange Loads Due To Bending 


Substitute in Equation (B) 

p -1 7 258 210 12850\“ 12850 Q ,,*l 

p r“pT 5 S 27575 SOS/ 505 x * 933 J 

1 /a 


1/2 


r t 1/2 

P r = | (6 + 450)* + 420* * 624#/per inch. 

Load per rivet pitch of .75 inch = .75 x 
624 = 468# 


Total Flange Load = 22900# 

Upper flange fc( aver ) = -22900/. 675 = 

-33900 psi. 

Lower flange *t( aver ) = 22900/. 378 = 

60600 psi. 


Single shear strength of 5/32 - A17ST 
rivet * 596 x .86 = 612#. 

Bearing strength on 243T alclad = .91 x 
398 = 362#. 


Flange Axial Loads Due to Tension Field Action 

The axial load in each flange due to dia- 
gonal tension In web equals 

Ft s F c = -.5 Vt cot a (see Eq. 47) 


Bearing is critical and the rivet strength 
per rivet pitch is 2 x 362 * 724# (2 rows of 
rivets ) 

Margin of safety = (724/468) - 1 = .54 

Check on Flange Stresses At section A-A (50* 
Xrom free end) 


* -.5 X 12850 X 1.07 =» -6860 
Average stress on upper flange 
f c * -6860/. 675 * -10,170 psi. 

Lower flange, ft * -6860/4378 * -18180 psi. 
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Combined Flange Axial stresses 
Upper Flange - Extreme Fiber 
f c = -36167 - 10170 = -45337 pel. 

Average stress, f c = -33900 - 10170 = -44070 

psi 


Prom Fig. C7.12, C a ,926 when wd ■ 2.43 
whence 

M sec. = l7l2x - 925x iog xl0 * x * ^33 ■ 3230 

in, lb 

Secondary bending stresses on upper flange 


Lower Flange - Extreme Fiber 

ft 3 6 0980 - 18180 = 42800 psi. 

Average stress f t « 60500 - 18180 * 42320 psi . 

Since the tension field action is relieving 
on the tension flange stresses, it is recommend- 
ed that only a portion of the relieving action 
be used in design, since the theory of semi- 
tension field beams as presented here is only 
approximate. On the compressive flange the 
full effect of the tension field should be used 
since it is additive to the primary bending 
stresses. 

Estimation of Flange Allowable Compressive 
Stress 

Assuming that the beam flanges are stiffen- 
ed laterally by skin covering and stiffeners, 
the allowable compressive stress can be closely 
estimated by taking the computed crippling 
stress as the allowable. Using the methods of 
Chapter B5, the crippling stress for the section 
will be estimated. 

The upper flange 
tee section is assumed 
as made up of the plate 
elements (1) and (2) as 
illustrated. 

Plate element (1) & 

b/t * .765/. 156 = 4.9 
From Fig. B5.13, F C r = 54,500 psi. 

Plate element (2) 
b/t « 1 .1875/. 156 * 7.6 
From Fig. B5.13, F cr - 40,000 psi. 




X N A upper flan 8© 3 *1075 

I/y lower fiber = ,1075/1.16* .0925 I/y 
upper fiber = .1075/. 338 * .318 

fb ( lower fiber) = 32307 * 0925 a 34900 P® 1 - 
Compression as flange bends over the support. 

(upper fiber) = = 10140 psl * 

The combined stress on the lower fiber than 
would be -34900 - 44070 = -78970 psl. Which is 
too high; thus flange is weak. 


For such a large stiffener spacing, the 
flange should be made slightly deeper and a leg 
should be added to the vertical leg in order to 
raise the crippling stress of this relatively 
weak element. See Fig. e. By such re-design of 
the flange extruss ion, sufficient strength could 
be obtained for the 
given loads without 
much increase in 
weight. Fi»e 


c~ 
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Secondary Bending Stresses on Lower Flange 
Slower flber =.0291/.217*.134 
l7jr upper fiber = ’ 02917 • 939 = - 031 

(upper fiber) = 32307 ’ 031 = 104000 p8l ‘ 
This stress added to the previous stresses due to 
bending of beam as a whole, greatly exceeds the 
ultimate tensile strength of the material. Thus 
a .re-design would be necessary and the modifica- 
tion should be such as to cut down the secondary 
bending stresses by increasing the flange depth 
or by less stiffener spacing or both. 


Average crippling stress for section 

„ _ SFcr 5 - 54500 X .765 x 2+40000 x 1 . 1875 

Fes -R TTZSTZTTTtm 

F os * -48400 psi. 

The average upper flange stress was -44070 
against an allowable of -48400. The extreme 
fiber stress on upper flange is -45337 against an 
allowable buckling stress for plate element (1) 
eqiial to -54600 pel. Thus for primary loads 
the upper flange has approximately (48400/44000) 
-1 » .10 margin of safety. The flanges must 
however carry secondary bending moments due to 
lateral pull of tension field. 


Check of Stiffener Strength 

Column load in web stiffener is given in 
Eq. (50). 

F stlff. = ' Vt h tan a 

= -12860 X .933 = -4200# 

The reduced column length factor C» of the 
web stiffener is obtained from Fig. C7.15 for a 
parameter bf 

h (cot a cot M) * 28756 (cot 40^ ) 15 * 304 an<1 
gives C, * .38 


secondary Bending Stresses 


hence 


From Eq. (49) 

*W. * 1/120 § d'tane 


L’ = .38 X 28.56 = 10.8" 
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Assuming an effective width of web sheet 
equal to 30 t as acting with the 1 x 1 x 1/8 
angle stiffener the radius of gyration equals 
.267 and the area equals ,283, 


1 ♦ 


ht 


An + At. 


As A u + Al 


hence 


L* /£ r 10. 8/. 267 s 40.5 

Prom Fig. B1.10, the 
column strength for 24ST 
extruded material for L/? 

* 40 #5 gives allowable 
column stress of 36000 psl. 





Substituting 


, . 12.56 x .051 
.675 + .378 

“ 5 x .051 x .051 

.106 ~ .(>75 *► .^8 


A e * .106 
h = 12.56 
A u = .675 
A L * .378 
I u * .1075 
I L * .0291 


1+ .606 
2.16 - .606 


= .896 


The initial buckling stress of the angle 
legs can be closely estimated by method of Art. 
B5.2. 


w /+. w - t/2 _ 1 - .0625 „ r 

b/t of leg ^ = — 7Tsr ~ - 7.5 

From Fig. B5.13, F cr = 40000 psl. 

column action is critical and allowable 
stress is 36000 psl. 

Hence column strength = 36000 x .253 = 
-9100# against a stiffener load of -4200#. Thus 
stiffener Is far over strength. 

Example Problem #2 



Fig. C7.17 shows a beam with the same 
flanges as in example problem (1) but the beam 
depth is much less and the web is thicker. The 
web strength will be checked for a given V load = 
18000#. 

Solution 

Web critical buckling stress, 
a/b of web panel * 12.56/5 = 2.51 


sin* a - v&* + a - a = V.896* ♦ 
= 42° CC 


.896 = .44 

sin a - .666 a = 42° cos a s .745 
4 , 

wd = 1.25 d sin a- 


wd = 1.25x5x.666 


~\J( .1075 +“ 


051 

6^1} iS.55 _:i<73 


R from curve of Fig. C7.12 = .96 
v - .75 - .156 _ 

K r 77E * 79 

Shear which web can carry as a tension field: 


V tu = (62000-5®!°) .79 X .96 x 12.56 x .051 x .666 

X .745 = (62000 - 7370) .241 = 13180# 

Total shear carried by beam at ultimate web 
strength 

V ult. = ^ (v cr + Vtu) 

1^ = .675 X 055* = 30.0 

.378 x 67755* = jjij 

- _ .675 X 6.662 - .378 X 6.783 
y 053 


1.938 

" 17553 " 


1.84" 


X N.A = 47,4 ” 1053 x 1 * 84 ’ 


43.86 in. 


Q = .675 (6.662 - 1.84) = 3.26 

V U = g; If ' ink 54 (3736 + 13180) = 18100# 


Design v u = 18000# 

M.8. = 18100/18000 -1=0 


K s for freely supported edges = 6.42 (Ref. 
B2.5). 

Fs cr * K s E (|)* 

= 6.42 X 1030000 x (iS£i)* =5820 psl. 


Percent of shear strength due to flange « 
,16100 - 16915 x , 

( 15155 — ' 100 6#5 


Percent of shear strength up to web buck- 
ling stress = (3735/18100) 100 = 20.6 


Shear load carried by web at buckling stress 
V cr = F Scr h t = 5820 x 12.56 x .051 » 3735# 
Determination of wrinkle angle (a) 


The remainder or 72.9 percent is carried by 
tension field action. 

The results for this typical beam show that 
to neglect shear strength of flanges and buckling 
strength of web is far too conservative. 
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C7.14 KACA Method o f Strength Analysis of Semi- 
Tension Field Beans. 

For a number of years the structures divi- 
sion of the NACA at Langley Field has been car- 
rying on research both theoretical and experi- 
mental relative to the strength of semi-tension 
field beams. Kef. (13) A NACA Technical Note 
of 1947 summarizes most of the previous research 
of the NACA and presents stress analysis equa- 
tions or formula with many design charts for the 
strength design of semi-tension field beams. 

The material to follow is taken almost verbatim 
from (Ref. 11). The student after studying the 
method presented in the first part of this cha- 
ter should have no difficulty of understanding 
the design procedure as given in (Ref. 11). 

Since the symbols used In the first part of 
this chapter do not correspond to the NACA 
symbols, and since the NACA figures and charts 
make use of the NACA symbols, it will be neces- 
sary to give the explanation and definitions of 
the NACA symbols. 

NACA Symbols 

A cross-sectional area, square Inches. 

E Young's modulus, KSI. 

G shear modulus, KSI. 

P force in KIPS. 

q static moment about neutral axis of parts 
of cross-section as specified by sub- 
scripts. in. 8 

R coefficient of edge restraint. 

3 transverse shear force, kips, 

d spacing of uprights, Inches, 

e distance from median plane of web to cen- 
troid of (single) upright, inches, 
h depth of beam, Inches, 

k diagonal-tension factor, 

t thickness, Inches (used without subscript) 

signifies thickness of web), 
a angle between neutral axis of beam and di- 
rection of diagonal tension, degrees. 

£ centroidal radius of gyration of cross- 

section of upright about axis parallel to 
web, inches (no sheet should be included), 
or norma stress ksi. 

T shear stress ksi. 

Subscripts. 

DT diagonal tension 

F flange 

S shear 

u upright 

W web 

cr critical 

ult ultimate 

e effective 

Special Combinations 

P u internal force in upright, kips. 

R w shear force on rivets per inch run kips, 
per inch. 

R tot ‘total shear strength (in single shear) of 
all rivets in one upright, kips. 


oiiia 

d c upright spacing measured as shown in Fig. 
C7.20a. 

h c depth of web as measured as shown in Fig. 
C7.20a. 

he depth of beam measured between centroids 
of flanges, inches. 

h r depth of beam measured between centroids 
of web to flange rivet patterns, inches. 
h u length of upright measured between cen- 
troids of upright to flange rivet patterns, 
Inches , 

k ss theoretical buckling coefficient for plates 
with simply supported edges. 
ar 0 "basic" allowable stress for forced cripp- 
ling of uprights. 4 1 — ^ 

wd flange flexibility factor ( ’ Tl" ! ^ 
where l c and are mom- c T-* 

ents of inertia of com- 
pression and tension flanges respectively. 

C7.15 Engineering Theory of Inconplete Diagonal 
Tension. 

In a beam with a thin flat sheet as a web, 
if the external shear load Is less than the buck- 
ling load for the web, then the web is in a state 
of pure shear at the neutral axis as indicated in 
Fig. C7.18 (Fig. a). If we neglect the normal 
stresses due to bending over the depth of the 
web, this shear stress arrangement can be assumed 
constant over the full depth of the web. 

If a web is thin, it will buckle under a 
certain critical load and if the load is increas- 
ed beyond this critical buckling value, the buckle 
pattern will approach a pure tension field as in- 
dicated in (b) of Fig. C7.1Q. 




Fig. C7-18 - State of etreee in a be a* web. 


In the usual practical thin web beam In air- 
craft construction, the state of stress in the 
web is Intermediate between pure shear and pure 
diagonal tension. The engineering theory as 
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developed by the NACA considers that this Inter- 
mediate state of Incomplete diagonal tension may 
be based on the assumption that the total shear 
force In the web can be divided into two parts, 
a part S 8 carried by pure shear and a part Sp»p 
carried by pure diagonal tension. 

Thus under this assumption one can write, 

8 = Sg + Sp»p, which can be written in the 
form 

8jyp = kS 

Sg = (l-k)B (52) 

where k is the "diagonal-tension factor" which 
expresses the degree to which the diagonal ten- 
sion Is developed by a given load. Thus the 
state of pure shear is measured by k = 0 and the 
state of pure diagonal tension by k = 1. Fig. 
C7.19 illustrates the stress condition for the 
limiting cases of k = 0 and k = 1 and for the 
intermediate case. 



* = 0 O < k <. 1 k*) 


Pig. C7-19 - Resolution of wb stresses st different 

stages of diagonal tension. 

C7, 10 Formulas for Stress Analysis. 

Limitations of Formulas: 

The NACA believes the formulas which follow 
will give reasonable strength predictions if 
normal design practices are used. The following 
limitations should be observed. 

(1) Uprights on web stiffeners should not 
be too thin. £u » °' 6 

t 

(2) The upright or web stiffener spacing 
should not be too much outside the range 

0 . 2 <£ < 1.0 

(3) The tests by NACA did not cover beams 
with very thin or very thick webs, hence some 
possibility of Inconservative predictions may 

exist if £ > 1500 or less than 200. 

C7.17 Critical Shear Stress. 

In the elastic range, the critical shear 
stress between two web uprights Is calculated 
by the formula:- 

T'cr^ss E |R h + | ( R d- R h)(Hj)]- < 53 ) 
where. 


(given in Fig. C7.20 (Fig. a) for 
panel length of h c and width d c with 
simply supported edges. 

d c - width of sheet between uprights meas- 
ured as shown in Fig. C7.20 (Fig. a). 

h c = depth of web measured as shown in 
Fig. C7.2Q. 

R h = restraint coefficient for edges of 
sheet along upright (See Fig. b of 
Fig. C7.20) . 

R^ = restraint coefficient for edges of 
sheet along flanges. (See Fig. b of 
Fig. C7.20). 

(If d c > h c , substitute for d c ; d c for 
h c ; R d for R^; and for n^). 

Curves of the critical shear stresses for 
plates of 24ST aluminum alloy with simply sup- 
ported edges are given in Fig. C7.21. To the 
right of the dashed line the curves in Fig. 

C7.21 are plots of the theoretical equation, 

Ter = ^ss E (g^)* ---------- (54) 

and may be used for most aluminum alloys. 

To the left of the dashed line, the curves rep- 
resent straight line tangents to the theoretical 
curves In a nonlogarithmic plot and are valid 
only for 24ST. 

C7.18 Loading Ratio 

The loading ratio Is the ratio Y/Y cr , where 
Y Is the depth-wise average or nominal shear 
stress. 

When the depth of the flanges is small com- 
pared with the depth of the beam and the flanges 
are angle sections, the stress Y may be computed 
by the formula 



In beams with other cross-sections, the 
average nominal shear stress should be comput- 
ed by the formula 



Where Qp is the static moment about the neutral 
axis of the flange material and is the static 
moment about the neutral axis of the effective 
web material above the neutral axis. For the 
computation of I and Q, the effectiveness of the 
web must be estimated In the first approxima- 
tion. As second and final approximation, the 
effectiveness of the web may be taken as equal 
to (1 - k), where k is the diagonal-tension fac- 
tor determined in the next step. Thus in com- 
puting I and Q the effective web thickness is 
(1 - k) t. 


k 8S ‘ =8 theoretical buckling coefficient 
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C7.19 OtaffOflAl-TmiiQa Factor k. 

Having determined the loading ratio f/Y cr , 
the diagonal tension factor k can be read from 
Fig. C7.22. 

C7.20 Average Stress in Upright or Web Stiffener, 

The average stress over the length of the 
upright for a double upright (stiffener on each 
side of web) can be calculated by the formula, 


C7, 22 Allowable Stresses in Uprights. 

Four types of failure are conceivable. 

(1) Column Failure. 

(2) Forced Crippling Failure 

(3) Natural Crippling Failure 

(4) General elastic instability failure of 
web and stiffeners. 

Column Failure 


<r u e 


k i tan q 
^ t- .05 (1-k) 


(57) 


This equation can be evaluated with the 
use of Figs. C7.23 and C7.24. The stress is 
uniformly distributed over the cross-section of 
the upright until buckling of the upright begins 


Single Upright (or Web Stiffener on one side of 
web) 


Column failures in the usual meaning of the 
word (failure due to instability, without previ- 
ous bowing) are possible only in double uprights. 
When column bowing begins, the uprights will 
force the web out of its original plane. The 
web tensile forces will then develop components 
normal to the plane of the web which tend to 
force the uprights back. This bracing action Is 
taken into account by using a reduced ‘•effective 11 
column length L e of the upright, which is given 
by the following empirical formula, 


The stress for a single upright is ob- 
tained in the same manner, except that the ratio 
A u /dt is replaced by A u /dt, where 


^e 


bjl 

y/l 7 k® 



(60) 


Au 

i ♦ (f )• 


(58) 


For the single upright cr u is still an average 
over the length of the upright, but it applies 
only to the median plane of the web along the 
line of rivets connecting the upright to the 
web. In any given cross-section of the upright, 
the compressive stress decreases with Increasing 
distance from the web, because the upright is a 
column loaded eccentrically by the web tension. 
Thus formulas for local crippling based on uni- 
form distribution of stress over the cross-sec- 
tions do not apply. 


Maximum Stress in Upright 

The stress <r u in the upright varies from a 
maximum at (or near) the neutral axis of the 
beam to a minimum at the ends of the upright 
("gusset effect"). The ratio of the maximum 
stress to the average stress decreases as the 
upright spacing or the loading ratio decreases. 
The empirical formula for the ratio is 


= 1 (l-k) (59) 

where is the value of the ratio when 

V •'u Jo 

the web has Just buckled. Fig. C7.25 gives the 
ratio. 


C7+21 Angle of Diagonal Tension. 

Having determined k and <r u /Y, the angle a 
between the direction of the diagonal tension 
and the axis of the beam can be determined by 
the use of Fig. C7.26. 


The stress <r u at which column failure takes place 
can be found using the standard column curve with 
the 8 lender ness ratio L e /S as shown. 

The problem of "column" failures In a single 
upright has not been investigated to any extent 
and test results are greatly at variance with 
theoretical results. Two criterions are sug- 
gested for strength design, namely:- 

(a) The stresses <r u should be no greater 
than the column yield stress for the upright ma- 
terial. This accounts for the upright acting as 
a eccentrically loaded compression member. 

(b) The stress at the centroid of the upright 
(which is the average stress over the cross-sec- 
tion) should be no greater than the allowable 
column stress for the slenderness ratio h u /2?. 

This is an attempt to take in account a two-wave 
type of buckling failure that has been observed 

in very slender uprights. 

Forced Crippling Failure 

The shear buckles in the web will force 
buckling of the upright in a leg attached to the 
web, particularly if the upright leg is thinner 
than the web. These buckles give a lever arm to 
the compressive force acting in the leg and there- 
produce a severe stress condition. The buckles 
in the attached leg will in turn Induce buckling 
of the outstanding legs. 

In single uprights the outstanding legs are 
relieved to a considerable extent by virtue of 
the fact that the compressive stress decreases 
with distance from the web* the allowable stres- 
ses for single uprights are therefore somewhat 
higher than those for double uprights. Because 
the forced crippling is of local nature, it is 
assumed to depend on the peak value of 
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the upright stress rather than on the average 
value . 

The upright stress at which final collapse 
occurs is obtained by the following empirical 
method 

(1) Compute the allowable value of 

for a perfectly, elastic upright material by the 
formula 

<r 0 » 28 k Vt u /t for single uprights — (61a) 
cr 0 = 25 k Vt u /t for double uprights — (61b) 


al-tension factor k as well as on the details of 
the web to flange and web to upright fastenings. 
Fig. C7.29 gives empirical allowable curves for 
two aluminum alloys. It should be noted that 
these curves contain an allowance for the rivet 
factor; inclusion of this factor in these curves 
is possible because tests have shown that the 
ultimate shear stress based on the gross section 
(that is, without reduction of rivet holes) Is 
almost constant within the normal range of rivet 
factor (Or > 0.6) 

C7.34 Klvet Design. 


(2) If < r 0 exceeds the proportional limit for 
the upright material, use as allowable value the 
stress corresponding to the compressive strain 
«r 0 /E. 

(3) If k < 0.5 use an effective value in 
formula 61a or 61b given by the expression 

k e = 0.15 + 0.7 k (61c) 

Natural Crippling Failure 

The term "natural crippling failure" is 
used to denote a crippling failure resulting 
from a compressive stress uniformly distributed 
over the cross-section of the upright. By this 
definition it can occur only in double uprights. 
To avoid natural crippling failure, the peak 
stress in the upright <r Umax in the upright 

should be less than the crippling stress of the 
section for L/* 0. It appears that crippling 

failure does not appear to be a controlling 
factor in actual designs. 

General Elastic Instability of Web and Uprights 

Test experience so far has not indicated 
that general elastic instability need be consid- 
ered in design. Apparently the web system is 
safe against general elastic instability If the 
uprights are designed to fall by column action 
or by forced crippling at a shear load not much 
less than the shear strength of the web. 

C7. 23 Web Design. 

For design purposes, the peak value of the 
nominal web shear stress within a bay is taken 
as, 

Y - Y (1 ♦ kC 0 ( 1 + kC ■) (62) 

max. 

Refer to Figs. C7.27 and C7.28 to determine 
values of factors Ci apd C». The Ci term con- 
stitutes a correction factor to allow for the 
angle a of the diagonal tension field differing 
from 45 degrees. c» makes allowance for the 
stress concentration due to the flexibility of 
the beam flanges. 

Allowable Value of Y_„ 

.n f "ITn-" I -f-Tim r ,, iMim. JJjeUX. . 

The allowable value of T___ la determined 

max. 

by tests and depends on the value of the dlagon- 


Web to Flange Rivets 


The load per inch run acting on web to flange 
rivets is taken as, 

r» = §a! (1 + o.414 k) (63) 

% 

With double uprights the web to upright 
rivets must provide sufficient longitudinal 
shear strength to make the two uprights act as 
an Integral unit until column failure occurs. 

The total shear strength (single shear strength 
of all rivets) required in an upright is 


o- co * column yield strength of upright ma- 
terial. (If <r co is expressed in ksl, 

R total Wl11 be ln Klp8 - ) 

q = static moment of cross-section of one 
upright about an axis In the median 
plane of the web In.® 

b = width of outstanding leg of upright. 

h u /L e = ratio obtainable from formula (60). 

The rivets must also have sufficient tensile 
strength to prevent the buckled sheet from lift- 
ing off the stiffener. The necessary strength Is 
given by the criterion. 

Tensile strength per inch of rivets ^ 0.15 


* •’ult. 


is the tensile strength of the web. 


For web to upright rivets on single uprights. 


The required tensile strength Is given by the 
tentative criterion, 

Tensile strength per inch of rivets > .22 t 
•ult (62) 


(The tensile strength of a rivet is defined as the 
tensile load that causes any failure; if the sheet 
Is thin failure will consist ln the pulling of the 
rivet through the sheet.) 

No criterion for shear strength of the rivets 
on single uprights has been established; the cri- 
terion for tensile strength Is probably adequate 
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to insure a satisfactory design. 

The pitch of the rivets on single uprights 
should be small enough to prevent inter-rivet 
buckling of the web (or the upright leg if thin- 
ner than the web), at a compressive stress equal 
to ^u raax The pitch sould also be less than d/4 

in order to Justify the assumption on edge sup- 
port used in the determination of f CT . 

Upright to Flange Rivets 

These rivets must carry the load existing 
between upright and beam flange. These loads 
are, 


Calculation of the Critical Shea r Stress (T cr ). 

Use will be made of Fig. C7.21, 

5k- 10 . _ Stiffener spacing (See Fig. C7.20) 

t -T5S5 - 400 - "web ' thickness * 

^ s ~r* 2,79 ' See Fig. C7.20 for he. 

Using the above values, we find from Fig. 
C7.21, that 

— 370 psl • 

Calculation of the Loading ratio 77Y cr 


Pu = A u (for double uprights) (63) 

P u = A Ug (for single uprights) (64) 

These formulas neglect the gusset effect 
(decrease of <r u towards the ends of the upright) 
in order to be conservative. 


From equation 55 
r _ Sw _ 13500 

' ~ h e t ~ 29.45 x .025 


= 18350 psi. 


where, s w = external shear load on web. 

h e = distance between flange centroids. 

Equation 55 was used because the flanges 
will take very little of the shear load. 


C7.25 Secondary Bending Moments In Flange*. 


Therefore the loading ratio, 


The secondary moment in a flange, caused by 
the vertical component of the diagonal tension 
may be taken as, 

M = £5 kfta'c. (65) 

where C» is a factor given 'in Fig. C7.28. The 
moment given by this formula Is the maximum 
moment and exists at the ends of the bay over 
the uprights. If C» and k are near unity, the 
moment in the middle of the bay Is half as 
large as that given by formula (65) and of op- 
posite sign. 

C7.20 Shear Stiffness of Web. 


T 18350 

y cr ~ "W 


49.6 


Calculation of diagonal-tension factor k 

With ‘7Y'T' cr - 49.6, we use Fig. C7.22 to 
find value of k - .69 


Calculation of average stress in upright 

Upright consists of one 1 x 1 x 1/8 24ST 
extruded angle section. 

To obtain effective area, we use eq. 58 


Au e = 

® 1 ♦ (|) 8 


1 ♦ ( 


"353577 = - 112 


3T 


The theoretical effective shear modulus of 
a web a e in partial diagonal tension Is given 
by Fig. C7.30. This modulus is valid only In 
the elastic range. 

C7.27 Example Problem 1. Using KACA Method. 

The beam used in example problem 1 of Art. 
C7.13 will be checked by the NACA Method. 

First check to see if given beam falls 
within the limitations of the NACA formulas. 

From Art. C7.16:- 

^ should be greater than 0.6 

For our beam t u the leg thickness of the 
upright is .125* and the web thickness is 
.025*, hence .126/. 025 = 5, which is greater 
than .6. 

Also from Art. C7.16, the* d/h value for 
the beam should fall between .2 and 1.0. 

The d/h value for our beam is 10/30 = .333 
which falls within the given range. 


where, 

A u a area of web upright or stiffener 
e = distance from median plane of web 
to centroid of single upright. 

£ = centroidal radius of gyration of 
cross section of upright about axis 
parallel to web. 

112 

Using Fig. C7.23, With A Ue /dt = = 

.45 and T7t cr = 49.6, we obtain value of *\x/Y = 
.92. 

Hence, cr u * 18350 X .92 = 16900 psi, which 
represents the average stress over the length of 
the upright but applies only along the median 
plane of the web or along the line of rivets 
connecting upright to web. 

Calculation of Maximum Stress Upright 

Value of £ - g§7§0 = • 352 

where, d = upright spacing 

h u * distance between centroids of up- 
right-flange rivet connections. 


SEMI -TENSION FIELD BEAMS 






H§. C7-22 - Diagonal- ten* ion factor k. 



yo(jua 



Pl9.C7.24 - Diagonal- tons ion analysis chart (goal logarithmic scale). 



Hf.a.15 - te tlo of mximm .trow to iwifi FI,. CT-26 . Qr.ph for Hotonlsfeg u«X. a. 

stress is up? if at. 
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F»®. C7-30 - Effective shear modulus of diagonal-tension webs. 


Using .352 as value of d/h u and k = .69 we find 
from Fig. C7.25 that <r U max /« r u = l-* 7 - Hence, 

cr^ax = ~16900 x 1.17 = -19800 psl. 

Calculation of Diagonal Tension Angle a 

From Fig. C7.26 for values of k = .69 and 
<r u /r a 16900/18350 = .92, we obtain tan a = .815 

Calculation of Allowable Stresses For Upright 

Check allowable stress for failure as a 
column:- 

Since the design Is of the single upright 
type, we check the following two criteria:- 

(1) Stress <r u should be no greater than the 
column yield stress for the upright material. 

The column yield stress F C o f° r 24ST 
material from Table C2.2 of Chapter C2 equals 
-50000 psl. Hence wlth<r u = -16900 and allow- 
able « -50000, the upright is far over strength 
for this criterion. If we used cr Umax =-19800 

Instead of the result would still be far 
over strength. 

(2) The stress at the centroid of the up- 
right should be no greater than the allowable 
column stress for a slenderness ratio of h^/2^ 
a 28.50/2 X .29 = 49. 

The general short column equation for 24ST 
material equals, 

F c * 50000 - 421 L/« 

Substltutlng: - 

F c « 50000 - 421 x 49 = -29300 psl. 


But «r u = -16900 psl. 

Hence M.S. - (29300/16900) -1 = .73 

Allowable Stress for Upright for forced Crippling 

The allowable crippling stress to compare 
against tr Umax Is given by formula (61a) 

cu = 28 k Vt u /t 

= 28 X .69 y Cl25 = -434 kips = -43400 psl 
/ .025 

It Is stated that if this value of cr u is greater 
than the proportional limit of the material, than 
the allowable upright stress should be taken as 
corresponding to a compressive strain of <r 0 /E = 
43400/10300000 * .0042 

Since the stress of 43400 is above the pro- 
portional limit of 24ST extruded material, we 
find from the compressive stress-strain diagram 
of 24ST extrusion with wall thickness less than 
1/4 inch which is given In Fig. Cl. 5 of Chapter 
Cl, that a stress of -37000 corresponds to a 
strain of .0042. Hence M.S. - (37000/19800) -1 
= .86 

Thus the minimum margin of safety for the up- 
right Is .73 which indicates the web stiffeners 
or uprights are considerably overstrength and 
therefore overweight and should be revised in 
practical design. 

Check Web Design 

The peak value of the nominal web shear 
stress within a beam bay is taken as, 

r max. ” r < 1 + kc >) (1 + kc *> 
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Prom Fig. 07.27 using tan a = .815, we find 
Ci * .022 

Using Fig. 07.28, we must find value of term 
4 

wd = 0.7 d V t before the value of c« 

(f c + I T ) 

can be found. 

4 

wd = 0.7 x 10 V .025 =1.96 

(.1075 + .0291) 29.45 

hence from Fig. C7.28, c* = .075 

Substltutlng:- 

r mx = 18350(1+ .69 X .022) (1+.69X.075) 

= 19600 psi. 

Allowable Web Shear Stress 

From Fig. C7.29 for k = .69, the allowable 
T f or 24ST a 62000 psi.) equals 21000 

psi for web without rivet washer and 23700 psi 
for web with rivet washer. 

Assume the rivet washer type is being used, 
and correcting to 24ST alclad directly as the 
ultimate tensile strength we obtain an allowable 
web stress of 23700 x 56000/62000 = 21400 psi. 
Hence M.S. = (21400/19600) -1 = .11 

Check of Rivets 

Loads per inch of run web to flange rivets 
is given by following equation. 

r» o §W (1 + 0.414 k) 
n r 

= ggfgg (1 + 0.414 X .69) = 610# 

Load per rivet pitch of 3/4 inch = .75 x 610 
= 456# 

These values are practically the same as by 
the first method of solution in Art. C7.13. 


Most airplane companies have made tests to es- 
tablish tension strength of rivets and thus in 
actual design the proper spacing should be 
specified to develop the tensile strength speci- 
fied for single web stiffeners namely .22 

Upright to Flange Rivets. 

The web uprights are fastened to the flange 
both upper and lower by 1/4 dia. AN steel bolt. 

The load on the upright at its ends is, 

P u = «" u A Uq = 16900 X .112 * -1895# 

Shear strength of 1/4 bolt = 3681 
Bearing on vertical 3/32 leg of lower flange 
= 1.25 x 2340 = 2930# (critical). 

M.S. = (2930/1895) -1 = .54 
Since a 1/4” dia, rivet A17ST, F su = 38 ksi 
has a shear strength of 1970# it could be used 
Instead of the 1/4" bolt and the M.S. would be 
.04. 

Check of Flange Strength 

Section 50" from end is critical. Design 
external bending moment = 50 x 13500 = 675000"# 
Diagonal tension factor = .69 
Thus bending moment developed as a shear resist- 
ant beam = (1 - .69) 675000 = 209000"# 

The remainder of the bending moment is de- 
veloped as a pure tension field beam, or a moment 
of 466000"#. 

Bending Stresses 

Upper flange bending stresses, (extreme 
fiber) f h = - 209000 X 12.58 - 466000 x 10.94 

57075 513 

= - 9700 - 24300 = - 34000 psi . 

Lower Flange Bending stresses (extreme fiber) 

f h * - 209000 X -17.42 + - 466000 X - 19.06 

2753 5To 

= 13450 + 42400 = 55850 psi. 


Single shear strength of 5/32 A17ST rivet 
« 612#. Bearing strength on .025 web = 362# 
(critical). 

Strength per rivet pitch « 2 x 362 = 724# 

M.S. = (724/456) -1 * .58 

Web to Upright Rivets 

The required tensile strength is given by 
the criterion, that the tensile strength of 
rivets per inch of stiffener should be greater 
than 0.22 to <r ult which equals 0.22 x .025 x 

62000 * 340#/inch. 

in our rivet problems we have specified 
no web-stlffener rivets. Thus rivets should be 
specified that will develop 340# tension 
strength per inch of stiffener. The government 
manual ANC-£ does not give tensile strength of 
rivets in various sheet thicknesses, as the 
strength will vary with the sheet thickness. 


Average axial flange loads due to Bending 

As a shear resistant beam average axial 
flange load equals 

( 4 - 5 »> ( 5-^1 

where M (1-k) = 675000 (1- .69) =209000"# time 
of web buckling 


h e = distance between flange centroids 
I = moment of inertia of entire beam sec- 
tion about neutral axis 
I w = moment of inertia of web about beam 
N.A. 


Substituting 

Flange load 


209000 

to 


,270.5 - 60.5 
{ 270T5 


) - -6610# 


Average axial flange load due to bending with 
beam in diagonal tension state, 


466000 
2d. 45 


i 15840# 
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CHAPTER C8 

DESIGN OF WOOD BEAMS AND COLUMNS 


C8 • 1 Introduet ton 

Wood has played an Important part m the 
structural design of airplanes. Until the de- 
velopment of the heat treatable aluminum alloys, 
wood was the most common material for the de- 
sign of wing structures particularly the beams 
and ribs. Metals like steel and aluminum alloys 
are practically homogeneous and isotropic mat- 
erials. Wood on the other hand is neither homo- 
geneous or isotropic. Reference to tables C8.1 
and C8.2 show that the strength properties of 
wood normal to the grain direction are in general 
considerably less than the properties parallel 
to the grain. Other factors which helped to 
produce the trend away from the use of wood in 
the last decade are: ready moisture adsorption 
which affects strength; deterioration of wood 
with age particularly glued connections and di- 
minishing of the suitable supply of the right 
kind of wood of the proper size for the fabri- 
cation major airplane units. 

To overcome these disadvantages of plain 
wood, considerable research has recently been 
carried on with wood veneers bonded with synthet- 
ic resins. In general several thin layers of 
wood veneers with grain directions at right ang- 
les to each other are bonded together with syn- 
thetic resin by use of heat and pressure, thus 
creating a wood product which approaches an iso- 
tropic condition and one which is highly imper- 
vious against atmospheric influences. 

C8.2 Aircrafts Woods. Gsnaral Strength 

Properties. 

Straight grained spruce is the chief ma- 
terial for wing beams. For reasonable sizes and 
lengths it is fairly economical. Its strength 
weight ratio is quite favorable. Douglas fir 
and Oregon pine have been used to a small extent 
for wing beams. For beam webs and body covering, 
plywood made from spurce, birch and mahogany is 
the commonly used material. Tables C8.1 and 
C8.2 summarize the general strength properties 
of the various kinds of wood. 

C8.3 Cn— cm Types of Beam Sections. 

Figs. C8.1(a to k) illustrate the common 
types of wood beams. The solid sections of Figs, 
(a) and (b) are common to small airplanes with 
externally braced wings where the beam depths 
are under six inches. Beam fabrication is ex- 
ceedingly simple and inexpensive and the allow- 
able compressive strength is high due to Its 
relatively high form factor thus for small depths 
It can be made practically as light as the other 


types of beam sections. The disadvantage of 
such sections is the difficulty and expense of 
obtaining long lengths of spruce and other 
woods of such large cross-sections without imper- 
fections . 




(I) Type Beam 9ectlon 

Figs, c to h illustrate various types of 
beams of (I) cross-section. To eliminate large 
sizes of wood units they are built up as in Figs, 
(d), (g) and (h). 



Figs. (1), (J) and (k) illustrate the box 
type of beam sections. In Figs. (1) and (J) the 
webs are composed of plywood. For beams over 
8 lx inches these sections are generally used. 

The flange material is easily tapered and the 
plywood webs provide efficient construction from 
a weight standpoint. 
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Box Type Beam Sections 

C8.4 Modulus of Rupture In Bending. 

Fig. C8.2 gives the allowable compressive 
ultimate stresses for 31tka spruce beams in 
bending, if the stresses are computed by the 
general flexure formula fp = My/I. These so 
called allowable stresses are not the true 
bending stresses that exist on the critical 
beam sections at the time of failure, since the 
assumptions in the derivation of the formula 
assume stresses below the proportional limit of 
the material and that stress is directly pro- 
portional to strain, whereas the actual condi- 
tions of the wood in the failing range fall in 
the plastic range. However, if actual beam 
static tests are made and the stresses using 
the ultimate test loads are computed by the 
flexure formula, then these ficticious stresses, 
referred to as the modulus of rupture stress can 
be used in design if the flexure formula is used 
in calculating the design bending stresses. 

The Forest Products Laboratory found that 
the modulus of rupture for I-beams and box sec- 
tions depended primarily upon two ratios, name- 
ly t c /h (thickness of compression flange divided 
by centerline depth of beam) and b 1 /b (thick- 
ness of web or webs divided by total width of 
beam), and that "form factors" based upon these 
ratios, when multiplied by the modulus of rup- 
ture for a standard rectangular beam specimen, 
gave ultimate stress values which checked close- 
ly with test results. Fig. C8.2 gives the re- 
sults for Sitka spruce, the values being obtain- 
ed by multiplying the modulus of rupture of 
9400#/in. for a standard rectangular beam 
specimen by the Forest Products form factors for 
beams for various sections. For other woods the 
values obtained from this figure should be ad- 
justed in proportion to the relative values of 
the modulus of rupture for solid sections, as 
found in Table C8.1. 

In wing beam design the upper and lower 
flange or chord members are usually beveled due 
to the contour of the wing. Irf computing the 
beam section properties it is common practice to 
consider the section as rectangular, using a 
height of the equivalent beam equal to the cent- 
er line depth of the actual beam, and the thick- 
ness of the chords of the equivalent beam equal 


to the centerline depth of the chords of the ac- 
tual beam. The Forest Products Laboratory show- 
ed that this slmpllcatlon in computing the beam 



section properties produced, negligible errors 
in the margin of safety. 

The allowable bending compressive stresses 
in Fig. C8.2 are primarily for use in the de- 
sign of statically determinate beams. For con- 
tinuous beam they lean toward the conservative 
side since continuity tends to increase the ul- 
timate strength of beams. 

For the tension side the modulus of rupture 
should not exceed the modulus of rupture in com- 
pression for a rectangular solid section. For 
spruce this value is 9400#/ln. a which is slightly 
less than its ultimate tensile strength. 

C8.5 W#b Shear Stresses. 

If beams are made of solid wood e.g. rec- 
tangular or I -sections, the allowable shear 
stress can be taken as the shearing strength 
parallel to the grain as given in the Table C8.1. 
Values for typical aircraft woods are:- 

Sitka spruce - 750#/ in.* 

Pine (northern white) * 640^/in.* 

Douglas Fir = 810#/ln.* 

Ash (comm, white) = 1380#/in. a 

Birch = 1300#/in.* 

For 2-ply spruce or mahogany plywood having 
the grain of both plies at 45 degrees to the main 
beam axis, the allowable shearing stress can be 
obtained from the following formula:- 

F s = 960 + i^==F ~ 45*5 d - - -(1)* 

* Ref. Air Corps Information Circular #687 
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where C = internal diaphragm or stiffener spac- 
ing in lncnes. 

d = effective beam depth or distance be- 
tween the centroids of the beam flang- 
es in Inches. 

For beams with webs so constructed that plies 
are alternately parallel and perpendicular to 
the longitudinal axis of the beam the allowable 
shear stresses should not exceed 87.5 percent of 
those given by equation (1). The allowable 
stress should not be decreased beyond that for 
C = 32* spacing. 

In computing the section moment of inertia 
for use in calculating bending stresses it is 
permissible to use one-half the area of 45 de- 
gree plywood webs. Some designers neglect web 
in computing section moment of inertia. For 
routed or built up I sections web area is con- 
sidered fully effective in computing section 
properties. 

C8.0 Allowable Glue Stresses. 

The strength of a glued Joint depends 
chiefly on the angle between the grain of the 
two pieces being Joined. When the grains of 
both pieces are parallel, casein glue will de- 
velop the longitudinal shear strength of the 
wood. When the angle between the two grain di- 
rections is around 45° the Joint strength is 
decreased around 40 percent, and when the angle 
Is 90° the decrease in strength is 50 percent. 

When 45° plywood is used as web material, 
the allowable glue stress between the web and 
the beam flanges is taken as 1/3 the strength of 
the flange material parallel to the grain (Ref. 
ANC - 5). For spruce this gives 750 = 250#/ln?. 

This greatly reduced shear strength often causes 
difficulty in the design of box beams using ply- 
wood webs because the necessary glue area be- 
comes the critical factor in the design of the 
beams. (See example problems) 

Weldwood Glue 

Recently the U.S. plywood Corporation has 
developed and placed on the market a synthetic 
plastic resin glue. It comes in dry powder form, 
mixes Instantly with cold water and can be ap- 
plied with a stick or brush and sets up in a few 
hours and it Is claimed that It becomes water 
proof after a period of 10 days to two weeks. 

Table C8.2 gives a resume of the results of 
static tests to determine the shear strength of 
weldwood glue as given in test report #17 of the 
Bpencer-Larsen Aircraft Corporation. The grain 
of the glued wood was parallel to the applied 
line of force. 


Table C0.2 laid wood Glue Strength 


Wood 

Average Ultimate Shear 
Btreaa pal 

Spruce to Mahogany 

817 

Spruce to Spruce 

800 

Mahogany to Mahogany 

1187 

flue to Mahogany 

1100 


Table C8.2 (Coat’d.) 

Results when soaked in sea or freak water for 24 
hours and allowed to dry 12 hours before testing. 


Vood 

Ult. Shear Strength pal 

Spruce to Mahogany 

830 

Spruce to Spruce 

4S4 

Mahogany to Mahogany 

SS4 

Pine to Mahogany 

634 


C8.7 Calculation of Glue Sheer Stresses. 

The horizontal shear stress intensity is 
given by the familiar equation. 

f s = v . /y^ (see Chapter A12 for derivation) 

An approximate value is given by the equation, 

where V = shear load on section 
8 ~ db ' d - distance between flange 

centroids 

b = width of section where 
shear stress is desired. 

Example Problem of Qlue 8tress Calculation 

Fig. C8.3 shows a box beam section. Con- 
sider an external shear load of 2160# as acting 
on the section. Find the average stress on the 
glue between the upper flange and the webs along 
section A-A. 



rig. ct-3 


Nf.CI-4 


(1) Solution using flexural shear equation 

q r = horizontal shear flow in lbs. 

1 per inch 

In. A. = 30.4 in. 4 (Includes 1/2 web area 
as effective) 

/ydA - first moment of flange area about 
neutral axis - 2x .75x3 = 4.5 
Hence longitudinal shear load per inch on glue 
on both sections A-A is, 

q = 216 ^ 4,5 = 320#/lnch. 
glue shear area A g = (lx .76)2*1.5 sq. In. 
Hence average glue stress f g = =» 213#/ln. 2 

(2) Solution by approximate method t a * V . 

* 35 
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d * (6.75 - .75) = 6" 

Shear load per Inch of beam = q = v « 2160 

3 6 

« 360# 

Since 1/2 of web of flange Is effective In bend- 
ing, the shear load on glue = 2 x 360 = 341# 

025 inch 

glue Area A g s (.76x1)2*1.5 sq. In. 

Hence fg = 341/1.5 = 227#/in.* as compared to 213 
by exact method. The discrepancy 1 b due to ap- 
proximate value of d and also to the fact that 
the web between flange and neutral axis has been 
neglected In computing d. 

Fig. C8.4 shows the beam with same area but 
webs have been moved closer together leaving a 
flange portion outside of each web thus giving 
two glue surfaces between each web and the flange 
instead of one as in Fig. C8.3. 

The horizontal shear load on section BB 

= q = V/ydA = 2160 x .375 X .75 X 3 = 60#/in. 

I 30.4 

glue area on B-B = .75x 1 = .75 " hence 

f s = 60 = 80#/ln. * 

95 

Due to symmetry the shear flow on the 
flange portion between the webs will be divided 
between the webs, or In other words one half of 
the flange area between webs can be considered 
as loaded from each web, hence /ydA = .625 x .75 
x 3 = 1.4 and therefore the glue stress on sec- 
tlon AA equals f s = 2160 x 1.4 = 133#/in. a 

30.4 x ,75 x 1 

Thus the beam In Fig. C8.4 Is better from a glue 
strength standppint. 

AS. 7a Problem - Wood Beams in Bonding 

Example Problem 1. Fig. CO. 5 shows the 
cross section of a spruce box beam. Assuming 
a bending moment of 48000"# and a shear of 2800# 
as acting on this beam section, determine the 
stresses in bending and shear and margins of 
safety. 

Solution: The first step Is to compute the 
section properties about the neutral axis. Table 
C8.3 shows the detailed calculations. The prop- 
erties are first calculated for reference axis 
1-1 and then transferred to neutral axis. 

For plywood webs, since grain Is 45° with 
beam axis It Is permissible to use only 1/2 of 
web area in computing section properties. 
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Table C8.3 


Portion 

E9 

n 

Ay 

a 

QS 


Uppar Flaag# 

1.688 

2.437 

4.11 

10.0 

0.18 

10.18 

Lover Flange 

0.937 

-2.887 

-2.52 

6.77 

0.03 

6.80 

Web 

0.750 

0 

0 

0 

2.25 

2.26 

Totals 

3.375 


1.69 



19.23 


y = ^ = g’ - pg = # 47" above 1-1 to neutral axis 

In .A . =19.23 - 3.375 X .47 *=18.48 In. 4 

I _ 18.48. 


I 

y(u) 


18.48 

“233“ 


*' 50 ' yTET "373T 


= 5.32 


Calculation of Stresses and Margins of Safety 
Bending 

Max bending stress upper flange 
= fp = M/l/y = 45000 = 6l60#/in. * compression 
73o 


t c .. 1,125 


• 186 > fr = oi = ,143 


From allowable curves C8.2 the modulus of rupture 
Ffc C for these relationships = - 6300#/ 1 n. * 

Hence M.S. for upper flange = 6300 - 1 - .02 

5160 

For lower flange fh * 45000 * 8450#/ 

“532“ 

In. * tension 


The allowable stress can be taken as the modulus 
of rupture of a solid rectangular beam in pure 
bending. From Table C8.1 or from Fig. C8.2 when 
tc /h = .5 and V = 1.0, we obtain Fbc * 9400#/in. * 
b 

Hence M.3. of lower flange « 0400 - 1 * .11 

§455 


Shear Strength 

The ultimate shear strength of spruce ply- 
wood is given closely by formula 


F 8 = 960 ♦ - 45.5 D 

C is web diaphragm spacing. Take 6" for this 
example . 

D = distance between flange centroids = 5.12" 
Hence 


F„ * 960 + j-sts- 46.6 x 6.12 = 2460#/ln.* 

The maximum web stress occurs at neutral axle. 

, TO where Q = A 2,63 ydA* 1.125 x 1.6 x 
r » IB* 0 1.97=3.32 

.126x2.53x1.37 = .40 

02 

hence f B = 2600^3.72 _ • M . s . = 

2460 - 1 = .09 


Clue Strength 

The flange members are glued to the two 
web members. Since the lower flange has smal- 
lest thickness and therefore less glue area, 


Ne.€M 
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it will be more critical than upper flange. 

The average horizontal shear stress on sur- 
face between webs and lower flange 


2800 X .625x1,5x3.158 


glue 1 x 
360#/in, * 



Pig. Ct-6 


ttg.CS-7 

is 3/8" or half the flange width between webs, 
the shear flow from web to flange will be sym- 
metrical or each glue surface will carry same 
shear load. The glue shear stress in this case 
will be 

f g = 360/2 = 180, hence M.8. = - 1 = .39 




where A g * glue area ■ 2 x 1 x .625 = 1.25 

Q */ydA for lower flange about N.A. 

The allowable stress on glued surface is 
based on 1/3 the allowable shearing stress para- 
llel to the grain of the wood being used. For 
spruce F e = 750 (See Table C8.1) allowable 
Fg for glued surface = 750/3 * 250#/in. 
hence, M.S. = 250 - 1 = - .30 
355 

Thus, for the particular loading assumed, the 
critical factor is the glued joint between web 
and lower flange. 

To eliminate the negative M.S. more glue 
shear surface must be provided. For example, a 
small triangular wood strip could be added as 
shown in Fig. C8.6 and glued to both flange and 
web. Another way to increase the glue shear of 
this type of box beam 1 b illustrated in Fig. 
C8.7. The same amount of material is used, how- 
ever, the webs are moved closer together and the 
flanges are composed of 3 portions, thus giving 
two glue surfaces on each web instead of one as 
in example problem. Since the width of the ear 





Fi«. Ct-9 


Beam A 


t c /h = ~ = .125 
b' , .5 _ „ 

r ~ • ,33 

From Fig. C8.2 allowable bending stress 
F b = 6675 

M = 5X2 » 6675x5.75 = = max> 

U <2 in. 1 1 M 


M * — » 19200"# = max. moment 

u section will develop. 

Allowable shear stress for spruce = 750#/ln. 


f _ = XS or v = ^ 
Is rB or V Q 


750 X 5.75 X .5 


1150#, based on strength of web at neu- 
tral axis or midpoint of beam. The true strength 
of the glued joint between the web and the flange 
is rather questionable. If grain of both web and 
flange portions are parallel, the glue will de- 
velop the shear strength of spruce = 750#/in. 
Using this value the two glued Joints on each 
flange will develop an external shear load, 

_ fflc lb _ 750x 5.75x .5x 2 _ 
v g - £ q — = ;sx — mexT ~ 490Q# - ™ 8 

value provides a large margin over the shear 
strength of 1150# at neutral axis and can there- 
fore take care of any variation of glue strength, 

Beam B 


tc/h-$* .5 


■ = 1 hence allowable Fp 


9400 and bending strength M « 


x 4 * 18800"# 


^ „_ffl lb _ 750 x 4x .75 _ icrsrul 

shear strength V = — = ■ 2Y77^xTT 

The results indicate that the bending 


The results in this example should not be 
taken as to mean that glue strength is always 
critical in this type of beam. In most cases 
the ratio of shear load to bending load is such 
as to not make glue shear stresses critical. 

Example Problem 2 . 

Fig. C8.9 shows two beam sections of same 
total section area. For comparison the bending 
and Bhear strength for each beam section will 
be computed. 


strength of each beam is practically the same, 
however the shear strength of beam B is consider- 
ably better. 

In general for beams under 6" In depth rec- 
tangular beams are Just as efficient as I -sec- 
tions. For deep beams above 6" the box beam ap- 
pears to better advantage, particularly so from 
the point of procurement of material due to large 
sizes required if rectangular solid beams are 
used. 

Example Problem 3 
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C8.7 



Fig. C8.10 shows a cantilever beam repre- 
sentative of a small wing or a large tall struc- 
ture. Let It be required to determine the nec- 
essary beam section at point A-A Just adjacent 
to fitting block at fuselage support point if 
beam carries the distributed load as shown. 

Solution 

Before stresses and allowable stresses can 
be found the section of the beam must be known, 
but the stresses depend on the beam section, 
thus the general procedure is to guess at a sec- 
tion and then check it to see if satisfactory. 
Since the more accurate method of calculating 
bending and shear stresses requires the values 
of the section moment of inertia which requires 
considerable tedious numerical calculations It 
la desirable to make the first guess of the 
beam section close enough so that very little 
revision will be necessary*. If guesses or as- 
sumptions are made without logical background, 
the chances are that several revisions will be 
necessary before a satisfactory section Is ar- 
rived at. There is no definite set of rules for 
making a good guess which will apply to all 
types and proportions of beam sections, however, 
if the student will think In terns of internal 
resisting forces and study the allowable stress 
chart in Fig. C8.2 he should be able to make a 
reasonable preliminary guess for a beam section. 
An effort will now be made to illustrate this 
conclusion. Design bending moment at beam point 
A-A. 

= M A = 25x120 x 60 * 40 x 60 x 40 = 276000"# 
Design vertical shear. 

V A * 120 X 25 4 60X 40 = 5400# 

Since the beam is rather deep, the box 
type of beam as Illustrated In Fig. C8.1a will 
be used. 

Preliminary Design of Plywood Webs:- 

Assume effective depth D of beam = .85h, 
where h Is beam depth, hence D = .85 x 10 = 8.5" 
The approximate horizontal component of 
upper and lower flange loads = M = 276000 = 

5 8.5 

t 32500#. From Fig. 08.10 It Is noticed that 
the beam tapers In depth from 10" at station 
A-A to 4" at beam tip, and that top flange Is 
horizontal, thus giving a slope of the lower 
flange of 6 . Therefore the tension load In 

125 

the bottom flange will have a vertical component 
which will tend to resist the external shear 
load, thus helping the web to carry the external 
shear load. Approximate net shear load on web 


= 5400 - 32500 X j|g = 3775#. 

Assume the web shear resisting stress con- 
stant over the effective depth D., hence shear 
flow equals 
3775 

Qr lTir “ of web. Using a diaphragm 

spacing of 6" , the allowable shear stress for ply- 
wood web equals, 


F S 


= 960 + 


3140 

YT 


- 45.5 x 8.5 = 2300#/ln. 




hence approx, web thickness - g g g g - .194*. Since 

there are two webs, a thickness of 1/8* for each 
web will be assumed. 


Preliminary Bending or Flange Design: - 

The flanges should be reasonably thick at 
this section to permit tapering or decrease In 
flange depth as the beam tin is approached. A 
solid rectangular section for this depth of beam 
would be heavy and such large sizes of spruce 
would be quite expensive. Assume a beam width of 
3 inches bVb = .25/3 = .083. To obtain an area 
for the compression flange we need an allowable 
stress. Observation of Fig. C8.2 shows that F^ c 
varies between - 5800 and - 6750 for values of 
tc/h of .15 and .30 respectively when = .083. 
These two values of tc/h should cover most prac- 
tical designs. To obtain a preliminary area an 
average of these two values will be assumed or 
-6275#/ln. This value represents the stress 
for extreme or top fiber In the beam flexure 
formula, hence the average stress on the compres- 
sion - flange will be considerably less; for ex- 
ample If beam was solid average stress would be 
1/2 the extreme fiber stress. An average stress 
of .75 x -6275 = -4700 will be assumed. 

preliminary required area of upper flange 


M 


t c = 


Ft x D 4700 X 8 
6.94 


276000 , Q , 

—f - 6.94 sq. in. 
.o 


27Q75~ 


= 2.41*, use 2-7/16* 


(It is customary to use 1/2 of web area as effec- 
tive in bending, thus effective flange width ® 

(3- .25) = 2.875*) 

2 

The allowable bending tensile stress is 
9400#/! n. * . The tension or lower flange will be 
less thick than the upper flange due to this high- 
er allowable, thus an average stress of .9 times 
the maximum would appear more reasonable. 

Preliminary required area for the tension 
flange equals; 

276000/(8.6 x # 9 X 9400) = 3.84 sq. in. 

t t * 3.84/2,875 = 1.33*, Use 1-5/16" 

Before going ahead with the accurate stress 
calculation involving the moment of inertia, a 
further check will be made of the flange thick- 
ness arrived at above, which was based on several 
assumed values. 

For t c = 2-7/16, t c /h = 2.43/10= .243, Fig. 


ca.e 
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C8.2 gives Fbc = 6375 when b’/b = .083. Fig. 
CQ.ll shows the internal bending stress distri- 
bution assuming plane sections remain plane 
after bending and stress varies as strain. The 
average stress on the upper flange is 4457#/in. a 
and 8355 on the lower. The arm of the internal 
stress resisting couple is 8.3", hence area of 
compression flange = 276000 = 7.46 sq.ln 

4357 

7.46 


t c * 


rm 


= 2.59 


x "6.3 
use 2-5/8" 



Tension flange area 
3.97 


276000 


t t * 


.2875 


8355 X 8.3 
- 1.39 - use 1-3/8” . 


= 3.97 


With these preliminary flange thicknesses 
the moment of inertia of the section as shown in 
Fig. C8.12 will be computed. Table C8.4 shows 
the calculations. Axis 1-1 was assumed as ref- 
erence axis. 


f. A* _ 2 . 625 _ Qz; 
Z c /n - — jgp- - .26 


Fig. C8.2 
F bc - - 6500 

Lower Flange 


b*/b = .083 From Chart 


mo- 6500 
hence n.S» - §356 

^ 276000 


- 1 = .01 


^ (allow) = 9400 > 


= 9170#/m.* 
02 


= 9400 - 1 - 

§175 

Thus as far as bending stresses are concerned, 
no revision is necessary. 

Web Shear Stresses 

The vertical component of the axial load in 
the lower flange equals the average flange stress 
times the flange area times the slope 6 / 120 . 


9170 + 7010 


X 1 .37 x 2.875 X = 1595# 


Net shear load on web = 5400 - 1595 = 3805# 

The maximum shear stress occurs at neutral axis. 

. . V/ydA.3805x (3.77 x 5.21 + 5.9 x .125x2.95) _ 
r s 


TT 

1880#/ln. 1 


17?. 5 x .25 


The allowable shear stress F s for 6 ” diaphragm 
spacing = 

F s = 960 + 5119.45,5 x 8 = 2320#/in . a 


M s a 2320 , = 


,24 


Teblo C6.4 


Portion 

Area 

k 

y 

Ay 

Ay 2 

*» ■ 1 * m3 

*1-1 

Upper flange 

7.50 

3.687 

27.50 

102.00 

4.60 

106.60 

Lower Flange 

3.77 

-4.312 

-16.27 

70.00 

0.62 

70.62 

Web 

1.25 

0 

0 

0 

10.40 

10.40 

Total 



11.23 j 



187.62 


Assuming the wing rib spacing is 12" and placing 
web diaphragms only at each rib, the above allow- 
able stress formula would give 1965#/ln. a In 
this case margin of safety of web would be cut to 
.04. 


Check glue stress between webs and lower flange ;- 


f _ V/ydA _ 5400 x 3.77 x 5.21 
I “177.4x 1.375x1x2 


= 217#/ln. a (V IS 
conservative) 


allowable -250 M.S. 



.15 





n. 2 g , s . 

T57S2 ,a 


I N>A< - 187.6 - 12.52 x .9* =177.5 In. 4 

y u 4.1 * 3 y L 

Upper Flange f b = ^§ 7 ^ = - 6380#/ln. ! 


TX = M * 1 


The student should design a section at two 
or three other points farther out on the span in 
order to determine the taper of the master sec- 
tion. 

C8.S Allowable Stresses for Combined Beading end 
Compression. 

Combined bending and compression loads are 
usually produced on wing or tall surface beams 
when the surface is externally braced. Fig. C8.13 
illustrates two common types of airplanes in which 
the wing beams are subjected to bending and com- 
pression loads. In cantilever surfaces axial com- 
pression is usually relatively unimportant as com- 
pared to externally braced surfaces. Fig. C8.14 
illustrates several cases in which axial loads in 
wing beams are produced in cantilever wings. 
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(3) In the left half of the chart are two 
series of curves, one series Is labeled with L/f 
values to which they apply and the horizontal 
series Is unlabeled but represent the elastic 
limit stress values as affected by the fp/ft 
ratio of stresses. Taking as an example a value 
of L/< = 95 we Interpolate value of elastic limit 


stress between curves at point C and follow out 



to Its intersection with the Interpolated value 
of L/{ s 95 curve giving point E on chart. (L = 
distance between points of Inflection). 

(4) Draw line E D connecting the points E 
and D. 

(5) Assume that fp/fp ratio Is .82 for our 
particular section. Thus taking this value on 
the obsclssa, project upward to line ED to locate 


Air loads on outsr KiStMnc. 
panel dua to diho- f \ 

dral product axial j 

load component on 1 I 

cantor panel. Side , . 

load on landing * - 

gear produces axial fig. Ct-14 
load on wing beams. I 



truss systsm for drag and 
torsional loads produces 


axial loads in beams. 


point F. The allowable combined compressive 
stress is then obtained by projecting horizontal- 
ly to point a. 

(6) If conditions were such that L/£ = 30, 
it Is observed that the lowest L/p curve plotted 
Is L/t = 50. Hence locate point H at L/< = 30 at 
lower left side of chart and draw line DH. Then 
project upward from the given value of fp/ft to 
give point I on line DH. Projecting horizontally 
to left side scale at point J we obtain the allow- 
able combined stress. 

C8. 9 General Rules to be Observed in Using Fig. C8.15 

and Design of Beams In General 

(1) Filler blocks may be neglected in com- 
puting ^ to be used with the curves of Fig. C8.15. 
For beams which taper in section, an average value 
of ^ should be used. 


The allowable com- 
bined bending and com- 
pression stress can be 
determined by curves of 
Fig. C8.15 based on the 
method developed by the 
Forest Products Labora- 
tory. The allowable 
combined stress using 
these curves Is found 
as follows 

(1) Using t c /h and 
b* /b for the given beam 
section, for example 
take 0.225 and 0.25 re- 
spectively, find the 
elastic limit In bend- 
ing using the lower 
dashed set of curves as 
denoted by point W A W on 
Fig. C8.15, and deter- 
mine the modulus of rup- 
ture on upper set of 
curves giving point "B". 

(2) Project points 
A and B to the central 
line, which gives 
points C and D. 
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(2) In computing the modulus of rupture 
and the elastic limit in bending, the properties 
of the section being investigated should be used. 
Filler blocks may be included in the calcula- 
tions for section properties. Allowance should 
be made for bolt holes in computing section prop- 
erties. 

(3) The slenderness ratio L/< should be 
based on the distance between the points of in- 
flection. In general the movement of the points 
of inflection due to secondary moments produced 
by end loads times lateral deflection are not 
large and since the allowable stress Fp is not 
very sensitive to L/? values it is permissible 
to take L as distance between points of inflec- 
tion due to bending under transverse loads only. 
For a beam carrying a uniform transverse load 
with end compressive loads Fig. C8.16 can be 
used to find exact distance between points of 
inflection. 

Fig. C8.17 illustrates typical possible 
cases that might occur on a wing beam continuous 
over 3 spans. The end moments and transverse 
loading on center span are such as to produce no 
points of Inflection. 

In the outer panel for the design of span 
portion use column length - Lj. For design of 
outer strut region use column length L = 2a. 

For center panel for design of span portion use 
effective column length = L # or more conserva- 
tive us L a . For design in strut region use col- 
umn length as L . 

In a cantilever beam with a double internal 
drag truss system as Illustrated in Fig. C8.14. 
axial stresses constant between drag truss pan- 
el points are produced. There are no points of 
inflection in cantilever beams and since these 
drag truss axial loads are relatively small com- 
pared to bending stresses due to loads in the 
beam direction It Is usually satisfactory to use 
the modulus of rupture In bending and correct it 
by the ratio of fp/f t to obtain the allowable 
combined compressive stress. 


for the biplane sketched in Fig. C8.18 will be 
analyzed for stresses and margins of safety. 

Fig. C8.19 shows the general details and dimen- 
sions of the lower front beam, a beam taken from 
an actual airplane. Fig. 08.20 shows the beam 
section In the span and at the strut point, also 
the properties of each section. 

The lower beam is supported by a hinge fit- 
ting at point (1) and by a lift wire and inter- 
plane struts at point (2). 
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(4) For bending and tensile axial loads, 
the ma-ri mum computed combined stress on the 
tension flange should not exceed the modulus of 
rupture of a solid beam In pure bending. 

CS.10 bu.lt Probla* #4 

To Illustrate the use of the allowable 
stress 'chart Fig. C8.16 for combined bending and 
compressive stresses, the lower front wing beam 


(Rtf. ACIO #493) 


The beam carries a lateral distributed air load 
and axial loads due to lift wire, interplane and 
drag struts. Fig. C8.20 shows the loads on the 
beam for a high angle of attack condition which 
have been determined from a stress analysis of 
the wing cellule. For an Inverted low angle of 
attack condition with negative gust the axial 
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cyi 



3 


/El /l.3x 10 "x 17.21 

= VT" V 3553 



wj 

Di 

D. 

L . 

I ' 


• = 22.06 x 6775 * 149700 
= M,. - wj* = 2086 - 149700 = - 
= M, - wj* = 28810 - 149700 = • 


109.5 _ 

■ lO- “ 


1.33 


From Table A10.2 of Chapter A10 


82.3 


147615 
• 120890 



Section LF-2 

A/e a- 92 

l, *2292 
*6.53 
Clap * 6J7 
P*> */. SB 


Fig. C6-20 


sin j = .9711 
cos j = .2385 
Subt. In (1) 

, _ Xm_ 120890- (-147615 X .2385) _ 85690 _ 
tan j -147615 x .9711 143500“ 

.598 

52 = tan* .598 = .539, hence 

J 

Xm = 82 . 3 x .539 = 44.2** the distance from 
left end to point of max. span moment. The maxi- 
mum span moment Is given by the following equa- 
tion (See Chapter A10) 


loads on the beam would be of similar character. 
However, air load would act down instead of up. 
This fact explains why beam was made symmetrical 
since bending stresses are reversed In the 2 
critical design conditions. 

Only the H.A.A. condition will be consider- 
ed in these illustrative calculations. 


Wmj!2.aSfy H 

mum /n 1 1 1 EUD 






to 






Moment . 


•*8,9/0** 

(2) 


£ »/*f.£ — 

Fig. Ct-20 ou 


Investigation of BAY Section at Point of Maxi- 
mum Bending Moment 

Section LF-1. I = 17,21 

Bending moment at (1) due to hinge eccentricity 
= n x = .4375 X 4765 - 2085**# 

Bending moment at strut point (2) due to beam 
overhang 

* M a = 28810**# 

The beam is subjected to a varying end load. 

For computing secondary moments due to axial 
load times lateral deflection, an average axial 
load will be assumed. Average axial load P = 
(4765 4 3164 4 1 980) ,-33^ 

The point of maximum bending moment In span Is 
given by following equation (See Chapter A10) 

Tan 2 = D„ - D t cos ^ (1) 


^Wx. 


4 

cos 


Xm 


147615 


cos y = .8582, hence M max> = ygggg- 


4 149700 * 


-22300"# 

The combined compressive stress on extreme fiber 
due to bending and axial load - ft 


f t = jrT = “ot“fSr = " 685 “ 3475 = “ 4160#/ln> 


= * 836 

The column length L equals distance between points 
of inflection, and is determined from Fig. C8.16 
where for 


^ = = - 15 and 3 = 82 - 3 ' the chart 
w J 149700 g lve8 L = 84** 

Hence L _ 84 _ .. 

? 1.92 ~ 

Using t c /h = 0.127, t/J=0.26 and values of L/f and 
f to /ft as found above we find the allowable combin- 
ed stress Ffc C from chart of Fig. C8.15 equals 
- 5900#/in. * 

5900 , (See discussion of marg- 

M,s * = IT35 " 1 = in of safety Art. AlO.5 
of Chapter A10) 

The combined stress on extreme fiber of upper 
flange equals - 685 ♦ 3475 = 2790#/in. # With an al- 
lowable stress of 9400#/in. , the upper flange is 
not critical. For a negative acceleration condi- 
tion this flange would be more critical. 
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investigation of Section 36" from left end 

Observation shows the axial load in the 
left end drag bay is -4760 against - 3164 in 
center bay. Thus a section Just inboard of drag 
strut filler block may be more critical than 
point of maximum bending moment. 

The value of the bending moment at any dis- 
tance from point (1) is given by the equation 
(See Chapter A10) 


xm 


M X = D X (tan ^ 


• sin X/J + cos x/J) ♦ wj* 


x 25 35 x/J - s *425 , 

From Table A10.2 Chapter A10 sin x/J =,41221 

cos x/J = .9110 

H x = -147615 ( .598 X 4122 + .9110) + 149700 ’ 
-20200 


f t = rr 


My _ 4765 20200 


"04 ” 6742 “ 


= -1028 - 4156 = -4173 


fb/^t ~ ~ 


From allowable stress chart Fbc = -5700 


M.S. 


_ 5700 
“ 4173 


- 1 = .36 


Investigation of Beam Shear strength Strut Point 

(2) 

V = 1450# 

f _ VQ _ 1450 X 6 . 17 
f s TE ~ 22.8^ x 1V§4 20 

F s = 750 for spruce M.S. = 2,73 
Point 10" Inboard of Strut Point (Section LF-1) 


V = 1450 - 10 x 22.05 = 1230# 
1230x4.09 


fs = 17.21 X .5 


584, F s = 750, M.S. * .28 


C8.ll Shear Moduli for Spruce and Spruce Plywood 
Webs 

For finding flexural as well as torsional 
deflections due to web shear stresses or wall 
shear stresses in cellular box beams ANC-5 gives 
the following data for the shearing modulus. 

For spruce G = = 84000#/sq.in. 

For spruce 45° plywood G = 420,000#/sq.in. 


C8.12 Design of Wood Colunns 


Investigation of Section at strut Point (2 ) 

Ref. section LF- 2. Area = 92 I/y = 8.53 
Combined compressive stress upper flange 


1980 

~0" 


. = -215 - 3380 = -3595#/ln. ‘ 


fb/ft 


3380 

'3555 


= .94 


L _ 2x 23.5 _ 

e~ "135 


L is usually taken as twice the distance from 
strut point to point of inflection in the span = 
23.5" In this case. For 


t c /h= .5 and ~ 10 and the values L/? and 
f b /f t found above Fig. C8.15 gives allowable 


Fbc = “ 9000 
M.S. = 


9000 


1.5 


Investigation of Section 10" Inboard of Strut 
Point (2) 

Section LF - 1 is used at this point 

The value of the bending moment at any dis- 
tance x from point (1) is given by the equation. 

M x a D 1 (tan > ln 3* COS «j) ♦ wj* 

Y QQ 

X * 109.5 - 10 = 99.5, j = gg-g “ 1 . 81 


From Table A10.2 of Chapter A10. 

sin x/J =,9366; cos x/J = .3530 

Hence 

Mx = -147616 ( .598 x .9356 ♦ .3530) + 149700 = 
15000"# 

f t = - ^^2 « -426 - 2340 = -2766 

fb/ft = Wzi * *55 L/^ = 30 Fbc from chart = 
2765 5950 


M.S, 


5950 

~ § 75 § 


-1 = 1.15 


The allowable stresses for solid spruce col- 
umns are given by the following formulas: (Ref. 
ANC 5) 

Long columns - 

„ 13,000,000 _ „ _ 13,000,0001 

F c = (v/iY' - or Pa — 

The critical L’ /{ value = 72 
Short columns - 

F c = 5000 - .50 (L’/e)* 

where F c = ultimate allowable axial compres- 
sion stress in psl, 

L’ = effective column length = L/y/ C 
where C is the end fixity coef- 
ficient. 

( = least radius of gyration of cross 
section or about the axis which 
bending of column takes place. 

I = moment of inertia about neutral 
axes. 

The above formulas are plotted in Fig. 08.21 

C8.13 Local Failure - Lateral Buckling 

The above formulas apply only to beams of 
constant cross-section. They likewise do not 
apply to column sections with free edges that 
will fall by local buckling and for unconvention- 
al shapes. The column strength of such columns 
should be determined by tests. 

The moment of inertia of wood beam about an 
axis normal to the transverse loading is usually 
considerable larger than about the other rectang- 
ular axis, thus the beam may fail by lateral 
buckling and thus beams should be checked for 
lateral strength, (see problem #5) 
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C8.14 Example Problem #15 



Combined column strength = - 9750 - 6650 * -16400# 
Design end loads for both beams = -9233 - 9571 * 
-18804# 

Thus the beams appear weak In lateral column 
strength between drag truss Joints. However, If 
a metal loading edge portion is used on the wing 
panel it Is permissible to decrease the combined 
column load by 1/3. Thus design load 

= 2/3 x -18804 = -12550# against a computed 
strength of - 16400# which provides a margin of 
safety. 


Fig. C8.22 shows a typical externally 
braced wing panel. The lift struts produce 
large axial compressive loads P on the front 
and rear wing beams between polntsAB and CD. 

The beams tend to bend laterally, between drag 
strut points as illustrated by the dashed lines. 
Since the beams are tied together by wing ribs 
they must both fall or bent laterally together. 
Since a metal covered leveling edge is conven- 
tional design practice this fact will add furth- 
er’ lateral strength to beams as the loading edge 
skin forms a closed box section which provides 
additional beam strength. 

The axial load P on front beam Is -9233# 
and -9571# on the rear beam between the points 
AB and CD respectively. The properties of the 
two beam spruce sections are as follows 
From beam: - Area = 4.64 sq.ln. 

Iyy = 0,83 in. 4 

e y = 0.42* 

Rear beam: - Area = 4.29 

I vv = ^ ,22 

fy = 0.53 

Let It be required to determine the lateral 
strength of the wing beams. 

The free length of the beams in lateral 
bending will be taken as equal to the length of 
a drag bay or 40.37* . The end fixity coeffi- 
cient C will be assumed equal to 1. Considering 
front beam only:- 
i * 4 Q 37 

~ = 96, hence a long column 

P a = 13,000, 000 x - -6650# 

Considering roar beam:- 

Y = *^g| 7 - 76 (long column) 

F a * 13, 000, 000X 1.28/(40,37) •« 9750# 


C8. 15 Splicing of Wood Boaao 

Butt Joints with gluing of the end grain sur- 
faces should not be used in members subjected to 
bending and tensile loads. Splices are sometimes 
necessary because the beam element is longer than 
the wood stock available. In some cases particu- 
larly plywood webs, splicing of one thickness web 
to another of different thickness Is done to save 
weight. In splicing the flange members of beams 
the location of the splice if convenient should 
be near the point of inflection in order that the 
bending forces be limited to small value. Simi- 
larly shear splices is possible should be locat- 
ed in the region of low shear as an added factor 
of safety. 

Side grain gluing can be approximated in 
splices by scarf Joints. For splicing soft 
woods a scarf slope of 1 in 10 and for hardwoods 
1 in 15 will produce a Joint as strong In tension 
along the grain as the solid wood. Figs. C8.23 
to 26 illustrates methods splicing wood beams as 
recommended by the Bureau of Air Commerce. 



Fig. C8.23 Method of Splicing Solid or Laminated 
Rectangular Beams. 

Fig. C8.23 Illustrates the recommended method of 
splicing a solid or laminated rectangular beam 

(a) with either spruce or plywood splice plates 

(b) . If spruce splice plates are used the grain 
should run horizontal or parallel to the beam. 
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If plywood Is used the grain should run at 45°. 
No fittings are to be placed within the distance 
(L). 



Tig. C8.24 Method of splicing Routed (I) Sec- 
tion Beam. 

Fig. C8.24 shows the recommended splice of a 
routed I section. The proportions and lengths 
of the reinforcing or splice plates (b) and (c) 
are expressed In terms of the original dimen- 
sions (A) and (B) of the I-sectlon. No fittings 
are permitted within the distance (L). 


Fig. C8.26 Method of Splicing Box Beam Webs. 

Fig. 08.26 Illustrates the recommended method of 
splicing the plywood webs of a box beam. Por- 
tions (a) and (b) represent the old portions of 
the web and (c) represents the new Inserted web 
portion. The scarfs between webs are located at 
(e) and (d). The scarf Joints are covered by the 
cover strips (f) and (g). To strengthen the Joint 
filler blocks (h) are used as shown. 



Fig. 08.25 Method of Splicing Box Beam Flanges 

Fig. C8.25 illustrates one method of splicing 
the beam flanges. The spruce splice plates (a) 
and (b) are glued to the bottom of each flange. 



Fig. C8.26a Method of Splicing Box Beam Flange. 

Fig. C8.25a illustrates another method of splic- 
ing the flanges of a box beam. A reinforcing 
block (f) Is Inserted between the flanges with 
dimensions as shown. Splices In the web should 
be staggered as shown at (g) and (h). 


FITTINGS 

C8.16 Bolted Fittings in Wood Members. 

It is common practice to use either solid 
steel or aluminum alloy bolts In attaching fit- 
tings to wood beams. Tests by the Forests Prod- 
ucts Laboratory showed that hollow bolts with 
comparatively thin walls were little If any more 
efficient than solid bolts from a weight stand- 
point, since the allowable bearing stresses of 
wood on hollow bolts was reduced considerably. 

Figs. C8.27 and C8.28 gives curves for the 
bearing strength of solid bolts on wood parallel 
and perpendicular to the grain respectively. 

Cft.17 Allowable Bearing Streaaea at an Angle with 
the Grain. 

For cases where the resultant load on a 
bolt acts In a direction between 0° and 90° to 
the grain, the allowable bolt load can be calcu- 
lated from the expresslon:- 

N « 

where 

N = the allowable bolt load 
p = the allowable bolt load parallel to grain 
using Fig. C8.27 

Q * the allowable bolt load perpendicular to 
grain using Fig. C8.28 
9 = angle between applied load and the dir- 
ection of the grain of the wood. 



Ci#lS Bolt Spacing and Bolt Sdgo Distance. 

Fig. C8.29 gives curves for determining the 
distances between bolts and allowable distances 
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between bolts and the edge of spruce wood memb- 
ers, when the bolt loads are parallel to the 
grain of the wood. These allowable distances 
were obtained by finding the length necessary 
for the strength of the wood In horizontal shear 
to develop the bearing strength of the bolt on 
the wood. For other woods the distances ob- 
tained from the chart may be multiplied by the 
factor, 

K = f ce /5.33 f a 

where f ce = allowable stress at elastic limit in 
compression parallel to grain 

f s = allowable shearing stress parallel 
to grain of material 

For a Joint In compression the bolt end 
distance should be large enough to prevent end 
splitting. Four bolt diameters Is suggested by 
ANC 5. 

For transverse bolt spacing ANC-5 gives the 
following recommendations:- The net tension 
area at a critical corss-section, should be at 
least 80 percent of the total area In bearing 
under all the bolts for coniferous woods, and 
100 percent when hardwoods are used. The dis- 
tance from the edge of a wood member to the 
centerline of a bolt acting parallel with the 
grain should be at least 1-1/2 times the bolt 
diameter for bolt length/bolt diameter ratios 
of around 5 to 6. In most cases the net area 
requirements at the critical section will be 
such that an edge margin equal to half the dis- 
tance between rows will be sufficient to meet 
the above requirements. 

For loads acting perpendicular to the 
grain, the distance from bolt centerline to 
edge of member should be at least 4 times the 
bolt diameter. 

C8.19 Illustrative Problems. 

Example Problem No. 6 

Fig. C8.30 illustrates a typical flying 
wire connection to a wing beam. The beam Is a 
spruce flange, plywood web box beam. In the 
region of the strut point, the beam is reinforc- 
ed between flanges by an Internal tapered 
spruce block and external side plates of maple 
1'2 inch thick. A 1-3/4 Inch diameter steel 
trunlon transfers the two wire loads to the 
beam. The design wire load Including a 15 per- 
cent fitting factor is 14000#. Let it be re- 


quired to determine the margin of safety for 
bearing of trunlon on wood beam, also for shear 
out of reinforcing blocks. In general the above 
joint would be subjected to another load from 
struts connecting the wings, however this simpli- 
fied condition will Illustrate bearing stresses. 


Solution 

Let P = allowable trunlon load parallel to 
grain. The plywood web will be considered only 
50% effective. The total effective spruce width 
= 2 + .125 = 2.125 inches, and for the maple 
side plates 1 Inch. 

Therefore, P - 1.75x2.125x50000+ 1.75x1 
x 7500 = 31750 lbs. Since Fig. 08.27 covers only 
bolts up to 3/4 diameter, the allowable compres- 
sive stresses from Table C8.1 will be used, 
which gives 5000 for spruce and 7500 for maple. 

Let Q = allowable bearing load on trunlon 
perpendicular to grain. 

Q = 1.75x2.125x840+ 1.75x2170 = 6940 lbs. 

Let N = allowable trunlon load In the di- 
rection of wire pull. 

From Art. C8.17 N = r _ T _S___ F or 


e •= 35°, 

_ 31750 x 6940 

N 31750 x 7571 * + 6940 X .61^ 


= 14700 lb. 


Design fitting load = 14000, Hence M.S. ={14700/ 
14000) -1 = .05. This estimation of the ultimate 
bearing strength of trunlon on beam section as- 
sumes each wood Is stressed to its ultimate In 
bearing with no consideration regarding relative 
values of modulus of elasticity. Since the 
strains are In the plastic range at falling pres- 
sures, the above solution no doubt gives a reas- 


onable result. 

if the elastic theory holds, a solution could 
be made as follows: 


E of spruce = 1.3 x 10* 5 psi, and for maple E = 1.6x 
10® psi. Therefore when spruce is stressed in 
and 840 psi parallel and 
respectively, then the maple 
1.6/1. 3 = 1.23 times these 
1035 psi respectively. 

Hence P= 1.75x2.125x5000 + 1.75x1x6150 = 29360 
Q = 1 .75 X 2 .125 x 040 + 1 ,75 X 1 X 1035 = 4920 
„ 29360 x .4920 

N " 29(560 X .571 8 + 4920 X .819* ~ 11220 lb ‘ 


bearing to 5000 psi 
normal to the grain 
will be stressed to 
values, or 6150 and 


M.S. = (11220/14000) - 1 = -.20 



The first result appears more reasonable 
since strains are in the plastic region. 

Example Problem No. 7 

Fig. C8.31 shows a typical drag wire-drag 
strut-wing beam fitting unit. The design load 
in the loaded drag wire including fitting factor 
is 3000#. Determine the margin of safety for 
bearing of bolts on wood beam. 

Solution:- The component of wire pull parallel 
to beam equals 3000 cos 36°-52 t =2400# and 3000 x 
sin 360-52 1 =1800# normal to beam. The load com- 
ponent parallel to beam is resisted by two bolts, 
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one 3/8 and the other 1/4 Inch In diameter. 

Since the load is applied to only one end of the 
bolt a triangular bearing force is applied to 
the wood with the maximum stress equal to twice 
the average. Hence the allowable bolt loads as 
given in Tig. C8.27 must be decreased 50 per- 
cent . 

Thus bearing strength of 3/8 bolt on 2-1/4 
wood width = 3200 - 1600# and for 1/4 dla. bolt. 

2 

bearing strength from Fig. C8.27 - 1800 - 900#, 

2 

giving a total allowable bolt loed applied at 
one end of the bolts of 2500#. Hence margin of 
safety - 2500 - 1 ~ .04. r 
2400 

The 1800# component of the wire pull pro- 
duces a 1800# tension load in bolt B, which Is 
resisted by the head of the bolt bearing on the 
bearing plate on beam which in turn transfers 
load in bearing to beam face. The size of the 
bearing plate must be such as to prevent crush- 
ing of the wood underneath the plate. The al- 
lowable bearing stress on wood perpendicular to 
grain = 840 psi . The approximate bearing pres- 
sure between plate and wood from load In bolt B 
is 1800/1.5 x 1,75 605 psi which is satisfac- 

tory. 

Example Problem No. 8 

Fig. C8.32 shows a typical end hinge fit- 
ting unit for a wood wing beam. The two loads 
shown are transmitted to beam by 5 - 3/8 dla. 
bolts. Let it be required to determine the 
margin of safety for bearing of bolts on wood 
beam. 

— ^ — 




Solution:- 

Since all bolts are same size the centroid 
of the bolt group lies at center of bolt c. The 
two external loads as shown will be transferred 
to centroid of bolt group plus a moment of 825 x 
3 = 2475”# which equals the moment of fitting 
loads about bolt group centroid. 

Load per bolt due to horizontal load = 

10000/5 = 2000# 

Load per bolt due to vertical load = 

825/5 = 165# 

Load on each of the four bolts a, b, d, and 
e due to moment of 2475"# = Mr = 2475x1.68 = 

rz* — rrs — 

368# acting norm al to radii to bolt centroid. 

(2 d* = 4 x 1.68 a = 11.3) (See Chapter 04, for 
derivation of term Mr ). Since the moment on 

O 1 

the Joint tends to relieve the load on the bolts 
d and e due to 10,000# load, it is obvious that 
bolts a and b are critical. Fig. C8.33 shows a 
force polygon of the reaction of bolt a on the 
wood beam. The resultant load can be found 
graphically as shown or determined analytically 
as follows:- 

ZH = -2000 - 368 x = - 2328# 

1 .DO 

ZV • -165 - 368 x .75/1 .68 = -329# 

Resultant load R =V2328’U329* = 2360# 

6 - tan 1 -329/-232S = .1417, hence © = 8° - 4" 


A 


Fig. Cl- 3 3 a 



P = allowable bearing load parallel to grain for 
3/8 bolt on 1-3/4 width wood c 2730# (From 
Fig. C8.27) 

Q ~ same but perpendicular to grain = 880# (From 
Fig. C3.20) 

Allowable bolt load equals 

PQ . 2730x880 _ 

N " PsTn* fiTQcos-'e ' ^S6x .l46M66x':§'§5 f 2620# 

2620 

Hence margin of safety on bolt a = gggg- l*.ll 



Consider Bolt b 

Fig. C8.33a shows force polygon for bolt b. 
It is obvious that the resultant load is less 
than on bolt a. Also the allowable bolt load N 
is larger because 0 is very small. 

The student should check the bolt edge dis- 
tances on wood beam to see if they satisfy re- 
quirements of Fig. C8.29. 
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Since wood Is not an Isotropic material, 
the assumption on which the torsional resistance 
of the bolt group is based does not strictly 
hold, thus a reasonable M.S. should be maintain- 
ed on the wood bearing loads. 

PROBLEMS 




Determine the margin of safety for 
the beam for the given loading at 
three sections, namely, point of 
maximum span moment, strut point 



and section (a-a) . 


Fig. C8-40 


Fig. C8-35 Fig. C8-36 


(1) Fig. C8.34 represents a 
spruce box beam with cross-section 
as shown In Fig. C8.35. The webs 
are 2 plywood spruce. For the 
given external beam loading, deter- 
mine the margin of safety in bend- 
ing for points of maximum positive 
and negative bending moments. For 
a given web diaphragm spacing of 7 
Inches determine the margin of 



Fig. C8-37 


web for given loading. What is th^ margin of 
safety for glue strength between wabs and 


flange? 


(2) If the cross-section of the beam of 
Fig. C8.34 is changed to the spruce (I) section 
of Fig. C8.36, what is the margin of safety In 
bending and shear for the given loading. 


(3) The spruce beam section of Fig. C8.37 
is subjected to an external shear load V ~ 

2000 lb. Determine the margin of safety for 
glue strength at sections (a-a) and (b-b). Also 
determine the maximum web shear stress and 
margin of safety for given shear load. 




(6) Fig. C8.41 Illustrates a connection of 
the wing lift strut to wing beam. Find allowable 
load (P) in strut. 

(7) Fig. C8.42 Illustrates a beam end fit- 
ting. If P = 12000 lb., and V = 2000 lb., deter- 
mine the approximate margin of safety of the 
bolted connection relative to wood strength. 

Beam width = 2". Material spruce. 


(4) For the cantilever beam and loaning of 
Fig. CQ.38 design a box spruce beam with plywood 
webs for the section of maximum bending moment 
and shear. 

(5) Fig. C8.39 Illustrates a wing beam of 
a conventional biplane or braced monoplane. 

The master section of the spruce beam is shown 
in Fig. C8.40. The beam is subjected to the 
following loadings: uniform left running b 
beam load w - 46 lb. per Inch, axial loads P = 
-8000 lb., P =-1000 lb, and P = -1100. 
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C9 • 1 In troduc t ion 

Methods of analyzing a stiffened cellular 
structure under combined axial, bending and 
torsional loads are being constantly revised and 
modified as more Information dorived both from 
experimental and theoretical research is obtain- 
ed. The general methods of solution as given in 
this chapter are being widely used in the in- 
dustry, but the stress analysis engineer should 
always check the latest requirements of the 
government agencies relative to the stress analy- 
sis procedure for a wing structure. 

The student before beginning the study of 
this chapter should review the following chap- 
ters. (A5, A13, A14, A15 and Dl). The complete 
stress analysis and design of a conventional 
wing cellular beam structure Involves hundreds 
of engineering man-hours, involving possibly 
several hundred pages of calculations. The 
simplified example problems and discussions in 
this chapter however can illustrate the applica- 
tion of the general theory to wing analysis and 
design. 

As discussed In chapter Dl*, the wing is 
subjected to distributed air and inortia loads 
and in many cases concentrated reactions or 
forces from other major items attached to the 
wing as, for example, the landing gear and power 
plant. The direction and location of these for- 
ces change with the various flight and landing 
conditions, thus a wing structure is one that 
will be subjected to bending in various direc- 
tions as well as twisting forces and, in many 
conditions, axial forces are also produced. The 
stiffened cellular type of structure is a type 
of structure which is suitable for the efficient 
resisting of such loads. Besides being effi- 
cient in transmitting the applied loads to the 
supporting structures such as the fuselage or 
landing gear, this type of structure due to the 
stringers, ribs and metal covering, provides an 
excellent means ror distributing the air pres- 
sures to the main transmitting structural units. 

C9.2 General Types of Cellular Wing Structures. 

The simplest type of wing structure would 
be a tube with an airfoil shape. This type for 
most materials would be far too heavy since the 
wall thickness required would be excessive due 
to the fact that the compressive buckling stres- 
ses would be low since certain regions of the 
airfoil contour are practically flat. Thus, in 
general, all types of present day wing cellular 
structures Incorporate various spanwise stiffen- 
ing elements. These spanwise elements are 


attached to the cell exterior and interior webs, 
thus forming an efficient system for resisting 
bending and torsional forces. Fig. C9. 1 shows 
the various types of wing structures relative to 
the location of flange and web material. 

In Figure C9.1, the various designs have 
been divided into two general classes, and are 
referred to as the concentrated flange type and 
the distributed flange type. In the concentrated 
flange type, the flanges in general are connected 
to each other by interior webs, whereas In the 
distributed type, the spanwise flange material is 
also attached to covering between internal webs 
or is continuous between Interior webs In the 
form of corrugations. 

All types consist of one or more closed 
cells which provides the torsional rigidity. To 
provide bending strength In any direction, at 
least three spanwise flange members are necessary 
as illustrated in Fig. (a). This assumes that 
the sheet metal covering buckles and Is not ef- 
fective in resisting bending compressive stres- 
ses. The structure and covering aft of the main 
structural cells is generally referred to as 
secondary or distributing structure as its gen- 
eral purpose is to transfer the air loads on this 
portion forward to the structural box beam. In 
many cases, the wing covering in this region is 
doped fabric. Photograph series C9.1 shows 
various types of wing structure which have been 
designed and built. 

C9.-3 General Considerations In the Selection of 

the Proper Type of Wing Structure. 

In every airplane design, there is usually 
one or two types of wing structural layout which 
will provide advantages over the other various 
arrangements that are commonly used. The follow- 
ing list of factors have considerable Influence 
on the selection of the best type of wing struc- 
tural arrangement. 

1. Light weight. 

2. Fuselage or body arrangement which 
dictates method of wing-body connection. 

3. Cut-outs in wing surface. 

4. Folding wings. 

5. Wing fuel tanks - removable and integral 

6 . Flutter prevent i on . 

7. Appearance and fatigue strength of 
covering. 

8. Ease and cost of production. 
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General Discussion of Tbsse Factors 
(1) Light Vslght: 

The structural designer always strives for 
the minimum weight which Is practical from a 
production and cost standpoint. The higher the 
ultimate allowable stresses, the lighter the 
structures. The concentrated flange type of 
wing structures as Illustrated Fig. (a, b and c) 
of Fig. C9.1 permits high allowable compressive 
flange stresses since the flange members are 
stabilized by both web and covering sheet, thus 
eliminating column action, which permits design 
stresses approaching the crippling stress of the 
flange members. Since the flange members are few 
In number, the size or thickness required Is 
relatively large, thus giving a high crippling 
stress. On the other hand, this type of design 
does not develop the effectiveness of the metal 
covering on the compressive side, which must be 
balanced against the saving In the weight of the 
flange members. 

In the distributed type of flange arrange- 
ment (Fig. C9.1), a portion of the covering on 
the compression side is made effective since it 
is attached to closely spaced stringers or corru- 
gations. However, the flange stringers between 
cell webs are supported only at rib or bulkhead 
points and thus suffer column action normal to 
the cell covering. This factor reduces the flange 
allowable compressive stresses since it Is not 
practical to space wing ribs less than 12 to 18 
times the flange stringer depth. Thus, If there 
were no other controlling factors, one could 
easily make calculations to determine which of 
the above would prove lightest. In general, If 
the torsional forces on the wing are small, thus 
requiring only a thin covering, the concentrated 
flange type of wing structure should prove the 
lightest. 

In general, the flange material should be 
placed to give the largest moment of Inertia in 
the Z direction, which means in general that the 
flange material should be placed between the 15 
and 50 per cent of wing chord from the leading 
edge . 

The secondary or distributing structure aft 
of the structural box beam should be made as 
light as possible and thus In general the farther 
forward the rear closing web of the box beam, the 
lighter the wing structure as a whole. 

In the layout of the main spanwlse flange 
members bends or changes in direction should be 
avoided as added weight is required In splicing 
or In transverse stiffeners Which are necessary 
to change the direction of the load in the flange 
members. If flange members must be spliced, care 
should be taken not to splice them In the region 
of a maximum cross-section. Furthermore, in gen- 
eral, the smaller the number of fittings, the 
lighter the structure. 

The detrimental action of shear distortion 
on the flexural stress distribution, commonly 
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referred to as shear lag should be given care- 
ful consideration. This Question is discussed 
in Art. C9.16. 

(2) Fu*«l»g« or Hull Arrangement: 

If the airplane is of the low wing or the 
high wing type, the entire wing structure can 
continue In the way of the airplane body. How- 
ever, in the mid-wing type or semi -low wing 
type, limitations may prevent extending the en- 
tire wing through the fuselage, and some of the 
shear webs as well as the wing covering must be 
terminated at the side of the fuselage. If a 
distributed flange type of cell structure were 
used, the axial load in the flange stringers 
would have to be transferred to the members ex- 
tending through the fuselage. To provide for 
this transfer of large loads requires structural 
weight and thus a concentrated flange type of 
box structure might prove the best type of 
structure. 

(3) Cut-outs In Wing Surface: 

The ideal arrangement where continuity of 
structure is maintained over the entire surface 
of the structural box is seldom obtained in ac- 
tual airplane design due to cut-outs in the wing 
surface for such items as retractable landing 
gears, mall compartments and bomb and gun bays. 

If the distributed flange typ© of box beam is 
used, they are interrupted at each cut-out, 
which requires that means must be provided for 
drifting the flange loads around the opening, 
an arrangement which adds weight because con- 
servative overlapping assumptions are usually 
made In the stress analysis. The additional 
structure and riveting to provide for the trans- 
fer of flange load around large openings adds 
considerably to the production cost. 

For landing gears as well as many other 
installations, the wing cut-outs are confined to 
the lower surface, thus a structural arrange- 
ment as illustrated in Fig. C9.2 is quite common. 
The upper surface Is of the distributed flange 
type whereas the lower flange material is con- 
centrated at the two lower corners of the box. 

In the normal flying conditions, the lower sur- 
face is in tension and thus cell sheet covering 
between the cut-outs is equally effective in 
bending If shear lag influence is discounted. 

For negative accelerated flying conditions, the 
lower surface is in compression thus sheet cov- 
ering between corner flanges would be ineffec- 
tive in bending. However, since the load fac- 
tors In these flight conditions are approximate- 
ly one half the normal flight load factors, this 
ineffectiveness of the lower sheet In bending is 
usually not critical. 

Cut-outs likewise destroy the continuity of 
intermediate interior shear webs of such sec- 
tions as illustrated in Figs, (c and 1) of Fig. 
C9.1, and the shear load In these interrupted 
webs must be transferred around the opening by 



special bulkheads on each side of the cut-out. 
Thus, in general, It is best not to use more than 
two interior webs, or three for large airplanes. 

In many cases, cut-outs in the leading edge 
are necessary due to power plant installations, 
landing gear wells, etc. Furthermore, in many 
airplanes, it is desirable to make the leading 
edge portion removable for Inspection of the many 
installations which occupy this space in the 
portion of the wing npar the fuselage. If such 
is the case, then an interior web should be 
placed in the forward portion of the cell as il- 
lustrated in Fig. b and ^ of Fig. C9.1. 

Inspection doors for the central portion of 
the box beam structure are usually located on 
the lower side of the wing. They are usually 
fastened to two spanwlse stringers with screws 
and the removable panels are effective in re- 
sisting bending and shear load, (see Fig. C9.3) 



Cutouts in the wing structural box destroys 
the continuity of the torsional resistance of the 
cell and thus special consideration must be given 
to carrying torsional forces around the cut-out, 
This special problem will be discussed in detail 
in a later chapter. 

(4) Folding-Wings: 

For certain airplanes, particularly Carrier 
based Naval airplanes, it Is necessary that pro- 
vision be made to fold the outer wing panels up- 
ward. This dictates definite hinge points be- 
tween the outer and center wing panels. If a 
distributed flange type of structure is used, the 
flange forces must be gathered and transferred to 
the fitting points, thus a compromise solution 
consisting of a small number of spanwlse members 
is common practice. 

(5) wing Fu«i Tanks: Removal and Integral Type: 

If fuel tanks are of the removable type, 
they are usually Inserted from the lower side of 
the wing by means of removal panels, which are 
screwed to edge stiffeners and thus the continui- 
ty of the lower surface Is not disturbed. Since 
the Interior webs of a multiple web type of cell 
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Typical construction, wing trailing edge portion. 


Typical construction, wing leading edge portion. 
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Alloy sheet steel wing construction as developed by North American Aviation. 
(Photographs from Aero* Digest) 
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would be interrupted by the fuel tank, it is 
best not to use this type of cellular structure. 

If the fuel tank Is built Integral with 
the wing, that Is, the top and bottom covering 
of the wing and the Interior webs form the walls 
of the tank, many problems Involving gaB tight- 
ness arise. If a distributed type of flange is 
used, the spanwlse stringers must pass through 
the gas tight bulkhead at each end of the tank. 
This Involves the difficult problem of sealing 
the stringer cut-outs through the tank and bulk- 
heads. If on the other hand the stringers are 
cut at each bulkhead, they must be spliced or 
connected In some manner through the end bulk- 
heads. This method simplifies the gas tightness 
problem but adds considerable weight due to 
splice material, as a result of these difficul- 
ties, many structural designers prefer the con- 
centrated flange type of structure which elimi- 
nates the problem of running a large number of 
stringers through the fuel tanks. 

(6) Wing Flutter Prevention: 

With the high speeds now obtained by modern 
airplanes, careful attention to wing flutter 
prevention must be given In the structural lay- 
out and design of the wing. In general, the 
critical flutter speed depends to a great ex- 
tent on tne torsional rigidity of the wing. 

When the mass center of gravity moves aft of the 
25 per cent of chord point, the critical flutter 
speed decreases, thus it is Important to keep 
weight or the wing forward. At high speeds 
where "compressibility" effects become important, 
the torsional forces on the wing are increased, 
which necessitates extra s^ln thickness or a 
larger cell. Designing for flutter prevention 
is a highly specialized problem. 


(7) Appearance and Fatigue Strength of Wing 
Covering: 

In the concentrated flange type, particu- 
larly the one Illustrated by Fig. (b) of Fig. 
C9.1, the upper surface covering between the 
wing ribs will buckle in normal flying condi- 
tions as illustrated In Fig. C9.3a because the 
upper surface is In compression and the wide 
sheet panels have a low buckling stress. Be- 
sides these compression buckles, the covering 
will form diagonal tension fields due to shear- 
ing forces which produce diagonal compressive 
stresses. 


Upptr aurfac# 



If the airplane Is a commercial low wing type, 
the formation of these wrinkle patterns is visi- 
ble to the passengers and it creates in some 
cases a feeling of fear as It appears that the 
wing is being overstressed as the top skin 


wrinkles in various degrees as the accelerations 
are being changed by encountering air gusts. 
Consequently, for low wing airplanes It Is best 
to add distributed spanwlse members to prevent 
this wrinkling and buckling at such low load 
factors. On the lower side of a high wing mono- 
plane, the shear stresses tend to cause the 
lower covering to form diagonal wrinkle patterns, 
but the spanwlse tension stresses due to bending 
tend to eliminate the wrinkling, and thus under 
low load factors, very little evidence of wrink- 
ling Is visible and thus the concentrated flange 
type is satisfactory for lower wing surface. 

Since the buckles on the upper surface oc- 
cur at such low stresses, there Is a possibility 
of fatigue failure of the sheet near the riveted 
boundaries since the magnitude of the depth of 
the buckles Is constantly changing as the air 
loads are changed slightly due to gusts. Many 
airplanes have been built with wings similar 
to Fig. (b) and have given satisfactory service, 
so that matter of possible fatigue failure of 
the sheet covering due to constant flexing is 
only an opinlonl 

(8) Ease and Cost of Production: 

The airplane industry has recently changed 
to a mass production Industry and therefore the 
structural layout of the wing must take Into ac- 
count production methods. The general tendency 
at this time is to design the wing and body 
structure, so that sub-assembled of the various 
parts can be made, which are finally brought to- 
gether to form the final assembly of the wing 
panel. To make this process efficient requires 
careful consideration In the details and layout 
of the wing structure, photograph C9.2 illus- 
trates the sub-assembly break-down of the struc- 
tural parts of an airplane of a leading airplane 
company. Fabrication and assembly of these units 
permits the Installation of much equipment before 
assembly of the units to the final assembly. 

(See Photograph C9.3) 

C9.4 Types of Flange Members 

For the concentrated flange type of box 
beam, the flange in most cases is in the form of 
a heavy extrusion. Typical examples of this 
type of flange section are shown In Flg.s (g, h, 

1 and j) of Fig. C6.2 in Chapter CG. 

Typical stringer flange sections for the 
distributed flange type of box beam are Illus- 
trated in Fig. C9.4, 

In general, the flight positive design load 
factors are considerable larger than the flight 
negative design load factors, and since positive 
accelerated conditions place the upper portion of 
the wing In compression, the critical loads for 
flange stringers is compression. 

For strength-weight efficiency, the upper 
flange Btrlngers are generally of the closed 
type. (Fig. C9.4) . These closed sections If 
aluminum alloys are used can be formed from the 
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Various types of corrugated sheet Is fre- 
quently used as flange material for the upper 
surface of the wing. 

highest strength alloys. The objection to 
closed sections Is the possibility of corrosion 
between sheet covering and the interior of the 
stringers or corrugation which Is not open to 
inspection. As a result, open stringer sections 
as Illustrated In Fig. C9.4 are widely used as 
flange material. 



In general, the lower surface of the wing 
In the outer wing panel Is designed by tension 
for the normal flight attitude and then checked 
for the compression stresses under the lower 
Inverted flight design load factors. In general, 
open section stringers have sufficient strength 
to give a positive margin of safety for the 
lower surface, in any aluminum alloy wing, If 
24SRT sheet Is used on bottom surface, then open 
stringers rolled or drawn from 24SRT sheet should 
be UBed Instead of extrusions If advantage Is to 
be taken of the high ultimate and yield strength 
of 24SRT sheet as compared to 24ST extruded ma- 
terial. 

Many of the open stringer sections fall by 
twisting, whereas the closed sections fall as a 
column In bending or by local crippling. The 
student should refer to Chapter B6 for methods 
of estimating the strength of sheet-stringer 
units In compression. 

C9.5 Web and Wall Material. 

The interior webs of a box beam in general 
consist of flat sheets with stiffeners and are 
designed as Wagner or semi-tension field beams 
(see Chapter C7). For weight efficiency 24SRT 
alclad or 24SRT sheet should be used in aluminum 
alloy wings. The student should refer to Chap- 
ter B4 (Fig. B4.3) which explains why effective 
widths of sheet in compression are a function of 
the stress-strain relationship for the material. 

General Straae Analysis Theory and Procedure. 

C9.6 Optima* Cutting Planes. Structural Axes, 

The question of the proper cross-section to 
use in the structural analysis is a confusing 
one because wings possess various degrees and 
combinations of dihedral and sweepback and the 
structural flange members In a wing usually do 




not run parallel to each other. In general, the 
section chosen for stress analysis purposes should 
be the one which gives the minimum cross-Bection. 

Fig. C9.5 shows three typical wing arrange- 
ments with the outline of the structural members 
which make up the wing structural box. The cut- 
ting planes of sections for stress analysis pur- 
poses of the box beam as a whole are labeled 
(C-C). In the arrangement shown in Fig. C, all 
flange members run parallel except the front beam. 
However, since most of the flange material runs 
parallel, it seems logical to take the cutting 
plane C-C as shown and this Is usually done In 
practical analysis. Coordinate axes which have 
a direction perpendicular or parallel to these 
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cutting planes (C-C) are generally referred to 
as the structural axes. 

As Illustrated in Chapter Dl, It Is common 
procedure to refer the applied forces and mom- 
ents on the wing to a selected load axis, since 
the applied load analysis for the wing is 
usually carried out before any decision has been 
made as to the final interior structural ar- 
rangement. A convenient load axis as pointed 
out in Chapter Dl is one parallel to the Y axis. 
In Fig. C9.5, the structural axes for the outer 
wing panel structure which are normal to the 
cutting planes (CC) are not parallel to the Y 
axis and thus if applied loads and moments have 
been calculated with reference to a load axis 
parallel to Y axis, It is necessary to transform 
these loads and moments to the structural axes. 

If the structural axis as selected and the 
load axis have approximately the same directions 
It is not necessary to refer the loads and mom — 
ents to the structural axis as the errors will 
be quite small, and thus the cutting planes can 
be taken as normal to the load axis. 

The student should realize that very little 
error is produced if the cutting planes are not 
exactly perpendicular to the so-called structur- 
al axis, but appreciable errors are produced if 
the cutting planes are not perpendicular to the 
load axis. Therefore, always resolve all forces 
and moments with reference to coordinate axes 
which are normal and parallel to the selected 
cutting planes. 


Example Problem: 

Fig. C9.5a shows a portion of a tapered 
beam. Assume that moments My and Mg with ref- 
erence to the beam section Cr C* are known. The 
structural axis for the beam is normal to the 
section CC which makes an angle of 6° with C'C 1 . 
For moments of M z = 100,000 and My = 5000 deter- 
mine M z ’ and My* . 

Due to M z = 100,000 

M z * = 100,000 x cos 6° = 99450 

M y ’ =-100,000 x sin 6° = -10450 

Due to My — 50000 

M z * = 50000 x sin 6° = 5225 

M y ’ = 50000 X COS 6° * 49725 

C9.7 Three Flange — Three Web Tapered Closed Cell 
Beam. 

The 3- flange 3-web tapered box beam as il- 
lustrated in Fig. C9.6 is a common type of wing 
structural design for light airplanes and for 
the leading edge beams of large ailerons and 
wing flaps. To take bending in all directions 
at least three spanwlse flange members are re- 
quired, assuming of course that the buckling 
compressive strength of the thin sheet covering 
is exceeded under the applied loads. The three 
webs that connect the flange stringers provide 
the resistance to shearing forces, which the 
webs can carry in the form of diagonal tension 
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fields if the shearing buckling stresses are ex- 
ceeded. At any cross-section of the beam, there 
are 6 unknowns, namely the axial loads in the 
flange stringers which are usually referred to 
as the out of plane forces and the shear load in 
each of the three web portions which act in the 
plane of the cross-section. The problem is 
statically determinate because 6 equations are 
available for determining the 6 unknowns. They 
are: 

SFy = 0, ZF z B 0, 2Fx ~ 0, 

ZMx = 0, ZTfy-0, 2^2 = 0 

This is one great advantage of the 3-flange 
beam from a stress analysis view point since 
the loads are Independent of the sectional prop- 
erties and thus the usual trial and error method 
of design is avoided to a great extent. 

The stress analysis of a 3-flange 3-web can 
best be explained by the solution of an example 
problem. 

C9.8 Example Problem of 3-Flange 3- Web Tapered 

Web Beam. 

Fig. C9.6 shows a 3-flange 3-web tapered 
cellular beam. External loads of P z = 600 and 
P x = -100# are applied at station (0) as shown. 
The problem is to determine the flange and web 
loads at station 30. 

Solution: 

The first thing to decide upon is the di- 
rection of the cutting plane at station 30 for 
use in the stress analysis. Observation of the 
XY projection of the beam (Fig. b) shows that 
the slope of the leading edge flange stringer 
(No. 3) in the X direction is slightly different 
than that of the aft stringer (1) and (2). In 
the ZY plane (Fig. c), the taper of the cell in 
the Z direction is symmetrical. A cutting plane 
at station 30 parallel to ZX plane therefore ap- 
pears reasonable. 

As a reference load axis in the Y direction, 
the origin is taken as Indicated in (Fig. d) 


Solution for the Out of Plano Force* at Station 30: 

The components of the flange axial loads 
normal to the XZ cutting plane at station 30, can 
be found as follows: 

The total forces in the Y direction must 
equal zero, hence 

ZFy =-F iy - F 8y - F ay = 0 -(1) 

The reactions on the 3 stringers at station 
30 have been all assumed as acting In the same 
direction, which Is obviously Incorrect, however, 
the resulting signs from the algebraic solution 
will give the true sense of the stringer loads. 

The moment of all forces about reference 
axis X at station 30 must equal zero. 


2M X * 600X30 ♦ 15. +3F a , + 9F a „ * 0 (2) 

y y y 

The moments about the Z reference axis at 
station 30 of all forces must equal zero, or 

2M z = -100 x 30 - 23F ay -3F Xy -3F ty = 0 - -(3) 

Solving equations (1) and (3), F #y can be 

found directly and equals - 150#. That Is the y 
components of the axial reaction in stringer (3) 

Is opposite to that assumed in (Fig. a) or com- 
pression in the stringer. 

Then solving for F iy and F #y , we obtain: 

F xy = -1425# (opposite sense to that assumed) 

F ay = 1575 # (same sense as that assumed) 

Since the angle between the Y axis and the 
controidal axis of the flange members is quite 
small, the axial load in the flange members may 
be considered equal to their Y component, the 
error being the difference between the cosine of 
a small angle and unity. 

In this particular example, there were no 
externally applied loads in the Y or axial direc- 
tion. Thus the flange loads could have been de- 
termined by considering M x and K z separately and 
then adding the results. To illustrate: 

M x = 600 x 30 = 18000"# 

This moment is resisted by flange members 

(1) and (2) which have an effective resisting arm 
of 12". Hence Y component of load In (1) and (2) 

= 18000/12 = 1500#. (Compression In (1), tension 
in (2). 

tt z = -100 x 30 = -3000"#. 

This moment is resisted by a beam with 
stringer (3) as one flange and stringers (1) and 

(2) as the other flange with an effective arm of 
20". Y component of axial load in (3) - -3000/20 
= -150#. Y component of axial load in (1) or 

(3) = 150/2 = 75# (tension) 

Combining loads: 

F(!) * -1500 + 75 = -1425 

F(2)y = 1500 ♦ 75 = 1575 

F(3) - - 150 +0 - - 150 

In general, there are small externally ap- 
plied axial loads due to dead weight Interia 
loads If wing incorporates a dihedral. Wing tip 
auxiliary floats and landing gear reactions pro- 
duce appreciable axial loads on wing In certain 
conditions, thus it Is generally best to write 
the three equations (1), (2) and (3). 

In Plane Component* of Stringer Axial Load* : 

Since the three stringers are not perpen- 
dicular to the cutting plane at station 30, com- 
ponents in the X and Z directions will be produced 
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In the plane of the cutting section. Thus, at 
stringer point No. 1: 

F lJt = -1425 x 2.5/30 = -118.7# 

F lz = -1425 x 1/30 = - 47.5# 

At stringer point No. (2): 

F„ = 1575 x 2.5/30 = 131.5# 

F = 1575 - (1/30 = - 52.5# 

a z 

At stringer point No. (3): 

F KV r -150 x (-1.5/30) = 7.5# 

F 52 = 150 x 0 = 0# 





Fig. C9.7 shows the In plane forces and 
couples at station 30 due to the external ap- 
plied loads and the induced x and z components 
of the flange Btringer axial loads. 

The external shear due to applied loads in 
the Z direction equals Z? z * 600#, and the shear 
load in the X direction equals 2F X * -100#. We 


refer these loads to the load axis Y as assumed, 
and these loads produce a moment My at station 
30 of 600 X 5.5 - 100 X 14 * 3300 - 1400 = 1900*#. 
This couple is shown in Fig. C9.7. 

The remaining in plane forces acting are the 
three web loads. To avoid confusion, the web 
resisting forces are shown separately on Fig. 

C9.8. Since the three flanges take all the bend- 
ing stresses, the shear flow on each web portion 
is constant. The location and direction of the 
resultant shear flow force is shown by the vec- 
tors Q la , q 13 and q a3 in Fig. C9.8. Since the 
web (1-2) is straight, the location coincides 
with the web. The location of the resultant 
shear flow vector on web portion (13), that is, 
between stringers (1) and (3) is parallel to the 
closing straight line Joining the extremities at 
stringers (1) and (3). The length of this clos- 
ing line is 20.82" (see Fig. C9.8). By the 
principles explained in Chapter A14 for constant 
shear flow webs, the resultant shear flow force 
is parallel to the closing line and acts at a 
perpendicular distance from the closing line 
equal to 2A/L where A is the enclosed area between 
web and closing line. Thus the distance to re- 
sultant shear vector equals 

2 A/L- 2x52.3/20.82 = 5.01" (See Fig. C9.8) 

The location of the resultant shear flow 
force on web (2-3) is located at a similar dis- 
tance from the closing straight line Joining 
stringers (2) and (3), since the web shapes are 
Identical. 

These three web shear vectors plus the 
known loads and moments as given in Fig. C9.7 
must be in equilibrium. 

Solution for Magnitudes of Resultant Shear Flow 
Vectors: 

To find the magnitude of Q xa the total shear 
flow on the web between stringers (1) and (2), 
it is convenient to take moments about point (a), 
the point of intersection of the other two un- 
known vectors. Thus taking moments about point 
(a) of all forces in both Figs. C9.7 and C9.8, 
we obtain 

SMa = 1900 + 100 X 9 - 600 x 40.4 + 37 ,4 

(52,5 + 47.5) - 118.7x6 - 131.5x6 + 37.4 Q la 

* 0, hence Q ia = 514# 

Therefore, 

q ia * 514/12 = 42.75#/in. 

To find , take moments about point (b), 
the intersection of vectors q w and . 

SMfc * 1900- 100x2.22-600x3- 118.7 x 

17.22 + 131.5 x 5.22 + 7.5x11.2 + 21.42 0 

hence 

* 65 # 
and 
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q ig - 65/20.82 * 3.116#/in. 

To find the remaining shear flow vector 
Q , the summation of forces in the X direction 
will be made. 

ZF X * -100- 118.7 + 131.5 + 7.5 + 65x37.4/39.0 
+ Q tJ (37.4/39.0) * 0 

hence 


Qm = 18.1#, and = 10.1/20.82= .87#/in. 

Fig. C9.9 shows the resultant shear flow 
pattern. The student should always check the 
equilibrium of the results to see if the moments 
in the plane of the cut section about some other 
moment center are zero. 

Solution No. 2 for Web Shear Flow Values: 

It is not necessary to deal with resultant 
shear flow vectors. The shear flow q per inch 
In each web can be found as follows: 

In Fig. C9.10, the three unknowns are the 
three shear flows q in the three webs. The ex- 
ternal air loads acting at the load axis (Y) and 
the in plane forces Induced by the flange axial 
loads are the same as in Fig. C9.7. 

Taking moments about stringer No. 1 and 
equating to zero, 

=■ -131.5 X 12 - 7.5 X 6 - 600 X 3 + 100 x 15 

+ 1900 + 2 x 52.3 x q la + 2 x 172.3 x q a8 =0 


or 


104.6 q + 344.6 q - 25 = 0 

15 


Note : The moment of the shears flows Is 
obtained by areas in Figs. 09.11 and 09.12. 



Moment of q^. or* w«b 13 about Momont of q, on wo b 13 About 

point (1) equal a ?Ajj point (2) equal* 2A 13 q^. 

Moment of q ;>i on web 23 about Moment of q ?4 about (2) equals 

point (1) equals ZA^-j q^y 2A q 9 


Taking moments about stringer (2) and equat- 
ing to zero, 

= -118 . 7 x 12 - 600 X 3 + 7.5x6 + 100 X 3 + 
1900 + 344.6 q ia + 104.6 q M » 0 
or 

344 q la + 104.6 q„ - 978 = 0 (2) 

Solving equations (l) and (2) for q 1# and 
q aa gives 

q X3 = 3.11#/in., q aa = -.87#/in. 

To find the remaining shear flow q l# , take 
2F Z = 0, which gives 

ZF z *-100 + 600 + 3.11x6- .87x6 - 12 q i# =0 

hence 


q ia - 513.5/12 « 42.75#/in. 

These values check the results In Fig. 09. 9 
as found In first method of solution. 

C9.9 General Design Suggestions for 3-Flange 

Bean. 

To save weight, two of the flange members 
should be placed near the deepest part of the 
airfoil, and the third flange member near the 
leading edge. The coll area should be of such 
size as to give sufficient torsional rigidity 
with ordinary* skin thicknesses. In a wing beam 
with only 3- flange members, it is necessary to 
space wing ribs considerably closer than if sev- 
eral more s panwise stringers were used. A rib 
spacing of 8 to 10 Inches is common practice. 

If a small torsional cell is used, the torsional 
and flexural shear stresses may require a fairly 
thick skin, thus giving a possibility of perma- 
nent wrinkles of the skin on the compressive 
bending side of the cell. 

From a flutter standpoint, It Is desirable 
to have the flexural axis of the cell near the 
aerodynamic load axis and furthermore the iner- 
tia axis should be near the aerodynamic axis. 

To obtain this result, the rear web of the cell 
should rarely be aft of the 30 to 35 percent of 
chord point from the leading edge. 

In many designs, the requirements of cer- 
tain Installations, such as ladnlng gear, fuel 
tanks, guns, etc., will dictate the size of the 
cell. 

Very high allowable compressive stresses 
can be obtained for the rear two flange members 
since they are stabilized In two directions, 
thus the allowable stressed approach the cripp- 
ling stresses for the various sections. A 
flange section should be selected which can be 
tapered efficiently between root and tip chord. 

Before the axial loads In the flange 
stringers can be found, their centroids must be 
known. The centroid location depends on the 
size of the flange which In turn is Influenced 
by the allowable flange stresses. Thus, 
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considerable preliminary calculation and sketch- 
ing must be done before the final load calcula- 
tions can be made. In many cases, the type of 
skin and rib attachment effects the shape and 
size of the flange member. 

Ce.IO Allowable Veto Stresses. 

The rear or straight web of the beam can be 
designed as a semi-tension field beam using the 
methods of Chapter C7. The flange members at- 
tached to this web should have sufficient 
strength to carry the additional loads produced 
by the semi-tension field action of the web. 

The other two webs which form the leading 
edge cover have a varying curvature. The allow- 
able ultimate shear stress for this portion Is 
highly indeterminate. Tests of several typical 
wing leading edge single cell beams which the 
writer is familiar with gave allowable stresses 
of around 7000 to 9000 psi. for leading edge 
skin thicknesses .025 to 1040 for 24ST aluminum 
alloy material. These values can be used In 
preliminary design. 

The Analysis of Multiple Flssae, Tapered, Single 
Cell Beans. 

C9.ll Introduction. 

The single cell, multiple flange type of 
beam structure is widely used In the design of 
wings and fuselages. Unfortunately, it is a 
statically indeterminate structure, and thus a 
method of trial and error must be used in ob- 
taining the necessary member sizes since the 
stress distribution depends on the section 
properties, and the section properties are nec- 
essary to obtain the section stresses. 

The general methods of analysis to be used 
in this article have been explained and illus- 
trated in previous chapters. For various meth- 
ods or equations for calculating the bending 
stresses in an unsyrametrical section, reference 
should be made to Chapter A13. For a general 
discussion and example problem solutions for 
calculating the shear flow in a tapered multiple 
cell beam reference should be made to (Chapter 
A15, Arts. A15.10 to A15.13). 


be appreciable in certain types of wings. (See 
Art, C9.16). However, until stress analysts de- 
velop practical methods for dealing with stress 
distribution in the plaBtic range, and for tak- 
ing care of shearing deformations, it will be 
necessary to use simplified approximate methods 
and to make allowances for the descrepancies by 
seml-ratlonal methods which tend toward the 
conservative side. 

C9.12 Summary of General Stress Analysis 
Equations. 

All external 
forces and mom- 
ents should be 
referred to rec- 
tangular axes 
through the cen- 
troid of the ef- y 
fective cross- * 
section of the 
beam. In some 
methods of analy- 
sis, the axes in 
the XZ plane are 
taken as the 
principal axes for the particular section, how- 
ever, since the bending stresses can be found 
without the use of the principal axes (see 
Chapter A13), it is expedient to take a convenient 
set of rectangular axes, such as X, Y and Z in 
Fig. a. 

Longitudinal Stresses in Flange Member* 

The resulting external force parallel to 
the axis normal to thebeam section, being re- 
ferred to the axis through the section centroid 
produces a uniform normal stress distribution 
over the section of 

fn = l (A) 



where 


f n = normal intensity of stress 

P » normal load on section 

A - total effective cross-sectional area 


In general, a stress analysis of this type 
of structure Is first made under two broad 
assumptions, namely, (1) that plane sections 
remain plane after bending and (2) that bending 
stress is directly proportional to strain. The 
first assumption is violated near points of 
beam support since the cellular section is pre- 
vented from warping freely. The second assump- 
tion does not hold for stresses above the pro- 
portional limit of the materials. Since the 
ultimate design stresses for airplanes are 
usually above the proportional limit of the ma- 
terial, this assumption does not strictly apply. 
Furthermore, these assumptions neglect the ef- 
fect* of the shearing deformations in the webs, 
commonly referred to as "shear lag", which may 


Then the total normal component of the axial load 
on any flange member equals 

P n = f n a 

where 

a » effective flange area for a given memb- 
er 

Bending of the beam produces longitudinal 
stresses in the flange members. If the section 
properties and the external bending momenta are 
referred to a set of centroidal rectangular 
axes in the plane of the section, as for example, 
the X and Z axes In Fig. (a), the bending longi- 
tudinal stresses can be calculated from equation 
(b). (see Art. A13.6)for derivation and examples 
of Its use.) 
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f b = -(K e M z -K l Mjj)x - (K, Mjc-Kj M z )z - -(B) 

where 

f b 3 heading unit stress, (plus Is tension) 
a I xz/ I x Iz ” *xz*) 

K* = I 2 /(Ix Iz “ W) 

K. - Ix/dx Iz - W*) 

The normal component of the axial load In a 
flange member equals (ffc a) where (a) Is the 
area of the flange member. Since the angle be- 
tween the normal to the beam section and the 
centroidal axis of a stringer Is generally quite 
small, the difference between the cosine of a 
small angle and* unity is negligible and thus the 
normal component can be considered as the axial 
load in the stringer. 

Veb Stresses 

The web shear stresses are statically de- 
terminate for a single cell beam once the normal 
load distribution for the flange material is 
known, which distribution can be found by equa- 
tion (B). The shear stress distribution can be 
found from the following equations: 

n xp 

% = Qo * | -g- (C) 

j T( ._ g _ -0 (0) 

For explanation of equation (C) refer to Art. 
A15.10. Equation (D) states that the torsional 
moment of all forces in the plane of the cross- 
section about the section centroid must be 
zero, which is a fact necessary for equilibrium. 
This moment is due to 3 sources: (1) the exter- 
nal applied forces, (2) the moment due to the 
inclination of the flange members with the 
cross-section, which produces in plane forceB 
and therefore moments, and (3) the moment of 
the web shear forces. 

The application of these equations will be 
Illustrated by the solution of a typical single 
cell beam. 

C9. 13 Kx&aple Problems 

Fig. C9.13 shows the general structural 
layout for a typical wing panel. This wing 
panel has the same dimensions as the wing on the 
airplane in Fig. D1.9a of Chapter Dl. The wing 
beam consists of a vertical web on the 15 and 
50 percent of chord lines, with spanwise skin 
stringers in between. Fig. C9.14 shows the 
cross-sectional body plan for the various span- 
wise stations. The reference load axis (Y) is 
located at point 0* on this figure. Fig, C9.15 
gives the details of the cell cross-section at 
the several spanwise sections. The wing portion 
of the front web has no spanwise stringers and 
in this example problem the leading edge portion 
will be neglected. Strictly speaking, it will 
take some bending and appreciable torsional re- 
sistance, however, to illustrate the solution of 


a single cell beam, the leading edge cell Is 
omitted, in example problem two, the leading 
edge cell will be Included thus making a con- 
ventional two cell tapered multiple flange beam. 

Table C9.1 gives the resultant external 
design shears and moments all referred to the 
load axis at point 0* . These values are approxi- 
mately equal to those as computed for the air- 
plane in Chapter Dl, and which were summarized 
in Tables Dl. 10 to Dl.13 of Chapter Dl. However, 
to provide simplicity the dihedral has been 
omitted and the wing box beam has been so lo- 
cated that beam sections are normal to the as- 
sumed load axis (Y) and thus the problem of 
resolving moments to take care of dihedral and 
sweep-back angles is eliminated in this simpli- 
fied problem. (See discussion in Art. C9.6) 

The problem will be to determine the bend- 
ing and shear stresses on the beam section at 
station 20, for the loads which are given In 
Table C9.1 

Calculation ol Wing Structural Section Properties 

Tables C9.2 and C9.3, columns 1 to 11, 
give the calculations for the location of the 
section centroid and the moment of inertia and 
product of inertia about centroidal X and Z 
axes for wing sections at stations 20 and 47.5 
respectively. All dimensions were scaled from 
a large drawing, such as Fig. C9.14. For the 
condition being analyzed, the upper surface is 
in compression, thus the effective flange ma- 
terial consists of the flange member plus a 
certain amount of effective sheet which has been 
taken as shown in Fig. C9.16. The lower surface 
being in tension, the skin halfway to the adja- 
cent stringer is assumed concentrated at the 
centroid of the combined stringer and effective 
skin area. The question of proper effective 
skin area and procedure in design is discussed 
in Art. C9.19. 

Translation of External Forces and Mcnents from 
Load Axis to Structural Axis. 

The shears and moments as given in Table 
C9.1 will be referred to parallel X, Y and Z 
axes through the section centroid. 

Consider station 20. 

The location of the load axis Y at point 0* 
with respect to the section centroid at point 0 
is shown in Fig. C9.16. 

Taking moments about point (0), the cen- 
troid of the beam section: 

ZMy(o) = -390000 + 12000 X 33.3 + 2700 X 11.8 
= 41800"# 

V ZQ = 12000 

Vx 0 3 -2700 

Fig. C9.17 8 hows the resulting values at the 
section centroid. 



UPPER SURFACE STRINGER AND SKIN ARRANGEMENT 

to 4 1§ 70 IQ O IJO /to 190 xao 


Location of Load Axis Y with 
riipMt to body plan of winf. 


E=3=S*= 3= 


”4~3ri-:4rt' 


I [ 

*t j 


Fig. C9-13 


I 40% of chord line 
b is normal to air- 
plane ZX-Plane 


H — .040 — 


I Skin thickness 
* between beams 


Daalgn Shears and Moments Referred to 
Load Axle Y. (Values are Representa- 
tive of loads is a N.A.A. condition) 


Station s 

30 

47. S 

70 

Ms 

(In. lb.) 

1300000 

1000000 

736000 

Ms 

" 

-2 as ooo 

-216000 

-159000 

**y 

" 

-390000 

-375000 

-324000 

Y* 

(lb) 

13000 

11900 

10200 

Vs 

(lb) 

-2700 

-2000 

-2300 

HL 

(lb) 

0 

0 

0 


For signs of shears and sonants see 
Flf. 01. to. 
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in general, the structural axis which is 
normal to the beam sections is not parallel to 
load axis Y because of a .dihedral angle and in 
many cases, a sweepback angle. In this case, 
the forces are translated to the section centroid 
as illustrated above and are then rotated into 
the plane of the cut section, making use of the 
dihedral and sweepback angles. If an applied ax- 
ial load, Py, should exist at the load axis O' 

In Fig. C9.16, in transferring It to a parallel 
axis through the section centroid, it would pro- 
duce moments about the X and Z axes through the 
section c.g. 

Calculation of the Bending Stresses 
Station 20: 

M x = l,300,000 rt # (From Table C9.1) 

M z = -285,000"# 

Station 47.5: 

M x = 1,000,000"# 

Ma = -215,000"# 

Since our structural axis is parallel to the 
load axis Y, and since there are no applied loads 
along the Y axis, the magnitude of the M x and Mg 
moments about X and Z axes through the Y load 
axis are not changed. For the general case In- 
volving dihedral, etc., this would not be the 
case. 

Bending stresses at station 20 ; 

*b«-<X, *V K i Mx)x - (K a Mx -K x M z )z 
From Table 09. 2: 

I x * 230.3, I 2 = 1030, I X2 = -50 
K x ° WCx Iz - hz' ) = -50/ (230. 3 X 10.30 - 
50* ) = -50/235500 * - .0002125 
K, = I z /235500 = 1030/235500 = .004378 
K = I x /235500 = 230.3/235500= .00098 

9 A 

Substituting in the above equation f6r f^ 
f b = - [.Q0088X -286000- (-.0002125 x 
1300000)] X - [.004378x1,300,000 - 
(-.0002125 x -285000) ] z 


whence 

fb = 3.3 x - 5639 z 

Column 12 of Table C9.2 gives the results 
of this equation for values of x and z in columns 
10 and 11. Multiplying these bending stresses by 
the stringer areas, the stringer loads are given 
in column 13. The sum of the loads in this col- 
umn should be zero since total tension must equal 
total compression on a section In bending. 

Stresses at station 47.5; 

I x = 157.4, I z « 700, I xz *-35.4 (Table C9.3) 

K v = 35.4/ (157.4 x 700 - 35.4*) = -35. 4/108950 * 
-.000324 

K # e 700/108950 = .00643 

K a * 157.4/108750 - .001447 

fb = - [.001447 x -215000- (-.000324 X 

1,000,000)] x- [(.00643x1,000,000 - 
(-.00324 X -215000)] Z 

whence 

fb = -14.5 x -6360 2 

Column 12 of Table C9.3 gives the results of 
this equation and column 13, the total stringer 
loads at station 47.5. 

Calculation of Shear Flow Syatoa Due to Change in 
Flange Loads Between Station* 20 and 47.5. 

Since the value of the web shear at any point 
is unknown, it will be assumed as zero between 
stringers No. 1 and No. 14. The average shear 
flow under this assumption for any web portion 
can be calculated by the following equation: 
n AP 

q = 0 + ? 2 t7S 


Table C9.4 (Column 5) gives the resulting 
values for q. Fig. C9.18 shows the results In 
graphical form for theq stresses. 



Fig. C9.18 Flexural shear flow pattern for zero 
shear flow on web 1-14. The interi- 
or triangles represent the m/2 area 
for use in computing moment of shear 
flow about c.g. of section. 

The moment of this shear flow system about the 
section centroid is given by Column 7 of Table 
C9.4, where m is the double area of the sectors 
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STATION 47.5 




Fig C9.15 shows the general details of 
the wing structural cross-section at three sta- 
tion points. The section for station (20) 
represents the basic section since this is the 
section of maximum bending moment and all other 
sections are derived by tapering or eliminating 
some of the members of the basic section. Thus, 
at station 190, only four of the original 
stringers remain and the original corner flange 
members have been cut down to a small angle of 
such size to permit riveting to web and skin. 

The internal shear flow system at station 
20 is found by considering the changes in axial 
load in the flange members between stations 20 
and 47.5, hence the section properties for these 
two sections are required. The calculations are 
given in Tables C9.2 and C9..3. 

The sections at stations 20 and 47.5 are 
broken down into 14 flange units. The area of 
each unit includes the area of the stringer or 
flange member plus the effective skin area. 

This combined area is then considered as con- 
centrated at the centroid of the composite area. 
The effective skin on the upper or compressive 
aide has been taken equal to 30t in width for a 
preliminary trial section, since the effective 


width depends on the stringer stress and the 
stringer stress depends on the section proper- 
ties of the entire beam section. 

Calculations will show (using the methods 
of Chapter B6) that the ultimate strength of 
the 0.51 hat-shaped stringer fabricated from 
24SRT alclad and supported on wing ribs at 15 
inch spacing is around -41000 psl. Using this 
value in the following effective width equation 
width equations as effective width is obtained 
which is close to a width of 30t which equals 
1 . 20 w • 

V»-1.7 t v€7f^t = l.’7x .04 

w = 1.9 t VE7?et = 1.20" 

The resulting stresses In column 12 of 
Tables C9.2 and C9.3 give the Information on 
which to base a revision of the effective widths 
The calculations which have been carried out for 
the trial section must then be repeated for the 
modified section. 

This process Is repeated for several span- 
wise sections in order to obtain a design which 
is efficient from a weight standpoint and yet 
not overstress any part In bending or shear. 
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TABUS C9*2 

SECTION PROPERTIES ABOUT CENTRO I DAL X AND Z AXES 
Wing Section at Station 20 (Compression on upper surface) 



5 ' '-£# 4 - - 1 ' 178 

*• l ^= 17 - 3 

I x « 338 - 5.584 x 1,170** . 330.3 in. 4 
I- . 3700 - S. 584 x 17. 3 2 • 1030 in. 4 

I xz - -163.8 - 5.584 x-1.176 x 17.3 • -50 


See Fig. Cd. 15 for Section at Station 30, 

Reference axes X'X’ and Z'Z' arc assumed as shown. 
Properties are calculated with respect to these 

axes and transferred to the centroidnl X and 
Z axes 


Fi, . 3.3 X - 5630 2. 


TABLE C9.3 

SECTION PROPERTIES ABOUT CENTRO I DAL X AND Z AXES 
Winn Section at Station 47.5 (Compression on upper Surface) 



Z m -3.80/4.61 - -0.01" 

1 m 71.3/4.61 • 15.50" 

1% rn 150.1 - 4.61 X.61 2 - 157.4 

I* . 1804 - 4.61 x 15. 5^ » 700 

Ifc* * “ 79 - 4.61 x -.61 x 15.5 - 35.4 


Seo Fig. C9.15 for section at Station 47,5. 
Reference axes X'X 7 and Z’Z' are assumed ss shown. 

fb ■ -14.5 X - 6360 Z 
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as shown in Fig. C9.18« The double areas are 
listed in Column 6. These areas have been found 
by the use of a planimeter. The total moment of 
the shear flow system about the section c.g. 
equals the summation of Column 7 or 256060"#. 

The double areas (m) can be found approxi- 
mately as follows * 

The moment of 
the shear flow q on 
the web (2-3) about 
point 0 equals q 
times twice the area 
(Ax+AJ. Inmost 
cases, the area A a 
can be neglected. 

By simple 
geometry, the area 

Ax =1/2 (X d Z a -X a Z a ). The moment of the shear 
flow q on web (2-3) thus equals q (X a Z a -X a Z 3 ) 
Since values of X and Z for all flange points 
with reference to section (c.g.) are given in 
the Table C9.2, it is unnecessary to use the 
planimeter except for regions of sharp curvature 



Monents Produced by Inclination of Flange Loads With 
Beam Section. 

Since the flange members in general are not 
normal to the beam sections, the flange loads 
have components in the Z and X directions. 
Columns (4) and (7) of the Table C9.5 give the 
values of these in plane components. The slopes 
dx/dy between stations 20 and 47.5 are found by 
scaling from Fig. C9.14. Fig. C9.19 shows these 
Induced in plane forces as found in Table C9.5. 



Fig. C9-19 
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Fig. C9.19 In plane forces produced by flange 
axial loads. 


Table C9.4 


Calculation of Flexural Shear Flow Assuming q - 
Mob Between flange Menbera (1) and (14). 

zero 

in 


(Shear values are average between atatlons 20 and 47. 

5) 

l 

2 

3 

4 

1 

5 

6 

7 

8 

9 

Flange 

MO. 

P 

at Station 
20 

P 

at Station 
47.3 


q - 

JAP 

a 

aq. 

■q 

qi 

qr • 





27/5 

In. 



q ♦ qi 

| 

24300# 

14070 

11800 

11370 

10510 

11000 

10700 

>20230 

-11180 

-11170 

- 0430 
-10300 

- 0000 
-23020 

-10700 
-12900 
-10710 
-10200 
- 0320 
-10000 
-12080 
22770 
10140 
10180 
5240 
9410 
8470 
18000 

206.0 

30.1 

42.0 

42.5 
43.3 

39.6 
130.0 

-108.7 

- 37.0 

- 30.7 

- 43.2 

- 35.0 

- 41.1 
-100.3 

200.8 

245.9 

280.8 

331.3 

374.6 

414.2 

553.2 

334.3 

310.7 
280.0 

230.0 
201.2 

100.1 
0 

48.4 

43.0 

42.0 

42.6 

43.6 

42.0 

107.0 

47.4 

37.2 

40.0 

42.2 

30.0 

54.0 

204.0 

10000 

10780 

12120 

14100 

16340 

17500 

108900 

16000 

11800 

11420 

10000 

7050 

8630 

0 

-328 

-320 

-328 

-326 

-328 

-320 

-328 

-328 

-320 

-328 

-328 

-328 

-320 

-328 

-121.2 
- 82.1 

- 39.2 

3.3 

46.6 

86.2 

225.2 

26.5 

- 11.3 

- 48.0 

- 91.2 
-120.0 
-107.9 
-328 

rz 


Total mq * 

256000 

i 





Notes: Cols. (2) and 
•STAXo( 3): Values from 

Tables C9.2 and C9.3. 
For signs see Fig. A 
Col. 6: m= double 
areas. See Fig. 
C9.18 

Col .4* Col (2)+Col (3) 
divided by distance 
between stations. 


# See Art. "Unit Method of Beam Analysis" by 
Shanley and Cozzone, Journal of Aeronautical 
Sciences, April 1941. The student should study 
this excellent article as it systemmatizes the 
the stress analysis procedure for wing beams. 


The moments of these in plane components about 
the section c.g. are given in Columns (5) and (8) 
of Table C9.5. In general, these moments are not 
large. 

Total Moments of All Forces About Bection c.g. 
at Station 20: 

Due to flanges = 7160 - 2224 = 4936"# (Ref. 
Table C9.5). 

Due to assumed static shear flow = 256060"# 
(Ref. Table C9.4). 

Due to external loads = 41800"#. 

Then the total unbalanced moment =4936 + 
256060 + 41800 = 302796"#. 

For equilibrium, this must be balanced by a 
constant shear flow q x . 


hence 

M _ 302796 

= 2A “ ' 2X461.5 


-328#/ln. 


(Note: 461.5 = total area of cell) 

The shear stresses q 1 are listed in Column 
(8) of Table C9.4. 

The final or resultant shear flow q r at any 
point therefore equals 


Or = Q + Qi 

The resulting values are given In Column 9 
of Table C9.4. Fig. C9.20 Illustrates the results 
graphically. 

Having determined the shear flow distribution 
the shear stress at any point equals q/t. This 
stress is checked against the allowable shear 
stress and if revisions are necessary the calcu- 
lations as illustrated must be repeated. 
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TABLE CO. 5 

IE PLACE MOMENTS ABOUT SECTION C.G. PRODUCED BY IN PLANE 
COMPONENTS OF FUNGI LOADS 

STATION 20 


* 


4 

5 

6 

7 

8 


H 


Px - 

P dx 
dy 

"c.«. 

- Px * 

ft 

- 

P £2 
dy 

“c. B . - 
-(P z X) 

HMMj 

Hi 

-.046 

1120 

7480 

.025 

-610 

-10600 

2 

-14070 

0 

0 

0 

.022 

-310 

- 3610 

3 

-11890 

0 

0 

0 

KEE9 

-262 

- 1600 

4 

-11370 

0 

0 

0 

.022 

-250 

- 112 

S 

-10510 

0 

0 

0 


-231 

1180 

6 

-11090 

0 

0 

0 

.025 

-278 

2970 

7 

-16700 

.021 

-350 

-1660 

.025 

-417 

7770 

8 

28230 

.021 

594 

-4300 

.018 

-508 

9350 

9 

11180 

0 

0 

0 

.017 

-190 

2000 

10 

11170 

0 

0 

0 

.015 

-167 

885 

n 

6430 

0 

0 

0 

.015 

- 96 

- 57 

12 

10390 

0 

0 

0 

.017 

-177 

-1130 

13 

9600 

0 

0 

0 

.018 

-173 

-2020 

14 

23020 

-.040 

-106° 

5640 

.018 

-416 

-7250 


7160 



-2224 

MOTES: 








Column (2) ; 

P from Table C9.2 


Column (5) 

and (8): Values of 

l and 

X are 

found in 




Columns 10 

11 of Table C9.2 



Fig. C9.20 Final shear flow diagram. For val- 
ues see Column 9 of Table C9.4. 


Ana lx* la of Two-Cell -Multiple Flange Tapered 

Seam, 

CM* 14 Introduction. 

A two-cell beam is also quite common in 
wing structural design. (See Fig, C9.1). A 
two-cell structure in bending and torsion is 
statically Indeterminate to the second degree 
since the shear flow at any one point In each 
cell is unknown. However, duo to continuity 
between cells the angular twist of each cell 
must be the same, which gives the additional 
equation necessary for solving a two-cell beam 
as compared to the single cell analysis. 

CM. 14a ftuaaary of Equations for Analysis of 
Two-Csll Sosa* 

The equations for the flange axial and 
bending stresses, the static flexural shear flow 
and the equilibrium of total moments are the 
same as for a single cell. The additional equa- 
tion relates to the angular twist. Thus sum- 
marizing: 


Flange axial stresses: 

f n = P/A (A) 

Flange bending stresses: 

fb=-(K, Mz-K, Mjc)x- (K, Mx-Kj M z )z- -(B) 

Static flexural shear flow: 

0n = < lo + 2 ^ 

Total moments In plane of section must equal 

zero. 

2T„ ,, = 0 (D) 

c.g. 

The twist of each cell (1) and (2) must be 
equal . 

9, = 0 a (E) 

where L 

9 i = ^ ^ t (per unit length of cell 1) 
z q r 

9 = ± (per unit length of cell 2) 

8 2 A # Q 

The student should review Chapter A5, and 
Art. A15.8 of Chapter A15 for explanation and 
use of the above equations for twist. 

C9.X5 Example Problem — 2 Cell Multiple Fiance 
Tapered Bean. 

To avoid repetition of similar type calcula- 
tions as was used In example problem one, the 
bending and shear stresses will be determined at 
station 20 of the same structure as In example 
problem one, except the leading edge cell (cell 
No. 1) will be considered acting. Since there 
are no spanwise stringers In the leading edge, 
very little skin on the compressive side will 
be effective. On the tension side, the leading 
edge skin would be effective in resisting bending 
axial loads and thus the moment of inertia would 
be slightly different from that found in example 
problem 1. Since this problem is only for the 
purpose of illustrating the use of the equations, 
the leading edge skin will be neglected in com- 
puting the bending flexural stresses. With this 
assumption, the bending stresses and flange loads 
at stations 20 and 47.5 are the same as for 
problem 1. (See values in Column 12 and 13 of 
Tables C9.2 and C9.3). 

Calculation of Static Shear Flow Syatoa Duo to Change 
In Fiance Load* .Between Stations 20 and 47.0 

Before a flexural shear flow system consis- 
tent with the flange loads can be made, a value 
of the shear flow at one point in each cell is 
necessary. For convenience, zero shear flow will 
be assumed as Indicated In Fig, C9.21. It might 
be imagined that the cell webs are cut at these 
two points. 
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(b). 


Shear flow tmuBid zoro at points (a) and 

N»CMI 



Table C9.6 (Column 5) gives the value of 
the static shear flow under these assumptions. 
The first 7 columns of this table are the same 
as in Table C9.4, since no stringers have been 
added to cell (1), and the shear q Is assumed 
zero in cell (1). 

To make the twist of each cell the same and 
also to make the summation of all torsional 
forces zero will require two unknown constant 
shear flows, q x in cell (1) and q, In cell (2). 
Thus two equations will be written, namely: 

- - in 

2 T c. e . = ° (2 > 

The twist Q per unit length of cell = 

2 The modulus of rigidity 0 will be as- 

sumed constant and thus will be omitted. 

Consider cell (1): (Refer to Table C9.6, 
Columns 10 and 11) 

Area of cell (1) = 83.5 sq. in. 

= gj- [2 q L/t + 2 d x L/t L/t] 

ssks [° ' 1278 230 «•] 


tone* 

© x =7.65 q x - 1.378 Q. (a) 

For call (2): 

Area of cell (2) * 461.5 sq. In. 

e » = 27130 [ 733050 - 230 q k . 2469 q.] 

hence 


9. = 794- .2495 q* ♦ 2.678 q, -(b) 

For continuity 9 X must equal hence 
equating (a) and (b): 

7.899 q x - 4.056 q, -794* 0 -(c) 

For equilibrium the summation of all mom- 
ents in the plane of the cross-section about the 
section (c.g.) must be equal to zero, or 


The moment of the external loads about the 
section c.g. is the same as in Problem 1. 

External forces ~ 41800 # 

The induced moment due to the in plane 
components of the flange axial loads is likewise 
the same as in example problem 1 (see Table C9.5). 

^dur~to flange loads “ 4936 ^ 

The torsional moment due to the static shear 
flow from Column (7) of Table C9.6 equals 256060*#/ 
The torque due to the unknown constant shear flows 
of q 1 and q, is equal to twice the enclosed area 
of each cell times the shear flow in that cell. 

Hence 


T 


(due to q x and q.) 


= 2x83.5 q x ♦ 2x 461,6 
= 167 q x ♦ 923 q # 




TABLE C9.0 

SHEAR FLOW - 2 CELL - MULTIPLE FLANGE TAPERED REAM 
(Average Shear Flow Between Station* 20 an4 47.0) 


1 

2 

3 

4 

& 

6 

7 

8 

9 

10 

11 j 

12 

13 

14 

Flange 

P 

P 


4 > 





L/t 

9 

fi/i),. 



4 r s 

No. 

at Stn. 
20 

at Sta. 
47.0 


WH 

m 

nq 

L 

(In.) 

t 

Cell 

(1) 

Cell 

(2) 

Ceil 

<1> 

Cell 

<2) 

«1 

«2 


1 

2 

24390 

14070 

11890 

11370 

10010 

11090 

16700 

-28230 

-11180 

-11170 

- 6430 
-10390 

- 9000 
-23030 

-18700 
-12990 
-10710 
-10200 
- 9320 
-10000 
-12880 
22770 
10140 
10100 
0240 
9410 
8470 
18800 

208,8 

208.8 

48.4 

10000 

5.75 

.04 


144 


28800 

0 

-317 

-110.2 

42,9 

42.0 

43.3 

39.6 

139.0 

-198.7 

-37.8 

240.9 

43.8 

10780 

5.50 

.04 


137 


33700 

0 

-317 

- 71.1 

3 

288.8 

42.8 

12120 

ft. 50 

.04 


137 


39800 

0 

-317 

- 28.2 

4 

331,3 

42.8 

14100 

0.50 

.04 


137 


45400 

0 

-317 

14.3 


374.8 

43.8 

16340 

5.00 

.04 


137 


51400 

0 

-317 

57.6 

• 

414.2 

42.0 

17500 

0.50 

.04 


137 


58700 

0 

-317 

97,2 


003,2 

197.0 

108900 

12.25 

.032 


382 


211500 

0 

-317 

238.2 

9 

o 

354.5 

47.4 

16800 

5.5 

.032 


172 


81000 

0 

-317 

37,0 

V 

10 

n 

12 

13 

14 

1 

318.7 

37.2 

11800 


.032 


156 


48400 

0 

-317 

0 

7 

-43.2 

-35.8 

-41.1 

-180.3 

280,0 

40,6 

11420 

K 1 

,032 


161 


50850 

0 

-317 

- 37 

238.8 

42.2 

10000 

K M 

.032 


161 


42900 

0 

-317 

- 80.2 

201,2 

38.0 

7650 

El 

.032 


188 


32400 

0 

-317 

-110.8 . 

160,1 

04.0 

8850 

K 

.032 


172 


27800 

0 

-317 

-108.9 

0 

204 

0 

11.75 

.001 

220 

230 

0 

0 

-82,6 

-317 

-204.2 

mxixm 






■HM 










WEBM 




0 

371 

■ 

33.0 

.032 

1048 


0 


-82.8 


-82,6 

wtzm 


■ 

■ ■ 



■ ■ 


• 








1 3ua 



— 




■H 


1276 

2488 

0 

733080 





NOTES: L • length of web sheet between flange eeabere, 

t . web tbitekneea. 


Cel. 4 • (Cel. 2 + Cel. 3)/37.0 
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2T * 167 q. + 923 q ft ♦ 4936 + 41800 + 
256060 « 0 
or 

167 q x ♦ 923 q„ ♦ 302796 = 0 (d) 

Solving equations (c) and (d) for q x and q^ 
we obtain 

q r = -62.8#/in. , q B = -317#/ln. 

These values are listed in columns (12) and 
(13) of Table C9.6. 

The final or resultant shear flow q r at any 
point equals the sum of q + q x + q B . The re- 
sults are given in Column 14 of Table C9.C. 

Fig. C9.21 shows the resultant shear flow in 
graphical form. 



Fig. C9.21 Graphical representation of final 

shear flow system. See Column 14 of 
Table C9.6 for numerical values. 

C9.16 G*st«r*l Discussion of Shear Lag. 

The flange elements of a multiple flange 
beam receive or give up their axial loads due to 
bending though the shear in the web or sheet 
elements to which they are attached. This shear 
flow stress In the sheet elements produces a 
epanwise shearing deformation in the cell sheet 
elements. Thus Instead of beam sections remain- 
ing plane sections after bending, the sheet 
shear deformations cause the stringers most re- 
mote from the vertical shear webs to lag back 
farther than those nearer the vertical shear 
weus. Fig. C9.22 represents a multiple flange 
beam. It will be supposed that a load producing 
compression on the top surface is acting. If 
plane sections remain plane a line on the top 



surface (AB) would move to (A* B* ) when the load 
is applied and produces compression and there- 
fore equal shortening of the beam flange ele- 
ments. However the line may take the position 
(A'C'B' ). Since the flange stringers nearer the 
center portion of the beam lag back farther, 
their axial deformation will be less and there- 
fore their axial stress due to bending of the 
box as a whole will be less than calculated by 


the ordinary flexure theory which assumes that 
plane sections remain plane after bending. 

Since the total Internal resisting moment must 
equal the external bending moment, the corner 
flange stringers must take more load than cal- 
culated by the flexure theory. This same reason- 
ing applies to the tension side of the beam. 

The shear lag action as illustrated in Fig. 
C9.22 would be representative for a box beam of 
constant depth and width and of uniform cross- 
section. However, if the beam tapers in depth 
and width and with most of the section area 
change being confined to the corner members of 
the stringers adjacent to the corner members, 
it can be shown that the shear lag influence 
is of minor character, since the shear flow in- 
tensity in the sheet in the center portion of 
the beam may change very little. No doubt In 
many wing structural designs corrections are made 
for shear lage effect which actually did not ex- 
ist since a consideration of taper and spanwlse 
distribution of flange area was not considered.* 

Practical Structural Arrangeaftnt and Design to 
Decrease and Take Care of Shear Lag Action. 

Since shear lag effect tends to decrease the 
bend in" axial loads in the flange stringers re- 
mote from the vertical shear webs and increase 
those for the flange members connected to the 
vertical web members as compared to the stresses 
obtained by the general beam theory, a practical 
thing to do for the compression side is to design 
the corner flange members to have a reasonably 
higher ultimate compressive strength than the 
intermediate stringers. This result is obtainable 
without difficulty because the corner member is 
restrained in two directions by the web and sheet 
cover, and thus suffers very little column ac- 
tion, whereas the skin stringers are subjected to 
a certain degree of solumn action over a length 
equal to the wing rib spacing. 

Another method is to place the Increase in 
flange area which is required as one proceeds 
inboard from the tip portion in the corner memb- 
ers, which tends to make the shear flow in the 
cover sheet between the corner flange members 
approach zero. 

Since the shear flow stresses per running 
inch increase from a maximum at the vertical shear 
webs to zero in the cover sheet at some point be- 
tween the corner members of the box, heavier 
sheet to give lower shear stresses and closer 
spacing of stringers nearer the corner members to 
prevent sheet from buckling is another practical 
means of decreasing shear deformation and there- 
for shear lag. 


# See excellent paper "Unit Method of Beam Analy- 
sis" by Shunley and Cozzone. Journal of Aero- 
nautical sciences, April 1941. 
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Seal-taplrloa Methods of Making Allowance For 
Shear Lag Influence. 

Many engineers in making an analysis of a 
multiple distributed flange beam assume an ef- 
ficiency curve for the effectiveness of the 
stringers in bending. Thus, if the efficiency 
is 1.0 for a particular unit, it is considered 
fully effective in bending. If it is taken as 
0.8, the effective area of the particular string- 
er is taken as .8 of its true area and this re- 
duced area is used in computing the beam section 
properties. Using the decreased section proper- 
ties in the beam flexure formula produces higher 
stresses and therefore higher total axial load 
in those stringers which were not decreased by 
the efficiency factors. Fig. C9.23 represents a 
typical efficiency curve. * 



JL L 
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The unknown factor is such a process is 
the question of what efficiency curve to chose 
since It might vary from an efficiency of 1.0 
(zero shear lag) to a relative low efficiency 
for a case where thin sheet covering is used 
with very small corner members, wide stringer 
spacing and with stringers of larger sectional 
area concentrated near the midpoint of the cover 
sheet . 

The above general discussion has referred 
to a single cell box beam. If multiple interior 
webs are UBed, shear lag influence in general 
becomes unimportant, since the shear flow has 
less distance to travel. 


C9.17 Influence of End Restraints on Flange 
Longitudinal Stresses. 

The general theory of flexure and shear 
flow is based on the assumption that wing sec- 
tions are free to warp. At points of wing sup- 
port, this assumption is definitely violated and 
a certain amount of the torsional moment will be 
resisted by the front and rear webs with their 
corner flange members acting as cantilever beams 
in bending. Thus, additional flange strength 
should be provided near the wing supports and 
extending out a distance equal to several times 
the wing thickness. 

General Deelgn Suggestion* for Multiple Flange 
'Mease* 

C9.18 Sf feet Ire Croea-sectlon of a Cellular 

Wing Bees. 

Fig. C9.34 shows the crose section of a 
distributed flan ge two-cell beam. For loads on 

# *A Practical Method of Allowance for Shear 
Lag* by Cant inha. Journal of Aeronautical 
Sciences, Oct. 1942. 


the wing which tend to bend the wing upward and 
therefore place the upper portion in compression 
the effective web and skin material Is repre- 
sented by the black portions. For the reverse 
condition, that is, compression on lower side of 
the wing, the effective web and skin material 
takes the form as illustrated in Fig. C9.25, 



The darkened sheet elements on the compres- 
sive side are referred to as the web or skin ef- 
fective widths and represents the amount of 
sheet that can be considered to carry the same 
compressive stress as the adjacent stringer. 

in Chapter B4, the various proposed equa- 
tions for calculating the effective sheet 
widths were summarized and discussed. The fol- 
lowing four equations are taken from Chapter B4. 



where 

w - effective sheet width in Inches 

t « sheet thickness 

E = module of elasticity 

fst = stringer stress 

b = sheet width between stringers 

Equations (1), (2) and (3) are all similar 
in character, the different numerical coefficient 
being due to the different degree of edge re- 
straint. Equation (4) takes the compressive 
buckling stress f cr of the sheet and the sheet 
width into account. Equation (1) is recommended 
by ANC-5, but equation (Z) is widely used. Re- 
gardless of which equation is used, the sheet 
effective width depends on the stringer stress, 
and since the stringer stress depends on the 
beam section properties, the procedure of calcu- 
lating the effective cross-sect ional properties 
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of a multiple flange Is a trial and error one. 

Ct.19 General »roe«dur« for Obtaining Prelimi- 
nary Croee-eectlon of * Distributed 

Float* Seam. 

There Is no general procedure that will fit 
all conditions or portions of the wing. The 
general discussion which follows is for the 
student or beginner who is making his first at- 
tempt to design a wing cellular beam for a given 
set of design loads. Since the design is a 
trial and error method, the student in his first 
attempt at design is usually confused as how to 
begin to obtain a logical preliminary wing 
cross-section which should not need major re- 
visions to be satisfactory. 

1. General Structural Layout of fins. 

Before the question of size and thickness 
of the component parts can be considered, the 
general structural layout of the wing must be 
determined. A consideration of the eight fac- 
tors which were discussed in Art. C9.3 will 
usually dictate what type of wing construction 
to use, for example, the size of the beam cell 
or cells the direction of the main flange or 
comer members and the general direction of the 
intermediate stringers if the distributed flange 
type of beam is used, the rib spacing, etc. 

2. Basic Wing Structural Section 
(Cantilever Wing) 

For the conventional cantilever wing, the 
maximum bending moment occurs at the fuselage or 
hull support point. The wing section at this 
point Is usually referred to as the basic struc- 
tural cross-section of the wing, since the memb- 
er areas at all other sections are derived by 
decreasing or eliminating some of the material 
or members of the basic section. In a large 
proportion of the airplanes, the wing consists 
of a center section panel and two outer panels. 
In many cases, such Items as powerplants, fuel 
tanks, baggage or bomb compartments may dictate 
a different structural arrangement than that 
required for the outer wing panel which may have 
different controlling design factors. In such 
cases, the wing can be considered as having two 
basic structural cross-sections, one at the 
fuselage support point and one dfe the beginning 
of the outer wing panel. The flange and web ma- 
terial are first calculated for these basic sec- 
tions. The spanwlse distribution of structural 
material Is obtained by tapering or eliminating 
material from the basic sections. 

(3) Determine Type of Flange Members and 
The Allowable Btreeees* 

The upper flange material of the wing is 
designed by compressive stresses, thus stringer 
sections should be selected which will give 
high allowable compressive stresses, (dee Fig. 
C9.4 for best sections). Calculate the ulti- 
mate strength of a flat stiffener-sheet panel 
using several thicknesses of skin thicknesses 


and for a column length equal to the wing rib 
spacing and an end fixity of 1*5 to 2.0 (see 
methods as explained in Chapter B6). All cal- 
culated values should be substantiated by static 
tests. 

Later when the definite size and shape of 
the corner flange members are considered, it is 
good practice to make the ultimate strength of 
these members greater than the intermediate 
skin stringers. (See Art. C9.16 on shear lag) 

(4) Preliminary Flange Area. 

With the allowable flange stresses known, 
the total effective flange area can be estimated. 
Using the largest positive bending moment about 
the X axis, the approximate required flange area 
can be calculated by equating an average Internal 
resisting couple to the external bending moment. 
Thus, in Fig. C9.26, let (d) be the average re- 
sisting arm for the upper and lower flange ma- 
terial. Therefore, for the upper flange, 

s D esjjn Mg 

u P B t 

where 

Pst = allowable stringer compressive stress 

A u = total required upper effective flange 
area. 



Preliminary Lower Surface Area. 

The preliminary total lower surface flange 
area should first be determined for the design Mx 
used above. Since the lower surface Is in ten- 
sion, the net area should be used in calculating 
the stresses since flange members are usually 
connected to skin by rivets and the skin is 
spliced at various intervals. In computing the 
moment of inertia of the bean section as a whole, 
the gross section is used, thus the allowable 
bending tensile stresses should not be taken as 
equal to ultimate tensile strength of the eheet 
and stringer material but should be reduced to 
take care of the net section due to rivet holes. 
Thus, the ultimate tensile strength should be 
reduced 15 to 20 percent to obtain an allowable 
design tension stress. For designs where shear 
lag may be appreciable, a further decrease should 
be made. Therefore, the preliminary total area 
for the lower surface equals 



where 

Ftu = 60 to 85 percent of the ultimate tensile 
strength of the material, if a riveted 
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construction is used. In general if the lower 
surface stringers have a fairly high allowable 
compressive stress, they will prove strong 
enough for conditions which produce negative 
bending moments on the wing since the flight 
negative load factors are approximately half the 
positive load factors. 

18) Preliminary teb and Skin Thick smmh, 

Even though we have the approximate total 
upper and lower flange area as found in (4), the 
beam section can not be logically proportioned 
until approximate web and sheet thicknesses are 
known. The shear flow is maximum on the verti- 
cal webs of the cell, and for preliminary esti- 
mates the vertical webs can be assumed to take 
all the net external shear loads in the Z direc- 
tion. In many cases, the wing cell is tapered 
in depth thus the flange members have a shear 
component which resists an appreciable amount of 
the external shear load. Therefore, the net web 
shear equals 

V ^ = V „ , - total flange load 

net (web) External & 

dz 

x average ^ 

The total approximate flange load for each sur- 
face equals M x /d, and the approximate average 
slope of the flange members in the (Z) direction 
can be determined from the structural diagram of 
the wing. The net web shear load should be 
found for the critical load conditions. In gen- 
eral, it is good practice to have shear center 
of beam section between the 25 to 30 percent of 
chord point if possible. Thus, the net shear 
load can be referred to this arbitrarily selec- 
ted shear center, resulting in a shear load plus 
a couple. The shear load is divided between the 
vertical shear webs inversely as their distance 
from the shear center and the couple is resisted 
by a constant shear flow on the cell equal to 
the couple divided by twice the area of the 
cell. With the approximate design shear flows 
on the vertical webs known, their thicknesses 
can be readily obtained. (See Chapter C7). In 
general, the thickness of the top and bottom 
cover can be assumed as one guage thickness less 
than the thickness vertical web. 

<6) Effect!** Sheet Widths. 

With the preliminary sheet and web thick- 
ness known, the effective sheet width acting 
with each stringer on the compressive side can 
be computed using one of the various effective 
width equations listed in Art. C9.17 and the 
allowable stress as calculated in (3). Infor- 
mation is now on hand to determine the number of 
stringers and the area of the comer flange 
members to give the total required area as found 
in (4)* An approximate wing section has now 
been determined for use as a trial section for 
more accurate methods of stress analysis. 


(7) Compute tending mnd Shear Streesen. 

With the trial section known, the section 
properties are computed (see Table C9.2 for ex- 
ample calculations). The bending and shear 
stresses are commuted and checked against the 
allowable stresses. Revisions can now be made 
In the areas, sheet thicknesses, effective 
widths, etc. to give the desired results, that 
is, a section which will carry the loads most 
efficiently. 

Until over-all experience is obtained in 
the design of wings, the student should realize 
that several revisions requiring a considerable 
amount of calculation will be required before a 
proper beam section is obtained. 
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Problem L Fig. C9-30 shows a mul- 
tiple flange single cell 
tapered bean. Determine the axial 
loads in the stringers at station 150 
for the given external loading at sta- 
tion 0. Also determine the Internal 
shear flow s/stem at station 150 using 
the average shear method between ata- 
150 and 125. Table B gives the flange 
stringer areas. Assume uniform change 
in stringer between stations 0 and 150, 
Assume webs not effective in bending. 

Problem 5 Same as Problem U but add 
an interior web of .032 
thickness connecting stringert (3) ana 
( 8 ). 







CHAPTER CIO 

ANALYSIS AND DESIGN OF METAL COVERED 
FUSELAGE AND HULL STRUCTURES 


C10.1 Introduction. 

In general, the methods for stress analyz- 
ing a fuselage or a hull are similar to those 
for the analysis of metal covered wings. The 
fuselage being composed of one cell and In most 
cases being symmetrical about the vertical axes 
is a simpler problem than a wing structure of 
two or more cells. The methods of analyses to 
be Illustrated in this chapter are based on the 
general theory of flexure and shear flow which 
is presented in Chapters A5, A13, A14, and A15. 
Most of the general discussion of wings in Chap- 
ter C9 applies equally as well to the metal 
covered fuselage. 

CIO. 2 General Types of Metal Covered Body 
Construction. 

The stressed skin airplane body from a 
structural design standpoint is generally divid- 
ed into two general types, namely 

1 . Monocoque 

2. Bern! -monocoque 

Monocoque Types: 

The "pure" monocoque type consists of a 
shell only. That is, there are no transverse 
or longitudinal stiffeners attached to the cell 
walls. A pure monocoque is seldom used with the 
present chief structural materials, namely, 
aluminum alloy and stainless steel, as the 
structure would be very inefficient from a 
strength-weight standpoint since the buckling 
strength of thin flat and curved sheets is rela- 
tively low. However, this condition is changing 
with the Introduction of magnesium and the vari- 
our forms of the so-called plastic-plywoods 
since sheets of these materials are much thicker 
than aluminum and steel alloy sheets of the same 
weight and buckling strength Increases with 
thickness. With the development of these light 
weight materials a pure monocoque type of fuse- 
lage should become practical and efficient in 
the design of certain portions of the fuselage 
structure of small airplanes. 

Modified Monocoque; 

If a pure shell Is reinforced by attaching 
transverse frames at fairly close spacing, it Is 
sometimes referred to as a modified monocoque 
since no longitudinal stringers are used. The 
transverse frames raise the buckling strength of 
the shell over that of apure monocoque. For 
certain portions of light airplanes with no cut- 
outs, this type of structure may prove suitable. 


CIO. 3 Seml-Monocoque Construct ion. 

The semi -monocoque type of construction can 
logically be divided into two general types, 
namely, 

1. Concentrated flange type. 

2. Distributed flange type. 

Concentrated Flange Type: 

This type of construction consists of either 
3 or 4 longitudinal stringers attached to the 
shell and transverse frames at spacing consider- 
ably less than in the distributed flange type. 

Fig. C10.1 illustrates typical stiffener ar- 
rangements for this type of fuselage design. 

Distributed Flange. Type; 

This type of construction consists of a rela- 
tively large number of longitudinal stiffeners 
which are distributed over the entire cell wall. 
Transverse frames are used but a considerably 
larger spacing than in the concentrated flange 
type of construction. Photograph series C10.1 
illustrates this type of fuselage construction. 

General Stress Analysis Theory for the Various 
Types of Monocoque Structures. 

CIO. 4 Analysis of the Modified Monocoque 
Structure. 

As explained before this structure consists 
of a cylindrical shell with transverse frames but 
no longitudinal skin stiffeners. The buckling 
strength of this type of structure for aluminum 
and steel alloy shell material can be taken as 
equal to the ultimate strength. 

Chapter B3 summarizes most of the available 
theories and test data for calculating the buck- 
ling and ultimate stresses in compression, bend- 
ing and torsion for unstiffened cylindrical thin- 
walled structures. 

CIO. 5 Analysis of ths Concentrated Flange Seal- 
Monocoque Type of Body Structure. 

The depth of the cellular beam formed by the 
fuselage is relatively large as compared to the 
wing because of the requirements of space for 
housing the equipment and payload. Furthermore, 
for aerodynamic efficiency, the sectional shape 
is partially or entirely made from curved ele- 
ments. In general, the aft portion of a fuselage 
or hull is subjected to relatively light loads, 
thus the buckling strength of the curved panels 
which make up the fuselage cell may be sufficient 
to carry a large proportion of the design load. 

.1 
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Mz/I, where I 
entire section. 


The buckling distortion of large curved panels 
falls In the category of large deflections and 
the tendency Is for the buckles to become par- 
tially permanent, thus In general, the fuselage 
cell should be designed not to buckle under the 
applied loads, due to the possibility of the 
buckles becoming permanent. 

Up to the buckling strength of the curved 
panels which make up the cell, the bending stress) 
distribution can be considered as following that 
given by the general beam theory, namely fb = 
is the moment of inertia of the 
The curved panels on this type 
of construction will usually buckle suddenly 
which indicates that a change of stress distri- 
bution takes place as the structure seeks 
another condition of stable equilibrium. This 
second state of Internal equilibrium permits the 
structure to carry a further increase In exter- 
nal load even though the curved sheet panels are 
In the buckled state. In this new state, the 
bending stresses are resisted by the longitudin- 
al stiffeners plus any sheet panels which lie 
entirely in the bending tension zone. The 
buckled panels, however, can still carry shear 
stresses In the form of a semi -tens ion field 
beam, and this action produces secondary axial 
compression and bending stresses on the longi- 
tudinal stiffeners. (Bee Chapter C7). Fig. 

ClO.l illustrates the general action which ex- 
periments indicate takes place relative to in- 
ternal stress distribution when cells with large 
curved panels and few stiffeners are loaded In 
bending* 

Summary of Appropriate 8tress Equations 

For fuselage sections symmetrical about the 
vertical or Z axis, the bending and shear stres- 
ses can be found by the following equations: 

Axial Compression or Tension: 


•d) 


f n = l 

P = external normal load at section, re- 
ferred to section center of gravity 

A * effective area 

Bending stresses: 

( 2 ) 


*b-%T - ¥ 


h 

ly and I z are the effective moments of In- 
ertia. 

Flexural Shear Flow 


For bending about Y centroldal 


axes: 


Q*<Jo* pfaz 

y 

For bending about Z axis: 
q-Oo* jfXZay 


•(3) 

-( 4 ) 


W§. CUM 

Effective Material Before and After tackling. 



Before sheet hae 
buckled. 


After sheet hae 
buckled. 



before sheet hae 
buckled. 


After sheet hae 
buckled. 


Thr.. flMMt. fuMlw tjffij. 



Before sheet hae 
buckled. 


After sheet has 
buckled. 


flMtwm time. 

The external shear V z and Vy refer to the 
net shear, or the total shear minus the shear 
carried by the inclination of the flange axial 
stresses, equations (3) and (4) are for beams 
of fairly uniform section. If section stringers 
and plating varies considerably longitudinally 
the average shear flow between adjacent stations, 
derived from a consideration of the AP flange 
loads, should be used, or 


n - n * AP 

Q - Qo 2 -Jf 


-( 6 ) 


Torsional Shear Flow 
T 

q^ = gj (A = area of cell) — (7) 

If the fuselage material Is so distributed 
as to make the section unsymmetrlcal, then the 
equations for unsymmetrlcal banding should be 
used. (Bee Chapter A15 and C9). 
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the equations which follow are taken from 
Chapter B3, Arts. Bll to B.14 inclusive: 

The compressive buckling stress of large 
curved panels can be estimated by equation 18 of 
Art. B3.12, which follows: 

Fc(cr) “•«*** (8) 

E * modulus of elasticity 

t = sheet thickness 

r * radius of curvature of sheet 

the buckling shear strength of large curved 
panels can be estimated from equation 21 of 
Art. B3.13, multiplied by .60 for design pur- 
poses . 

F °(cr) = [2.8+y2.6.1.40(V5Tp'^j^.6 

(9) 

This equation Is plotted In Fig. B3.8 of 
Chapter BS. 

The buckling strength In combined bending 
and shear can be estimated by the following 
Interaction equation from Art. B3.14: 

(s 8 )* ♦ afi = 1 (for compression and shear) 

*C 


hence 


M.8. * 


Rc + V(RoV* + * Rs" 


- 1 


do) 


where 


Rc = and R 8 «= 


P C '8 

NOTE: f c equals the sum of the compressive 
stress due to bending and axial loads. 

temple MUm 1. 

Fig. CIO. 2 shows the crose-sectlon of a 
fuselage section. This section is subjected to 



-4000# and fy ■ 465,000 In. lb. These values 
include a factor of safety of 1.5 on the applied 
loads. It Is required that the fuselage skin 
should not buckle permanently under the applied 
loads. Find the margin of safety under the ap- 
plied loads and the final stringer compressive 
stress under the design loads. 

Solution 

Calculation of section Prop«rtles - All 
Material Effective 

Iy(skin) »n r* t = nx 18* x .032 - 586 In. 4 

Stringers * .36x13.42* x 4 - 266 In. 4 

Total I y 842 in. 4 

Critical Compressive Buckling Stress by 
Equation (a): 

F C(cr) “ 146 E Vr» -45 x 10,300, OOOx .032/16* 
8230 psl. 

Critical shear buckling stress by equation 


(9): 


_ 10,300,000 x .032' , „ „ . 
F °(cr) a (l-i») fd» 1 2>0 + 


a 

- Z.i 

V 2 - 6 * 1 - 40 i' JTT7r ' ■■ ] •< 


-2470 pel. 

Calculation under the applied loads of the 
compressive and shear stress at points a, b, c, 
d, and e on the skin surface: (See Fig. C10.2 
for location) 

Applied bending My * -466000/1.5 - -310,000 
In. lb. 

Applied shear load V z - -4000/1 .5 - -2667# 
Point (a): 

o = 0° 

f c “ - 5j-5*-310000x-(18)/842 =-6620 pel. 

fe = 0 

M.8. - (8230/6620) - 1 * .24 
Point (b): 

d = 20° 

Z = 18 COS 20° - 16.8" 

f c = 310, OOOx -(16.9)/842 * -6220 psl. 




where 


Q for circular arc « rt sin a 


hence 


Q - 18* x .032 X .342 » 3.66 
. _ 2667 X 3.66 _ 

*b “ ■ 360 psl* 
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Stress ratios: 

R c * t 0 /F c = 6280/8230 = .757 
R s * f s /F 8 55 350/2470 = .142 

2 

W#S * * R c + vR c * ♦ 4xRs* " 1 

2 

" .767 + V . 757® V4x . 142® 


Therefore, the applied bending moment and 
shear could be Increased 23 percent before posi- 
tive permanent buckling of the skin would take 
place which would cause a re-organization of 
the stress distribution. 

Remaining moment to be taken after cell 
buckles = -465000 + 1 .23 x 310,000 * -83000 In. lb. 

Same for shear » -4000 + 1 .23 x 2667 * -720# 


point (c) : 
a = 55° 

z = 18 cos 55° « 10.3 tt 
f c * 310000 X -<10.3^842 = -3800 psl 
Q for cell skln = r B t sin a = 18 a x .032 x .82 
* 8.5 


Q for flange stringer » .35x 13.42 = 4.70 
Total Q * 8.5 + 4.70 = 13.2 


f s 


2667x13.2 

MFxT6$> 


= 1310 psl 


R c « 3800/8230 « .462 
R 0 = 1310/2470 *= .531 


M.8. = 


.462 + 


• + 4x 


331 = 


1 = .23 


Point (d): 
a = 70° 

Z = 18 COS 70 = 6.15 

f c * 310000 X-fc. 15^842 = - 2262 

Q for cell skin = 18* x .032 x sin 70° = 9.75 

Q for stringer =.35x13.42 = 4.70 

Total Q = 14.46 


, _ 2667X14.45 

f B = 342X.W 


= 1430 


Calculation of How S action Proportion aftor Shoot 
Han Buckled. 

Fig. CIO. 3 shows the effective section after 
the sheet has buckled. 

Calculation of Section Properties. 

Take horizontal diameter as reference axis. 

Area of effective skin = 2 r t a 85 (18 x .032 
x .698) 2 = .806 sq. In. 

Area of four stringers = 1.40 Bq.ln. 



Distance from reference axis to c,g. of ef- 
fective skin: 


R c « 2262/8230 * .275 
Rg « 1430/2470 = .58 
2 

M - 8 - ” .zK* fjgrs*7tr3& ' 1 


Point (e): 
o = 90° 
z = 0 
f c * 0 

Q « 4.70 ♦ 18* X .032 X 1 ■ 15.08 




2667 x 15.08 


= 1495 


.37 


M.S. * (2470A496) - 1 = .65 

The critical margin of safety is .23 and it 
occurs at point (c). 


z = r sin a/a = 18x .643/. 698 = 16.6" 

The statical moment of effective skin area 
about reference axis equals za « 16.6 x .806 = 13.4. 

Due to symmetry the statical moment of 
flange stringer areas about reference axis Is 
zero. Hence, distance from reference axis to 
neutral axis is 

2 = 2 za/2 a = 13.4/( .806 + 1.40) = 6.06* 

Moment of Inertia about reference axis: 

Due to flange stringers = 4x .35 x 13722 * « 

256 in. 4 

Due to effective skin: 

l y = (r* t (04 512^5 ) 

= 18* x .032 (.698+ •— ) *222 In. 4 

Hence total I y = 222 + 256 = 478 in. 4 
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Transferring to neutral axis: 

I y a 478- 2*206 X (6.06)* >*393 In. 

Bending stress Increase on lower flange 
stringers after shell buckling: 

f c 17 355 mo psl * 

Bending compressive stress on lower string- 
er before shell buckling: 



1.23 X -310000 X -13.42 


-6100 pel • 


Total compressive stress - -6100 - 4100* 
-10,210 psl. When the skin buckles, It breaks 
down Into a semi -tension field web. This web 
action produces additional end compressive loads 
on the flange stringers and also bending moments. 
(8ee Chapter C7). When the curved skin changes 
Into a semi-tension field beam, It tends to 
straighten out between flange members, thus pro- 
ducing a component of load normal to the skin 
surface which the stringer must take as a beam 
with a span equal to the fuselage frame spacing. 
Thus, the stress of -10,210 as found above would 
be increased considerably when all secondary 
influences were considered. 


The general method as illustrated above 
should only be used for preliminary design and 
for the designing of test units to obtain design 
Information. 


Analysis of ths Distributed Flange Typs of 8eal- 
Moaooogus. 

CIO . 7 Introduction. 

Fig. CIO. 4 illustrates a distributed flange 
type of fuselage section. Assume that external 
loads are applied which produce bending of the 
beam about the Y axis with compression on the 
upper portion of the cell. 



ftf. 00.4 


Up to the point of buckling of the curved sheet 
between the skin stiff oners, all the material in 
the beam section can be considered fully effec- 
tive and the bending stresses can be computed 
by the general flexure formula fp*Mz/Iy, where 
Iy is the centro idal moment of inertia of the 
entire section. When a bending compression 
stress is reached which causes the curved sheet 
between stiffeners to buckle, a re-arrangement 
takes place in the stress distribution on the 
beam as a whole. Theory as well as experimental 
results Indicate that the ultimate compressive 
strength of a curved sheet with edge stiffeners 
can be closely approximated by the following two 
assumptions. (See Art. B4.4 of Chapter B4): 

(1) A small width of sheet w x on each side 
of the attachment line of skin to stiffener can 
be considered as carrying the same compressive 

i stress as the stiffener. These effective sheet 
j widths w* are shown as the blackened elements 
adjacent to the stiffeners on Fig. CIO. 4. These 
effective widths can be estimated by the various 
equations of Chapter B4. As for example, 

j w « 2 w* « 1.7 t vf7? s t . 

(2) The remainder of the curved sheet be- 
tween stiffeners, namely, b - (w x ♦ w # ) carries 

a maximum compressive stress F c , v = .3 E t/r. 

vcr ) 

These sheets elements are shown by the hatched 
skin lengths in Fig. CIO. 4. 

These assumptions will be used In estimat- 
ing the effective bending section properties for 
use in computing the ultimate strength of a stiff- 
ened cell. 

CIO. 8 Culculmtlon of th* Effective Honest of Inertia 
of a Stiffened Cell in lending. 

Since the sheet between the skin stiffeners 
buckles under a compressive stress far below the 
ultimate strength of the skin stiffeners, the 
buckled sheet is treated as an element with vari- 
able effective thickness which depends on the 
ratio of the buckling stress F cr of the curved 
sheet to the bending stress fp existing at that 
point for bending of the cell as a whole. Hence 
the effective sheet thicknesses for the curved 
element can be written, 

t e == t (F cr /fp) 

or an effective area can be written 

A© r b* t (Fcr/*b) 

where b' Is width of the sheet between the ef- 
fective sheet widths acting with each edge stiff- 
ener. 

The general Idea can best be Illustrated by 
carrying through the solution of a typical bean 
section. 
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The general Idea can bast ba Illustrated by car- 
rying through the solution of a typical beam 
section. 

Snuspla Prefclea - leeilas S tresses is a Stiffs*** 

Cell. 

Let It be required to design the distribut- 
ed flange material for the approximate ellipti- 
cal section of rig. CIO. 5. The available data 
Is as follows: 

Design bending moment about Y axis ■ 1600000 in.lb 
Z stiffeners 1” deep and with an area of .13 sq. 
In. shall be used. 

Ultimate compression strength for stiffeners * 
-32000 pal. 

Skin thickness = .032. 

Section to be symmetrical about center lines of 
section. 

All material is aluminum alloy. 


7 



Solution: 

The first thing to do is to determine ap- 
proximately how many Z stringers will be re- 
quired so that a cell section can be obtained 
to work with. Since the internal resisting mom- 
ent must equal the external bending moment, one 
can guess at the Internal resisting couple In 
terms of total compressive flange stress and an 
effective internal couple arm. 

For elliptical and circular sections with 
distributed flange material, the approximate 


effective resisting arm of the internal couple 
can be taken as .75 times the height (h), and 
the average flange stress can be taken as 2/3 
the maximum bending stress. Since the design 
allowable was given as -32000 psl, a trial total 
compressive flange area A c can be solved for as 
follows: 

A c ~ T T gTncTgTf b 8 .95x5fix rW ' x&M o" 2 ’ 0 8<1 * ln - 

For a 32000 psl compressive stress, the ef- 
fective width of sheet acting with a stringer 
using the equation 

w = 1 . 7 1 vE7?s =i.7x.032x y/iQ:m:mmm * 

.975 Inches. 

which equals a width of .975/. 032 * 30.5 sheet 
thicknesses. Since the bending stress decreases 
as the neutral axis is approached and since the 
curved sheet between the z stiffeners can carry 
load up to its buckling strength, a preliminary 
value of effective sheet equal to 40 t will be 
assumed acting with each stiffener. Hence, 
estimated area of stiffener plus effective 
sheet * ,12 ♦ 40 x .032* « .16 sq. in. whence, 

Number of z stiffeners required s 2. 00/. 16 » 

12.5 

Fig. CIO. 5 shows how stringers were placed 
to give 12 stringers on the top half. Since the 
skin on the lower half Is In tension and there- 
fore fully effective, the neutral axis will be 
below the cell centerline and thus the two string- 
ers on centerline will be considered part of the 
required 12. A section has now been obtained to 
work with. Whether It is satisfactory will not 
be known until the effective result Is that the 
maximum stress on the upper surface should be 
close to 32000 psl but not over It. The pro- 
cedure from this point is still a trial and error 
process since the effective sheet on the compres- 
sive side depends on the magnitude of the compres- 
sive bending stress which in turn Is influenced 
by the amount of effective sheet and the buckling 
load carried by the curved sheet. 

Using the preliminary stiffener arrangement 
of Fig. CIO. 5, Tables C10.1 and CIO. 2 gives the 
calculation of the effective moment of inertia 
of the section about the horizontal neutral axis, 
Table C10.1 deals with the stiffeners and the ef- 
fective sheet elements and Table 010*2 deals with 
the curved buckled sheet elements. 

In the trial No. 1, the following assumptions 
are made: 

(1) A width of 30 thicknesses of skin act 
with each stiffener on the upper or compressive 
side. 

(2) The area of the curved sheet between 
the effective sheet widths as found In (1) Is 
modified to give an effective area by multiplying 
by a K factor of F C r/*b> wh6re *cr 1® th ® buckling 
compressive stress and ft Is the bending stress at 
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the center of the curved sheet element assuming 
32000 at the extreme upper fiber of the beam 
section and zero at the horizontal centerline, 
with linear variation in between these points. 

NOTE: 8ince the entire skin on the lower half 
is effective, a more logical assumption would be 
to guess at the location of the neutral axis and 
use a variation of f& between the neutral axis 
and the extreme fiber* This approach will not 
be used in this example. 

Due to the symmetry of the section, Tables 
C10.1 and CIO. 2 give calculations for only one 
half of the material, thus the results are 
multiplied by two. General explanatory notes 
are given below each table. 

The results of trial No. 1 give a neutral 
axis 3.38" below the centerline and a moment of 
Inertia of 1470 in. 4 . In Trial No. 2, the ef- 
fective sheet widths are based on the moment of 
Inertia of 1470. The results of trial No. 2 
give a moment of inertia of 1489 in. 4 with a 
neutral axis .135" above the first location. If 
a third trial were used, making use of the 1489 
moment of inertia, the change would be quite 
small since the effect of a small change in 
stress on the effective sheet width is negligi- 
ble. 

The compressive stress on stringer No. 2 
using the resulting moment of inertia and neu- 
tral axis location, therefore becomes 


11— nt So. 

as 

(1) 

.0*1(39.39 - .13) . 0.99 

(3) 

.153(37.99 - .13) • 4.17 

<3) 

.039(37.09 - .13) • 1.09 

(4) 

.193(35.39 - .13) • 3.99 

(6) 

.033(33.99 - .13) « 0.93 

<•) 

.199(31.99 ~ .13) • 3.94 

(7) 

.019(19.19 - .13) • 0.39 

(1) 

.191(19.99 - .13) • 3.99 

<•) 

.031(13.49 - .13) • 0.41 

(10) 

.173(10.39 - .13) • 1.79 

m> 

.099(9.99 - .13) • 0.39 

(la) 

.313(3.38 - .13)* 0.89 

- total ML __ 


thus, q = x 19.67* .0132 V z #/In. 

The shear stress f 8 * q/t * .0132 V Z /.Q32 * 
.413 V z 

Vz 

The average f 8 on the section * * 

g y "gg^ , " "Qgg = *312 V z , where h equals the 
height of the cylinder. 

Thus, in this shape of cylinder and ma- 
terial arrangement, the maximum shear stress at 
the neutral axis is .413/. 312 * approximately 4/3 
times the average shear stress. The student 
should remember this value as a help In the pre- 
liminary design of required skin thickness at 
the neutral axis. 

If the cylinder section tapers, the net 
web shear should be used as illustrated in the 
example problems in Art. CIO. 10 


* _Mz -1600000x27.45 
f b = 1585 


29500 psi. 


against an allowable of -32000, or a margin of 
safety of 8 percent. Since experiment indicate 
that the stress distribution in such a structure 
does not follow the assumptions of the beam 
theory (see Art. CIO. 9) a small margin of safety 
is desirable. 


Caleulfttlon of Sboer Strooo at Heutral Axis, 

If the beam section as derived in Fig. 

CIO. 5 is constant longitudinally, the shear flow 
can be computed by the general equation 


Q 


<u + T — 2 2 az 
^ x yNA 


Due to symmetry of the effective material 
about the vertical centerline of the section, 
the shear flow at a point on the vertical center- 
line is zero. The summation of the term az be- 
tween a point on the centerline at the top of 
the section and the neutral axis of the section 
is given in the table below, the values being 
taken from Tables C10.1 and CIO. 2. 


CIO. 9 General Design Conn ider nt lone • 

The method as Illustrated in the previous 
article of estimating the effective moment of 
Inertia of a stiffened cylindrical fuselage 
shell is widely used. Test data on stiffened 
cylindrical shells In bending show that bending 
stresses do not follow the straight line varia- 
tion as assumed in the general beam flexure 
formula. 8hear deformation in the sheet and dis- 
tortion of the cell contour between the cell 
transverse frames causes the actual bending 
stress to fall below that given by the flexure 
formula at the most remote element point (a), 

Fig. CIO. 6 with an increase between points (a) 
and (b) over that given by the beam formula. 

Thus, it is good practice to place a stiffener 
in the region of point (b) which has an ultimate 
compressive strength considerably greater than 
the adjacent stiffeners in order to carry this 
over which may exist. 

As more information of the buckling strength 
of sheet panels under combined shear and compres- 
sion are obtained, methods of analysis will be 
revised and improved. 

In general, buckles in the sheet are not 
permanent in this type of structure until the 
buckling stress is exceeded several times and 
thus permanent wrinkling or buckling seldom oc- 
curs under the applied loads. Failure is gen- 
erally due to buckling or twisting of the skin 
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TRIAL HO. l 


TABUS ClO.l 


TRIAL WO. 2 



in 

s' 

az' 


3.63 

3.30 

2.73 


SUM • 2.49 



0 

10 

11 

12 

ss 
* , 

* 

18 



<N « 

M £ 

e 

e * 

«rt * 

► «W 

az 

az 2 

.032 

.152 

4.18 

115.4 

.033 

.153 

3.88 

98.5 

.036 

.156 

3.36 

72.4 

.041 

.161 

2.60 

44.7 

.053 

.173 

1.78 

18.3 

.092 

.212 

0.72 

2.4 


.226 

- .04 

0.7 


.120 

-0.42 

1,5 


.226 1 

-1,52 

10.2 


.12 

-1.10 

11.8 


.160 

-1,09 

24.7 


.12 ! 

-1.78 

26.4 


.16 

-2.70 

45.6 


.12 

-2.24 

41.6 


.16 

-3.25 

66.0 


.12 

-2,50 

52.1 


.088 

-1.89 

40.7 


2.627 

-2.86 

673 


Explanatory Motes for Table ClO.l 


TRIAL MO, 1 

(to! ."T For nunberlng of atlff- 
anerl and shoot eleaenta, too 

Fig, CIO. 5. 

Col, 2 Stiffonor trot ? .12 4 

— 30 x .032 x .038 s *15 

tq. in. For otlffoooro 
2, 4, 6, 6, 10. Below 
the center lino etch 
stiffonor Is considered 
acting separately. The 
entire skin bet soon 
stiffeners is consider- 
ed as a unit. 

Col. 3 All amt are oeasur- 
T"S ed to horizontal cen- 
terline axis. 


TRIAL MO, 

53 7 


z m distance to neutral 
axis as found from re- 
sults of Trial Mo. 1. 
f b * 1600000 z/1470 
• effective width based 
on stress in Col* 7 



[, 2, 3, 4 (see Fig. CIO, 4 for seanlng of terns) 

5 K • 10,300,000 for alunlnum alloys 

3 fb varies as a straight line froa 32000 at 

top of cell to 2 ero at centerline 
3 a* z distance fron centroid of elenent to 

centerline axis of cell 


Explanatory Notes for Table CIO. 2 
rial Ho. 2 

6ol. 12 z - distance to neutral axis 
as found in results of Trial 
Mo. 1 

Col. 13 fb s 1600000 z/1470 

Col. 14 based on stress f b of Col, 13 


Results of Trial Ho. 1 


Considering results of both Tables and Multiply by 2 since 
only one half of cell was considered: 

£a « total effective area « (2,40 4 .266)2 

m 5.51 sq. In. 

£as' • (-12,23 4 2.02)2 « -16,62 
i .£**'/ 2* . -16.62/5.51 . -3.38” 

I« . a (714. 3 + S3) - S.S1 X 3758*. U70 in. * 


Results of Trial No. 2 


Total effective area « (2.627 4 .183)2 - 5,62 
£az - (-2.86 4 3.24)2 • 0.76 
z » .76/5.62 • .135’* above N.A. of trial 1. 

Ira * 2 < 673 + 71 ‘ 3) ‘ 8 * 62 * - 138 * - 14W 
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stiffeners. From an appearance standpoint and 
from a fatigue standpoint, the skin panels 
should not buckle under a load factor of one. 

A reasonable margin of safety above this one 
load factor is desirable for initial buckling of 
the skin panels. 

CIO. 10 KxABple Probltas of Bonding and Shoar Flow 
Calculations for Taporod Boot ions. 

The example problems which follow assume 
the effective cross-section of the stiffened 
cell, since the purpose of the example problems 
Is to Illustrate general methods of calculating 
shear and bending stresses. The student should 
realize that in actual design the effective 
cross-section necessitates a consideration of 
effective sheet widths and sheet buckling 
strength as was Illustrated In Tables C10.1 and 
CIO. 2 which dictates a trial and error process. 

Bxanplo Problem 1 - Symmetrical Tapered Beet ion. 

Fig. CIO. 7 shews a portion of a tapered 
circular stiffened cell that might be represen- 
tative of the aft portion of a small fuselage. 
For simplicity, the 16 stringers are assumed as 
the only effective material. Let it be required 
to determine the flange bending stresses and the 
web shear flow system at station (0) due to the 
given loading at station (150). 


Bolutioa Be. 1 - Solution by Comsidoriag Beam 
Proportion at Only Quo Section. 

If the change in longitudinal stiffener or 
flange material Is fairly uniform this method 
can be used with little error in the resulting 
shear flow stresses. 

Moment of inertia of section at station (0) 
about centroidal T axis: 

Iy= (15*x .1x2)+ (13.86* +10.61* + 6.74*). 1 
x 4 = 180 in.* 

Table C10.3 gives the necessary calculations 
for determining the flange bending stresses and 
the net total shear load to be taken by the cell 
skin. Since the cell is tapered, the stiffeners 
have a z component, thus the stiffener axial 
loads help resist the external shear load. The 
summation of column (8) of Table CIO. 3 gives 
-333.4# for a simulation for half the fuselage 
section. 

Hence, net web shear at station 0 equals: 

W ■ V .*t. ♦ ' 2000 * (2 X -333.4) 

= 1333.2# 

The results in this particular problem show 
that at station 0 the flange stiffener system re- 
sists one third of the external shear load. At 
station 150 the web system will resist the entire 
external shear load of 2000# since the load in 
the stiffeners is zero. 

In actual design the net web shear should 
be used since in many cases it will decrease the 
sheet thickness required one guage. 



Wp, CIO* 7 
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TAIL* CIO. 3 


1 

8 

n 

4 

m 

6 

7 

■m 

9 

stiff- 

hr* 

Area 

*b - 


11 


GO 

- 

•Mr 

SO. 

a 

a 

-1667s 

(pel) 

(3) (4) 
lbs. 

H 

* 

3H 


mm 

■nil 

*.05 

-25000 

-1250 

-.0333 

0 

-41.6 

0 

H 


.10 

-23100 

-2310 

-.0308 

-.0127 

-71.3 

-29.4 

3 

rnmn 

.10 

-17700 

-1770 

-.0236 

-.0236 

-41.7 

-41.7 

4 

5.74 

.10 

- 9550 

- 955 

-.0127 

-.0308 

-12.1 

-29.5 

& 

0 

.10 

0 

0 

0 

-.0333 

0 

0 

6 

-5.74 

.10 

8550 

955 

.0127 

-.0308 

-12.1 

29.5 

7 

-10.61 

.10 

17700 

1770 

.0236 

-.0236 

-41.7 

41.7 

8 

-13.66 

.10 

23100 

2310 

.0308 

-.0127 

-71.3 

29.4 

8 

-15 

*.05 

25000 

1250 

.0333 

0 

-41.6 

0 




Shear 

taken by flanges ■ 

-333.4 

0 

*1/2 of 

stiffener one is uiuaid acting vlth *110)1 half 

of cell. 

■» 

4 f b 

» — Mx/l y « -2000 x 150 x a/180 « -1667s 


Col. 

5 Total x component of load in flange aeaber . 

For 


practical purposes. It 

•quale axial load in 



stiffeners sines cosine of a snail angle is 



practically one. 






Col. 

6 The slops of the stiffeners In 

the z 

and y 



directions esn be calculated froa the dimensions 
of the two end sections and the length of the cell. 


(see Fig 

CIO. 7) 





Col. 

8 The 

in plane components of the 

stiffener axial 

8 9 

loads at 

station 0. 




1 


Calculation of Floxural Shear Flow. 


V Z 


Q = Qo 


(web) 


2 a z 


1333.2 

q o + "X5o 2 


az 


q #3 = -7.06 4 15.80 = 8.74 
q = -7.06 + 23.66 =■ 16.60 

54 

q 46 = -7.06 + 27.91 = 20.85 etc. 

Fig. CIO. 8 shows the results In graphical 
form, on the left side of the section the shears 
are of the same sign and therefore add together. 



= qQ + 7.40 2 az 


(A) 


Solution Wo. 2 - Shear Floe hy Chance in Stiffener toads 
Between Adjacent Stations. 


Due to symmetry of the section about the Z 
axis, the flexural shear flow In the web at the 
centerline is zero. Therefore, q 0 will be taken 
as zero and the summation In equation (A) will 
start with stiffener (1) 

q xa * 0 ♦ 7.40 x .05 x 15 = 5.55#/m. 

q = 5.55 + 7.40 X .1 x 13.86 = 15.80 

aa 

q = 15.80 + 7.40 X .lx 10.61 = 23.66 

54 


q = 23.66 + 7.40 X .1 X 5.74 = 27.91 

45 


The torsional moment T about the centroid 
of the section at station (0) equals 5x2000 = 
10000 In. lb. (clockwise when looking toward 
station 150). Due to the symmetry of the sec- 
tion at station 0, the ln-plane components of 
the stiffener loads produce zero moment about 
the section centroid. 


For equilibrium a constant internal shear 
flow q x is necessary to make 2 M* = 0 


_ _ T _ -10000 

q i ' Zk - 2 xn'xTS'i 


•7.06#/in. 


Adding the torsional shear flow q x to the 
flexural shear flow q, the following results 
are obtained: 

q„ - -7.06 ♦ 5.55 * ~1.51#/in. 


The shear flow will be calculated by con- 
sidering the change In the axial load in the 
longitudinal stiffeners between fuselage sec- 
tions at stations (0) and (30). 

Fig. CIO. 9 shows the beam section at sta- 
tion 30, the stiffener areas being the same as 
at station 0, but the section as a whole Is 
smaller due to the taper of the cell. 

Table CIO. 4 gives the calculations for the 
flexural shear. (For general explanation of 
this method refer to Art. A15.10) Further ex- 
planation is given in the notes below Table 
CIO. 4. 


Comparing the results of column 13 with the 
flexural shear flow as found by solution No, 1, 
we find the second solution gives a maximum shear 
flow of 28.95#/in. against a value of 27.91 for 
the first solution. The first method deals with 
the properties at only one section and this can 
Include the effects of change In moment of iner- 
tia on the shear flow. The second method is 
recommended for design. 

Since the section Is symmetrical, there are 
no moments Induced by the in-plane components of 
the flange forces at station 0. 

The torsional shear flow forces are the same 
as in solution method No. 1 and these are added 
to the values of column 13 of Table C10.4 and 
give a pattern similar to Fig, CIO. 8, 
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IUMMA M 


ANALYSIS 



CIO. 11 Binding and Shear Flow Streaaes in Tapered 
Fuselage Cell with Flange Material Distri- 
buted Unsyssetrlcally. 

In certain flying and landing conditions, 
the fuselage is subjected to side loads as well 
as vertical loads. Since the effective sheet 
and the efficiency of the curved buckled sheet 
depends on the flange stresses, the effective 
section as a whole will be unsyrametrical even 
though the external shape of the fuselage is 
symmetrical about the vertical axis. Further- 
more, it is quite common for the cut-outs or 
openings on one side of the fuselage due to 
windows, hatches, doors, etc. to be different 
from that of the other side of the fuselage. 

This fact causes the longitudinal stiffeners on 
one side to be different from the other which 
produces an unsyrametrical effective cross sec- 
tion. 

Xx*apl# Problta. Unsyaaetrlcal Tapered Section. 

Fig. CIO. 10 shows a portion of a tapered 
cell with longitudinal stiffeners. For simpli- 
city, the question of effective sheet Is omitted 
and the stringers as shown are given such areas 
as to make the section unsyrametrical. The 
longitudinal stresses In the stiffeners and the 
shear flow distribution will be determined for 
the section at station (0), due to the given 
loads shown acting at station (150). 

Solution Mo. 1 - Sbonr Flow by Consideration of 
Flange Loads at Two Sections. 

Table CIO. 5 (Cols. 1 to 11) gives the cal- 
culation of the section properties for the fuse- 
lage section at station (0), and the similar 
columns of Table CIO. 6 gives the calculations 
for station (30). Explanatory notes are given 
below each table. 

Calculation of the Flange Stresses at stations 
(0) and (30) 

At station (0): 

The axial load F x of 1500# acting at point 
(0* ) of the fuselage section at station (150) 
(see Fig. CIO. 10) produces bending about the Y 
centroidal axis at station (0), due to its arm 
of 7.85". 


M y = 4000 x 150 + 1500 X 7.85. * 611800"# 

Since the Z centroidal axis does not coin- 
cide with the centerline axis, the axial load 
also produces bending about the centroidal Z 
axis at station (0) due to the arm of 2.46". 

Mg * -1000 x 150 + 1500 x 2.46 = -146310"# 

In a similar manner for station (30) (see 
Fig. CIO. 11) 

My = 4000 X 120 + 1500 X 8.10 * 492150"# 

M z * -1000 X 120 ♦ 1500 X 2.11 = 116820"# 

The load F x s -1500# is thus transferred 
to the centroid of stations (0) and (30). 

Calculation of Flangw^Bendlag Stresses. 

Station (0): 

fb = -(K a M z -K x M y ) y-K ft My-K x M z ) 2 

where 

K x - I yz/( I y I z “ *yz") 

= Iz/(*y*z ” *yz*) 

K a = Iy/(I y Iz- Iyz“) 

Substituting values from tables CIO. 5 and 
CIO. 6: 

K x = -30.55/(641.4x382.6-30.55") = 

= -30.55/244670 = -.0001248 
K a = 382.6/244670 = .00156 
K # = 641.4/244670 * .00262 
Substituting K values In equation for f b : 

f b = - [.00262 x -146310 - (-.0001248 x 6118003 y 

- [.00156x611800- (-.0001248 X -146310)] Z 

whence 

f b « 307.0 y- 936.1 z (plus f b is tension) 
Station (30): 

K x * -19.4/(516.6x286-19.4") 

= -19.4/147620 * -.0001315 
K g - 286/147620 = .001936 
K # = 516.6/147620 = .0035 

fb = -[.0035 c -116800- (-.0001315 X 492150)] y 

- [.001936 x 492150 - (-.0001315 x 116820)]z 

whence 

f b a 344.3 y - 937.7 z 

Column (12) In Tables CIO. 5 and CIO. 6 gives the 
results of solving the equations for f b . 

Since an external load of 1500# is acting 
normal to the sections and through the section 
centroids, an axial compressive stress f c Is pro- 
duced on the sections. (See Columns 13). The 
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CIO. 13 


TABLE CIO. 4 


1 

2 

3 

mm 


6 

7 

8 

9 

10 

11 

12 

Stiff. 

Mo. 

Bta. 0 
Area 
a 

•q.ln. 

Sta. 30 
Area 
a 

sq. in. 

ESH3 


Sta. 0 

-18672 

(pel.) 

Sta. 30 
fb-« 
-1522Z 
(pel. ) 

■mm 


(lb.) m. 
Col . 04Col . 9 

Panel 

Taper 

Corr. 

Factor 

2 

AH- 

30 

H 

Hi 

Sta. 0 
*x * 
f b * 

Sta. 30 
* 

f b a 

1 

.08 

.05 

15.00 

14.00 

-25000 

-21300 

1250 

Baa 

6.17 

.935 

5.76 

mm 

.10 

.10 

13.86 

12.93 

-23100 

-19700 

2310 

-1970 

11.33 

.935 

10.60 

3 

.10 

.10 

10.61 

9.90 

-17700 

-15050 

1770 

mam 

8.83 

.935 

8.25 

4 



5.74 

5.36 

- 9550 

- 8155 

955 

- S15 

4.65 

.935 

4.34 

5 

.10 

.10 

0 

0 

0 

0 

0 

0 

0 

0 

0 

8 



-5.74 



-5.36 

9550 

S155 

-955 

SIS 

-4.65 


-4.34 

7 

.10 

.10 

53 


17700 

15060 

-1770 

1505 

-8.63 

.935 

-8.25 

8 

.10 

.10 



23100 

19700 

-2310 

1970 

-11.33 

.935 

-10.60 

9 

.05 

.05 

SB 

-14.0 

25000 

21300 

-1250 

1065 

-6. 17 

.935 

-5.78 


13 


riiiuril Shttr 

Flow 


6.70 


16 

36 

24 

61 

28 

96 

to 

m 

96 

24. 

,61 

e 

36 


5.70 


MOTES: 


Col. 6 f b • -2000 x 150 s/180 • -1067 z 

Col. 7 f b * *>2000 x 120 s/157.2 . -1522 z 


Cola. 8 and 9: For signs of stlffsnsr forces ref»r to 
Fig. A of Tsbls C9.4 of Chsptor C9 which 
gives s general explanation. 


Col. 10 Change in axial load in each stiffener between stations 0 and 30 divided by distance between 

Stations. This result represents the average shear flow Induced by the loading up of each stiffen- 
er between stations 0 and 30. 

Col. 11 The width of a skin panel at Station 0 is 5.88*' and 5.5 Inches at Station 30. The shear flow on 
the edge of the panels at Station 0 equals (5.5/5.88) AP/30. (See Art. A15.12 for explanation) 
This refinement is usually neglected and the average values as given in Col. 10 are used which are 
conservative. 

Col. 13 Due to aymetry of structure! the shear flow is zero on z axis. This shear flow at any station 
equals the progressive summation of the shear flow values in Col. 12. 



the stiffeners taper uniformly between the values as given for stations 0 and 150 
The oell would of course have interior transverse frames which are not shown on the 
figure* 











































































































Reference Ami 2' and Y' are taken aa tha cantarllna 
(aaa rig. CIO. 10) 

Location of cantroid and transfer of properties to 
cantroldal axon. 

as « >2.00/3.40 • -.855" 

7 . 8.40/3.40 • 2.48” 

I y . 643.9 • 3.40 x 855* « 641.4 

I- • 403.2 - 3.40 x 2.46* . 382.6 


Col. 12 f b - 307. Oy - 836.1s 

Col. 14 Slnca the total tanalla a treason equal 
to total cospresslve atraasaa In 
banding, the bus of Col. 14 should 
equal tha external applied normal load. 


Table CIO. 6 
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ANALYSIS AND DESIGN OF AIRPLANg STRUCTURES 


total load P 8 In each stiffener equals the area 
of the stiffener times the combined bending and 
axial stresses, (see column 14 of each table). 

Caleulatloa of Flexural Shear flow 4. 

Table CIO. 7 gives the necessary calculations 
to determine the shear flow at station (0) based 
on the change in flange loads between stations 
(0) and (30). The correction of the average 
shear due to the taper in the skin panels as was 
done in example problem (1), Table CIO. is 
omitted in this solution since it tends toward 
the conservative side. Since the effective 
cross section is unsynmetrical, the value of the 
flexural shear flow q at any point is unknown 
thus a value for q at some point is assumed. 

In Table CIO. 7 the shear flow q in the web aj is 
assumed zero. Column (5) gives the results at 
other points under this assumption. 

Moment of 8hear Flow about Intersection of 
Centerline Axes 

For equilibrium in the plane of the’ cross 
section at station (0), the summation of the 
moments in the plane of all Internal and ex- 
ternal forces must be zero. Column (7) of Table 
CIO. 7 gives the moment of the flexural shear 
about this point. (See notes and Fig. below 
Table for explanation.) 

HosMti Du« to Ia Plano Components of Plango 
Loads. 

Since the stiffeners are not normal to the 

TABLE CIO. 7 


SUAE FLOS CALCULATIONS 



section at station (0), the stiffeners has in 
plane components which may produce a moment 
about the intersection of the symmetrical axes 
which has been selected as a moment center. 

Table CIO. 8 gives the calculations for the in 
plane components and their moments about point 0 W < 



TABLE CIO. 6 

MOMENTS DUE TO IN PLANK COMPONENTS OF STIFFENER LOADS 


1 

2 

3 

4 

6 

6 

7 

8 

Stiff. 

Px 

(lbs.) 

a 

Py * 

p *i- 


& 

dx 

Pz : 

Px Jk 
dx 

»o » 

p* r 

a 

b 

d 

d 

-9312 

-2239 

-2304 

-1719 

.0026 

.0186 

0 

-.0168 

248 

42 

0 

32 

2600 

798 

0 

-608 

-.0233 

-.0421 

-.050 

-.0421 

217 

94 

115 

72 

-2600 
- 796 

0 

610 

e 

f 

g 

9216 

3673 

-.0266 

-.0266 

-.0166 

"773 

246 

69 

-i ilo 

-2570 

-1310 

-.0^33 

.0233 

.0421 

i$2 

214 

154 

”7155 

2560 

1307 

h 

i 

J 

3809 

2634 

1246 

0 

.0186 

.0266 

0 

49 

33 

0 

930 

346 

.050 

.0421 

.0233 

190 

111 

29 

0 

-941 

-348 



— 

8 us> 

-1634 



1612 

NOTES: 

fcol. (2) fro* Table CIO. 5 st7 

Col. (3) equal the slope of 
etiffeoers in y 
and s directions. 1 

(see Fig. CIO. 10) 

Col. (S) Values of s' and y ' 
and (8) fros Table CIO. 5. J- 

Fig. b shows the 7 

P y end Pm com- 
ponents Iron Cols* •• 
(4) and (7). 

tr 

Total aoasnt about O' • 

-1634 + 1612 » -22**# 

l* 

!•*** L r' a fi 

hr* $ 

fee 
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FUSBLAGE ANALYSIS 


loaiftt of XxtonwX Load 8y»t«* About Point (0* ). 

The 1CX)0# load at station (150) acting In 
the Y direction has a moment ana of 7" about the 
point O' of station (0). 

Hence external moment = 1000 x 7 = 7000**#. 

Therefore the total moment about the assum- 
ed moment center 0* = 

92670*# due to shear flow q 
-22 due to In plane components of 
stiffeners* 

7000 due to the external loads. 

Total 

*99648*# * ZMo* 


Therefore for equilibrium a moment of 
-99646"# is required which can be provided by a 
constant shear flow q x around the cell, hence 


_ T _ -99648 

q i = Sa = ST5S7 : 


-52#/in. (957 * enclosed 
area of cell) 


This value of q x is entered in column 8 of 
Table CIO. 7. The resulting shear flow In any 
web portion q** equals the algebraic sum of q 
and q x . (8ee Col. 9, Table C10.7). Fig. CIO. 2 
shows the results In graphical form. 


CIO . 12 Solution for thm Bhomr Flow Considering 
only Ono Boa* Sootloa. 


This method assumes a beam of constant mom- 
ent of inertia. In general the fuselage is tap- 
ered in depth and width and the cross-sectional 
material also changes due to taper of the flange 
stringers and the changes In the skin thickness, 
thus the above method may give misleading results 
in certain cases of material distribution as il- 
lustrated in Arts. A15.10 of Chapter A15. There- 
fore the method considering the change in flange 
loads between two sections is recommended. 


(1) The fuselage section in Fig. CIO. 13 is 
subjected to a bending moment My = 700,000 in. 
lb. and a shear load of 6000#. Determine what 
proportion of this loading can be carried without 
buckling of the curved panels. Determine the 
final axial stress in the three longerons under 
the total given loads. 

(2) The fuselage section of Fig. CIO. 14 is 
subjected to a bending moment My * 1,100,000 in. 
lb. Determine the effective moment of inertia 
of the section under this moment. 

(3) The fuselage section of Fig. CIO. 14 is 
subjected to a moment My * 900,000 in. lb., and a 
Mg; moment of 350,000 in. lbs. Determine the ef- 
fective moment of inertia under this load system. 


Since the effective cross section at sta- 
tion zero in the example problem is unsymmetri- 
cal, the flexural shear flow can not be obtained 
by the general equations for symmetrical sec- 
tions as illustrated by example problem 1 of 
Art. CIO. 10, The following two methods in com- 
puting the shear flow may be used: 

(1) By use of the principal Axes. 

This method is explained in detail in 
Articles A15.6 and A15.7 of Chapter A15. 


z, 



Material: 24 ST Al.Alloy. 
Frame spacing * 9 in. 

Skin thickness « .040 

Upper longeron area « .50 each 

Lower longeron area - .70 


(2) By correcting the shear loads along a 
given set of rectangular axes to take care of 
the dissymmetry of the section. 


Thus 


« 3 ^ 2 az + X ay 


where 


v * ’rTsa?- 

lylz 


Vy - V Z 


1 - (I-Yz) * 


& 


y A z 


V z * external net shear load parallel to the Z 
axis. 

Vy = external net shear load parallel to Y axis. 
lz and Iy * moment of inertia about the centroids 
al z and Y axes, 

Iy 25 * product of inertia about the same axes. 






Bottom skin * *050 
Side and top skin « .032 

All stringers on each 
portion are equally spaced. 

Frame spacing * 18* 

Material: 

Stringers — 24ST Extru. 
Sheet — 24 ST alclad. 


Pig. CIO-19 


(4) Fig. CIO. 15 shows the dimensions of a 
hull section. The black circles show the loca- 
tion of the stringers. The bottom stringers 
axe Z sections. (For size see section No. 29 
of Table C6.4 of Chapter C6). Stringers 5, 6 
and 7 are bulb angles. (See section No. 3 of 
Table C6). The hull section is subjected to a 
bending moment I fy * 2,000,000 in. lbs. Select 
the necessary upper stringers 1 to 4 to carry 
this design moment and modify given stringers 
if necessary. Determine the allowable stress 
for the stringers by the methods as discussed 
in Chapters B5 and B6. 
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CHAPTER Cll 

BULKHEAD AND FRAME ANALYSIS 


CU.l General. 

The wing or body of a modem airplane is 
essentially a stiffened thin-walled cellular 
structure. These structural units of the air- 
plane are subjected to various concentrated 
loads of relatively large magnitude. In many 
cases, the wing supports the power plant, or 
the landing gear or floats may be attached to 
the wing and the wing is usually attached to 
the fuselage by localized fittings which pro- 
duces concentrated loads or reactions on both 
the wing and body structure. The body usually 
supports the tall, and in many cases, the land- 
ing gear and power plant are attached to the 
body. All of these concentrated loads must be 
transferred into the skin of the cellular 
structure and the structural unit which is de- 
signed to make this transfer of load is general- 
ly referred to as a bulkhead. 

In a wing structure, there are many ribs 
running In a chordwise direction. It is common 
practice to refer to ribs which are attached 
continuously around their perimeter to the wing 
skin as bulkheads. Since the chief purpose of 
a bulkhead is to transfer concentrated loads in- 
to the skin covering, it will usually need a 
flange to take bending loads and a web or truss 
system to transfer shear loads. 

For the transfer of loads in a fuselage or 
hull structure, the bulkhead in most cases must 
be an open ring or frame since the inside of the 
body must be an open compartment or a series of 
compartments. 

Thus on every airplane, there are a con- 
siderable number of bulkheads in both the wing 
and body structure which must be stress analyzed 
and designed In detail. This chapter deals with 
the general principles in the stress analysis of 
bulkheads. 

Fig. Cll.l a to f shows sketches of several 
types of bulkheads which are typical to wing and 
body design. 


Fig. a Illustrates a bulkhead for a single cell, 
leading edge type of wing beam with three span- 
wise stringers. The flange of the bulkhead is 
riveted continuously to the wing skin. 

Fig. b illustrates a bulkhead for a single cell 
beam with a distributed flange in the form of 
corrugations on the upper surface and bulb angles 
stringers on the bottom. To stiffen the flat 
sheet web of the bulkhead beads are pressed into 
the sheet. 

Figs, c and d illustrate two general types of 
bulkheads for a wing cell confined to the mid- 
portion of the wing. 
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Fig. e illustrates a 
fuselage bulkhead for 
trans faring the tall 
loads into the fuse- 
lage skin. 

Fig. f illustrates a 
bulkhead for a hull 
which transfers the 
water loads and the 
wing reactions into 
the hull skin. 



CH.2 Aaftlyels of Bulkhead for 2-Flange Single 
Cell Beane. 


With q known the shear and bending moment at 
various sections along the bulkhead can be deter- 
mined. For example, consider the section at B-B 
in Fig. C11.2. Fig. C11.3 shows a free body of 
the portion forward of this section. 

The bending moment at section B-B equals: 

Mg - 2qA x where A x is the area of the 
shaded portion. 

Let Fy equal the horizontal component of the 
flange load at this section. 



The true upper flange load F u = F x /cos O x and 
the lower flange load equals Fl 3 F x /cos 

The vertical shear on the bulkhead web at 
B-B equals the vertical component of the shear 
flow q minus the vertical components of the flange 
loads . Hence 


Fig. Cl. 2 Illustrates a bulkhead in a 2- 
flange single cell leading edge type of beam. 
Assume that the air-load on the trailing edge 
portion (not shown in the figure) produces a 
couple reaction P and a shear reaction R as 
shown. These loads are distributed to the cell 
walls by the bulkhead which is fastened continu- 
ously to the cell walls. Let q = shear flow per 
inch on bulkhead perimeter which is necessary to 
hold bulkhead in equilibrium under the given 
loads P and R. 


V wob ■ Q a - F x tan ©, - F x tan ©, 

= q a - (tan © x + tan ©„) 

Illuatr.tlv. Problem 

The bulkhead In the leading edge portion of 
the wing as illustrated In Fig. Cll. will be 
analyzed. 

A distributed external load as shown will be 
assumed. 


Taking moments about some point such as (1) 
of all forces In the plane of the bulkhead: 

i M, = -Fh + 2AQ ■ 0 

hence 

.q * Ph/2A. (A = enclosed area of cell) 


Solution: 

The total air load aft of beam = 8 x 40/2 = 
160#. The arm to its c.g. location from the 
beam equals 40/3 = 13.33". Henoe the reactions 
at the beam stringer points due to the loads on 
the trailing edge portion ecwals: 



ANALYSIS AMD Pjtglgjf OF AIRFLANK BTROCTPK18 


P * 160 x 13.32/10 = 213.2#. (See Fig. C11.5) 
Shear reaction V r = 160# 
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Let q be the constant flow reaction of the 
cell skin on the bulkhead perimeter which is 
necessary to hold the bulkhead in equilibrium 
under the applied air loads. 

Take moments about some point such as the 
lower stringer (1). 

=-213.2x10 + 8x16x7.5 + 2x139.3 q=0 


Flange load F* (161/7.67) = 24.3# 

Web shear *4.42 x 7.67 + 8x 2.5 -24.3x sin 
300x2*29.4#. 

In a similar manner the values of the bulk- 
head shears and bending moments could be deter- 
mined at other actions. 

C11.3 Analysis of Bnlkhsad tor 3-Flang* Bing la 
Csll Beans. 

A three flange single cell beam is a very 
common arrangement for wings of small and medium 
Bize airplanes. Fig. C11.7 illustrates a bulk- 
head for a 3-flange single cell beam. The bulk- 
head distributes any applied loads such as a re- 
action from the wing flap or a reaction from a 
landing gear or float strut into the cell skin 
structure. The bulkhead flange is usually fas- 
tened continuously to the cell walls. The re- 
action of the cell skin on the bulkhead flange 
can be considered as composed of three constant 
flow reactions as indicated by the flow patterns 
q C b, dba an<1 One in Fig- C11.7. The bulkhead is 
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Hence 

q = 1232/27B.6 * 4.42#/ln. 

With the applied forces on the bulkhead 
known, the shears and bending moments at various 
sections as desired can be calculated. For ex- 
ample, consider a section B-B 2.5" from the 
leading edge. Fig. C11.6. 



la 


Banding moment at section B-B = 

8 X 2.5X1.26 + 4.42 X 2X16.4= 161"# 


thus held In equilibrium by these constant flow 
edge forces and the externally applied loads. 

The force system Is a coplanar non-concurrent one 
and Is statically determinate since three equa- 
tions of equilibrium are available and there are 
3 unknowns, namely the three constant flow reac- 
tions of the cell skin on the bulkhead flanges. 
Once these constant flow bulkhead reactions are 
determined, the shears and bending moments on 
the bulkhead can be found. The general analysis 
of such a bulkhead can best be explained by the 
solution of a typical problem. 

IIlo.tr.tlv. SroblM. 

Fig. C11.8 shows a bulkhead In a 3-flange 
single cell wing beam. The bulkhead must distri- 
bute the concentrated applied loads at points b 
and c Into the cell walls. Let It be required 
to determine the loads In the flange and the web 
of the bulkhead. 


Solution: 


The three unknowns are qcp, qa 0 , and Qpa- 
The direction of these constant flow reactions 
has been assumed as shown by the arrows In Fig. 
C11.8. 
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Take moments of all forces about stringer 
(a) and equate to zero. 

3% * 1500 X 13.8 + 2000 x 20 ♦ 2 x 186 x q c ^ + 2 
x 19.3 xqac-0 (1) 

Take moments about stringer (b) and equate 
to zero. 

2Mk « 2000 x 20 + 2 x 157.3 X q ac + 2 x 48 x q c ^ = 

0 ( 2 ) 

Solving equations (1) and (2) for q ac and 
q ct) , we obtain 

qac = -79,8#/ln. , q cb = -155#/ln. 

To find q^ take ZF z = 0 

2F Z = 5000 + 2000 - 155 X 8.6 - 79.8 X 5.2 - 13.8 
%a ~ 0 
hence 


%a = 380.7#/in. which acts In the direction 
that was assumed whereas the other reactions act 
In the reverse direction to that assumed. 

In equations (1) and (2) it was necessary to 
find the moment of a constant flow curved force 
system about a selected moment center. To do 
this required certain enclosed areas which are 
Illustrated in Figs. cil.9, 10 and 11. 



Moment of q ac about 
point b = 2A 4 qa C . 


Calculation of Bulkhead Flange and Web Loads. 

Before the bulkhead flange can be propor- 
tioned and the thickness of the web selected, 
the shears and bending moments on the bulkhead 
at several sections should be determined. To 
illustrate, a section 10" from the leading edge 
will be considered. Fig. C11.12 shows a free 
body of the portion of the bulkhead forward of 
this section. 



The moment at the cut section will be re- 
ferred to point (0) the intersection of the chord 
line with the section. 

Mq » 2000 X 10 - 155 X 52 x 2 - 79.8 x 26 .8 x 2 
= -397"#. 

The vertical shear at (0) equals 

V 0 = 2000 - 155 X 7.4 - 79.8 X 4 = 534# 

The resultant horizontal thrust Xq at (0) 
equals 



Moment of q^ about 
point b = Zk x q C fc. 

Moment of qac about 
point a = 2A» qac* 



about 

<*cb‘ 


-155 x 10 + 79.8 x 10 = -752# 

Fig. C11.13 shows these resultant forces 
at point 0. 
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Take moments about (1) to find Fu x 
° 11.4 F u - 397 • 752 x 4 * 0, whence F Uv « 

X X 

299# 

The axial upper flange load F u therefore 
equals 299/cos 11° -20* «305# tension. 

Take 2F X =0 to find Fj^ 

» -752 ♦ 299 + F^ = 0 whence F^ = 453 

Therefore F L = 453/cos 9° -40' =460# tension 
To find the web shear take 2F Z 53 0 

V web “ V ° * Fu sln 110 - 20< ~ F L sln 9° - 40* 

= 534 ♦ 305 X .196 - 460 X .168 = 517# 


Solution: 

The z component of the applied load equals 
-6000 - 5000 ♦ 2000 = -9000#. 

The x component equals -8500 + 7500 - 4000 * 
4500 = -500#. 

These two resultant components are distri- 
buted to the wing cell by the bulkhead causing 
the wing to suffer bending and shear forces. 

If a section of the wing one Inch long Is con- 
sidered, the resultant loads applied through 
the bulkhead produce bending moments on the wing 
of: 

M x = -9000x 1 = -9000"# 

n z = -500 x 1 = -500"# 


In actual design, particularly, for bulk- 
heads carrying large external loads, it is usu- 
ally necessary to plot a complete diagram show- 
ing the variation of the flange and web loads 
throughout the bulkhead. Thus similar calcula- 
tions to those above can be repeated at several 
sections from which curves may be plotted. 

C11.4 Bulkhead Analysis for Single Cell Wing Bean 
with Multiple Stringers. 

When there are more than three flange 
stringers In a single cell beam, there are four 
or more shear panels in the cell wall and thus 
the reactions of the cell panels on the bulk- 
head flange can not be found by statics as was 
done in the case of the 3-flange cellular beam 
in Article C11.3. To explain a general proced- 
ure for stress analyzing a bulkhead for a wing 
beam of the multiple flange type a numerical 
sample problem will be presented. 

Fig. C11.14 illustrates a wing section con- 
sisting of four spanwise flange members. The 
concentrated loads acting at the four corners of 
the box might be representative of reactions 
from the engine mount or nacelle structure for 
an engine attached to the wing and on the rear 
beam, the reactions from a rib which supports 
the wing flap. These loads must be distributed 
Into the walls of the wing box beam which neces- 
sitates a bulkhead. Before the bulkhead can be 
designed, the bending and shear forces on the 
bulkhead must be determined. The calculations 
which follow illustrate a method of procedure. 


6 * cm* 



The flexural shear flow system In the cell 
walls due to the above moments can be found from 
a consideration of the axial load in the four 
corner members of the box. To find these flange 
loads requires the use of the wing section prop- 
erties. Table Cll.l gives the calculations. For 
simplicity in this example problem, the cell 
walls are considered ineffective In bending. 

Since the beam section is unsymmetrlcal, the 
flexure equations for the bending of unsymmetrl- 
cal sections must be used. 

From chapter A13, the beam flexure equation 
using section properties about the centroldal X 
and Z axes Is 

f b »-«A-K^)x- (K.Mx-K^Z 

From table Cll.l, l x = 225.8, Iz = 1310, 

Ixz = -94.7 

K, = Ijb/OxIz = Ixz’) 

= -94.7/(225.8x1310 - 94.7*) =-94.7/286700 
= -.00033 

K, = I z /286700 = 1310/286700 = .00456 

K = I x /286700 = 225.8/286700= .000786 

a A 

Substituting In the equation for f^ using 
M x = -9000 and M z =? -500, we obtain 

f b = - [.000786 x -500- (-.00033 X -9000] X 
- [.00456 x -9000- (-.00033 X -500)] Z 

whence 

f b = 3.363 x ♦ 41.21 2 

Columns (12) of Table Cll.l gives the results 
of this equation for the bending stresses in the 
four corner members of the box beam. Multiplying 
these stresses by the flange areas, the change in 
flange load in a length of one inch Is obtained 
(Column 13). This change in flange load also 
represents the shear flow per Inch of cell in- 
duced by this change in flange load. Since the 
value of the shear flow at any point on the cell 
wall due to this bending Is unknown a value will 
be assumed at some point and then the shear flow 
system will follow as a summation of the AP 
changes in the flange members. In this example, 
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mam 


T~ 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 



B 

a 

AZ ’ 

AZ' a 

AX' 

AX '2 

AX’ * 1 

Z*Z'-Z 

x*xj~x 



mm 

mm 



mm 

11,00 

60.5 

0 

0 

0 

6.36 



444.0 


-444 

55 




4.43 

15, 72 

37.50 

1125 


4.41 

m 

Ea3 

304.6 

-748 



mu 






-289.8 

-7.54 


mn # jMj 

mmmm 


d 


mu 

Hi 


71.60 


mm 

0 

-5.64 

-11.8 

m 

mssM 

— .... ...... 


mmjm 

m 



MESjEM 

2160 



st 

S 

X 

azv*a 

AX' //A 

. -5,27/6.10 . 

. 72.0/6.10 . 

-.86»" 

11. 8" 




Cantroldal x and z aoaents of Inart la: 

l x . 230.3 - 6.10 x # 865* - 225.8 

I B . 2160 - 6.10 x 11.8® - 1310 

Ixz a— 1 56.9 - 610 x -.865 x 11.8 • -94.7 
fb - 3.363 x + 41 .21 z (Sm* Coluan 12) 


the cell web between flange members (a) and (d) 
is assumed zero or It might be considered that 
this web is cut which leaves an open section for 
the beam. Column (14) of Table Cll.l gives the 
shear flow around the cell under this assumption 
Fig. C11.15 shows the resulting forces on the 
bulkhead. The force system acting on the bulk- 
head Is balanced for summation of total forces 
In the X and Z directions which must be zero for 
equilibrium of the bulkhead. 

The moments of the forces in the plane of 
the bulkhead will now be calculated: 

Taking moments about the c.g. of the beam 
cross section (See Fig. C11.15): 


m c - -11000 x 11.8 - 8500 x 6.36 - 7500 X 
5.65 - 4000 x 4.41 - 4500 X 7.54 - 3000 X 18.2 - 444 x 
2 X 90 - 748 X 2 - 108.7 - 461 X 2 X 99 = -648400"# 


For equilibrium 22ML must equal zero, 
c.g. 

therefore a constant flow shear q reaction 
around the bulkhead perimeter Is necessary which 
will produce a moment of 648400"#. 




M 648400 
= 2A 27360 


= 880#/ln. 


(Note: 368.5 = total area of cell) 


Adding this shear flow to that of Fig. 
C11.15, the resulting force system of Fig. C11.16 
Is obtained. The reactions of the beam cell 
walls on the bulkhead have now been determined 
and the bending moments and shears on the bulk- 
head can now be calculated. 


To Illustrate, consider the bulkhead sec- 
tion B-B which passes through the c.g. of the 
beam section. Fig. C11.17 shows a free body of 
the bulkhead portion to the left of section B-B. 



Moments at section B-B will be referred to 
the point (0): 

m o - -11000 X 11.8 - 8500 x 6.36 - 7500 x 5.64 + 436 X 2 


x 36 + 800 x 2 x 70.8 + 419 X 2 x 30.3 = -38200"# 

The resultant external shear force along the 
section B-B equals the summation of the z compon- 
ents of all the forces, 

V = ZF z - -11000+ 12 x 880 - 436 x 0.36 + 419 x 0.96 
= -195#. 

The resultant load normal to the section B-B 
equals the summation of the force components in 
the x direction. 

H = SF x ~ -8500 + 7500 + (436 - 419) 11.8 - -800# 

Fig. C11.18 shows these resultant forces re- 
ferred to point (0) on section B-B. The flange 
loads (F) In the bulkhead and the net shear In 
the bulkhead web can now be found as illustrated 
In the previous Illustrative problems. To obtain 
a complete picture as to the flange and web forces 
several sections along the bulkhead should be 
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analyzed In order that curves of bulkhead bend- 
ing moments, shears and thrusts can be drawn. 

C11.5 Bulkhead analysis For Multiple Cell Wing 
Structures. 

In large airplanes, wing sections with 
three or four Interior webs which divide the 
wing section Into two or more cells, are quite 
common. Bulkheads for distributing large con- 
centrated loads are of course needed regardless 
of the type of wing cell construction. 

The general procedure as Illustrated by the 
numerical example In Article C11.4 can be used 
for finding the reaction of the walls and webs 
on the bulkhead perimetry. The method of find- 
ing the shear flow In multiple cell beams Is 
given In Chapters C9 and CIO and the basic 
theory In Chapter A15. If the student Is fa- 
miliar with these chapters, he should have no 
difficulty extending the general procedure In 
Art. C11.4 to bulkhead analysis for wing sec- 
tions with multiple cells and a large number of 
s panwise stringers. 

Cll.Sa Bulkhead* Adjacent to Cut-Out In One 
Surfaco of a Box Been. 

Fig, (a) Illustrates a wing box beam with a 
large cut out In the upper skin covering which 
extends entirely between the upper corner 
flanges of the box beam. Assume that the wing 
portion shown Is subjected to a constant torque 

This torsional moment produces a constant 
shear flow q = Mt/2A In the cell. At the cut- 
out in the upper surface, the shear flow q in 
the upper surface must be taken by the upper 
flange of the bulkhead. The bulkhead Is held in 
equilibrium by three balancing shear flows q x , 
q t and q # on the other three edges of the bulk- 
head, See Fig. b. These, three forces can be 
determined by statics after which the Bhears 
and bending moments on the bulkhead can be de- 
termined. 

To illustrate by a simple numerical problem, 
consider that the wing cell Is subjected to a 
torsional moment of 100,000 In. lb. The forces 
acting on the bulkhead which Is located adjacent 
to the edge of the cut-out will be determined. 



Fig. (c) shows a free body of the bulkhead. 
The torsional shear flow in the cell walls 
equals M t /2A = 100,000/(2x405.5) = 123.3#/ln. 

This shear flow in the top covering Is thrown 
off as a constant upper edge force on the bulk- 
head as shown In Fig. (c). The bulkhead Is held 
in equilibrium by the shear flow reactions q x , 
q a and q 8 on the other three edges of the bulk*- 
head. See Fig. (c) for assumed sense of reac- 
tions. 

For equilibrium 2F X = 0 
■ 123.3 x 29.5 - 29.5 q 0 = 0, hence q a « 
123.3#/ln. 

To find q x , take moments around point 0 
and equate to zero. 

ZM 0 - 128.3 X 2x 181 ♦ 123. 3x 2 x 18 - 2x 206.6 

q x -0 

whence 

Q ! - 119#/ln. 

To find q a , take 2F Z - 0 = 119 x 14 + 123.3 x 3.4 

10.6 q a - 0 

whence 

q = 197#/ln. 

With the loads on the bulkhead known, the 
shears and moments on the bulkhead can be found 
as Illustrated in the previous problems. 
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BULL STRUCTURES 


C11.S Central. 

The airplane body (fuselage or hull) la sub- 
jected to many concentrated forces of relatively 
large magnitude, as for example, wing reactions, 
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tail reactions, and in some designs, the fuse- 
lage is subjected to reactions from the power 
plant or landing gear. These concentrated loads 
on the fuselage which are usually applied 
through fittings must be distributed to the 
fuselage cell or skin covering. An internal 
bulkhead which is usually fastened continuously 
to skin covering is used to make this transfer. 

In many cases these bulkheads must be open rings 
because of interior cabin arrangements. It is 
common practice to refer to fuselage bulkheads 
which are open rings as frames, but whatever the 
name (bulkhead or frame), a structure must be 
provided to transfer the concentrated loads into 
the fuselage skin. 

Since closed frames are statically indeter- 
minate with respect to internal stresses, the 
stress analysis procedure of a fuselage or hull 
frame consists essentially of two steps. The 
first step is to determine the magnitude and dis- 
tribution of the reacting skin forces on the 
frame which balances the externally applied 
loads. The second step is to analyze the frame 
for Internal forces in resisting the applied 
loads (external and skin forces). 

C11.7 Magnitude and Distribution of the Skin 
Baactlng Forces on the Frans. 

Fig. C11.19 illustrates a cross-section of 
a fuselage section of the distributed flange 
type. Two external loads P are applied to the 
fuselage as shown. To distribute these loads 
into the fuselage skin, an Internal frame or 
ring is necessary as Illustrated in the Fig. 

To hold the frame in equilibrium the external 
loads must be balanced by the skin reaction on 
the circumference of the frame. If the elemen- 
tary beam theory is assumed to apply, then these 
reacting skin forces would be distributed ac- 


cording to the general flexure shear flow theory, 
namely 

q = * 2 az (for symmetrical fuselage 
1 sections) 

Fig. C11.19 shows this shear distribution 
for a distributed flange type of fuselage 
structure and Fig. Oil. 20 shows the shear flow 
distribution when the fuselage flange material 
is concentrated into four main longerons. In 
this case, the shear flow is constant between 
the longerons. 

Some structural designers contend the dis- 
tribution of a large concentrated load in the 
fuselage skin does not follow the beam theory, 
and make the assumption that the resistance of 
the skin adjacent to the point of application is 
greater than that of the skin at greater dis- 
tances from the load point. A triangular dis- 
tribution of the skin resisting forces are il- 
lustrated in Fig. C11.21 is often used. If 
this is done, the shear stresses in the fuselage 
sheet should be checked for this distribution. 


ILLUSTRATIVE PROBLEMS IK CALCULATING TIE SKIN RE- 
SISTING FORCES ON A FUSELAGE FRAME SUBJECTED TO 
EXTERNAL LOAD CONCENTRATIONS. 

Problem #1 

Fig. C11.22 illustrates a cross-section of a 
circular fuselage. Two concentrated loads of 
2000# each are applied to the fuselage frame at 
the points indicated. The problem is to deter- 
mine the reacting shear flow forces in the fuse- 
lage skin which will balance the two externally 
applied loads. This fuselage section might be 
considered as the aft portion of a medium size 
fuselage and the loads are due to air loads on 
the horizontal tall surfaces. To make the nuraeri- 



Dietributlon of skin resisting 
forces on frame as per beam 
theory. Multiple flange type of 
of fuselage structure. 


Fig. Cl MO 

Distribution of skin resisting 
forces on frame as per beam 
theory, concentrated flange 
type of fuselage structure. 


Fig. Cl Ml 

Distribution of skin resisting 
forces based on a consideration 
of the deformation of the 
fuselage skin 
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cal calculations short th© fuselage stringer 
arrangement has been assumed symmetrical. 

Solution; 

In this solution the fuselage skin resist- 
ing forces will be assumed to vary according to 
the general beam theory. The general flexural 
shear flow equation for bending about the Y axis 
is 

Q = do + T 2 2 az 

In this problem, v z = 4000# 

The moment of Inertia Iy of the fuselage 
cross-section is required, in this simplified 
illustration, the area of each stringer plus its 
effective skin will be taken as ,15 sq.In. The 
student should of course realize after studying 
Chapters C9 and CIO that the true effective 
area should be used on the compressive side and 
that the skin on the tension side of the fuse- 
lage is entirely effective. These facts would 
tend to make the effective cross-section unsym- 
metrical about the Y axis. Since the only pur- 
pose of this illustrative solution is to show 
how the frame loads are balanced, the section be 
assumed as symmetrical which will greatly de- 
crease the amount of calculations required. 



Moment of Inertia of fuselage section 
about Y axis which is the neutral axis under 
our simplified assumptions. 

Iy = .15 (17.6* + 16.2*+ 13.5*+ 13.5* + 10 s + 
5*) = 637 In.* 

Due to symmetry of effective section and 
external loading, the shear flow in the fuselage 
skin on the z axis or between stringers 1 and l x 
and 11 or 11 1 will be zero. Thus starting with 
stringer (1) the shear flow in the skin resist- 
ing the external loads of 4000# can be written 
around the circumference of the section. 



q = 2 az = 2 az = 6.275 2 az 

q i _ a = 6.275 X .15 x 17.6 = 16. 57#/in. 

q g _ s - 16.57 + 6.275 X .15x16. 2- 31. 82#/in. 

q = 31.82 + 6.275 x .30 x 13.5 - 57.22#/ln. 

5 — 4 

q = 57.22 + 6 .275 x .15 x 10 = 66 .C2#/ln. 

4 — 0 

q e _ a = 66.62 + 6 .275 X .15 X 5 = 71 .32#/ln . 

Due to symmetry of effective cross-section, 
the shear flow is symmetrical about the Y axis. 

As a check on the above work, the summation 
of the z components of the shear flow on each 
skin panel between the stringers should equal the 
external load of 4000#. 

ZF z of skin shear flow equals the vertical 
projected length of each panel times the shear 
flow q on that panel, or 

2F Z = [l.4 X 16.57 + 2.7x31 .82 + 3.5x57.22 + 5 
x 66.62 + 5 x71.32] 4 = 4000# (check) 

Fig. Oil. 23 shows the frame with its balanc- 
ed load system. With the external loads on the 
frame known, the Internal stresses in the frame 
can be determined by various methods. (See 
Chapter A9 and the general discussion in Art. 
C11.9.) 

PtOBLXM 2 Ifosyaaetrlcal Vertical Loading 

In certain conditions m flying and landing, 
unsymmetrical concentrated loads are applied to 
the fuselage or hull structure. For example, 

Fig. Cl 1,24 shows the same section and frame as 
was used in Problem 1. Due to an unsymmetrical 
load on the horizontal tall, the reactions from 
the tail on the fuselage are as illustrated in 
the figure. The total load in the z direction is 
still 4000# but the loads are not symmetrical 
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about the z axis. For analysis purposes, con- 
sider the loads as transferred to the c.g. of th< 
section as Indicated In Fig. C11.25. The moment 
of the two loads about the c.g. - 1500x11.5- 
2500 x 11.5 = -11500"#. The shear load V 2 = 4000 
produces the same shear flow pattern as Fig. 
C11.23. To balance the moment of -11500"#, a 
constant shear flow q x around the frame is nec- 
essary . 


of the skin forces on the unsymmetrlcal wing 
bulkhead In Art. Oil. 4. 

C11.9 Analysis of Fuselage Fr mass or Bulkheads For 
Intemsl Stresses. 

After the supporting skin forces on the 
fuselage or hull frame have been determined, an 
analysis for the internal forces in the frame 
can be carried out. A loaded closed frame is 


M 11500 _ - c statically indeterminate with respect to intern- 

§A 2 x n x 18 8 ~ ‘ ty ^ / * al forces. Chapter A9 explains one method of 


(A - area of fuselage cross-section) 


analysis which is widely used in aircraft frame 
design. Since the theory is developed in Chap- 


Adding this constant shear flow to that of 
Fig. C11.23, the resultant shear flow in the 
skin is illustrated in Fig. C11.26. 


ter A9 as well as applications of the method to 
the solution of typical frames problems, it is 
unnecessary to repeat any discussion of the 
theory here or its application. Once the bend- 



ing moments on the frame have been determined 
by an elastic analysis, the shear and axial load 
at any section of the frame follows as a matter 
of statics. 

If the frame of Fig. C11.23 were to be 
analyzed for the given loading by the elastic 
method of Chapter A9, the residual structure 
might be taken as illustrated in Fig. C11.27. 

The frame would be made statically determinate 
by cutting the frame at the top. One of the cut 
faces is attached to the elastic center of the 


frame by an inelastic bracket and the other cut 


face can be considered as fixed. The frame is 
divided into small elements and the static bend- 



ing moments are calculated at the neutral axis of 
each of these elements. For a symmetrical frame 
and loading, there would be only two redundant 
forces at the frame elastic center and three 
redundants for an unsymmetrlcal condition of 
loading. 



C11.8 Unsyaaetrical Fuselage or Bull Sections. 

In same cases the fuselage or hull string- 
ers due to cut-outs, etc., may not be arranged 
symmetrically about the Z and Y axes. For such 
cases, the skin shear flow stresses can be cal- 
culated by the shear flow equations for unsym- 
metrical bending as given in Art. CIO. 12, or by 
the method which considers the AP change in 
axial load in the fuselage stringers due to 
bending of the fuselage under the applied exter- 
nal loads on the fuselage bulkhead or frame. 

This method of analysis was used for the analysli 


Before an elastic analysis can be made, the 
section properties of the frame must be known. 
Thus a preliminary design or analysis must be 
made in order to obtain a trial frame size to 
use in the elastic analysis. Approximate design 
bending moments on the frame can be obtained by 
assuming points of inflection for the frame 
elastic axis in resisting the given loading. 

The method of analysis as explained in 
Chapter A9 assumes that the frame deflections 
are not influenced by the fuselage skin and 







ANALYSIS AND DESIGN OF AIRPLANE STRUCTURES 


CU.11 


stringers. In certain cases, the outward de- 
flection of the frame may be considerable and 
this deflection will be resisted by the fuse- 
lage skin and stringers which will produce an 
inward force on the frame. The extent of these 
relieving forces is so indeterminate that it is 
common practice to omit their influence which 
tends to be conservative. 


(1) In Fig. 
cil.28 the external 
bulkhead loads P x 
and ? m equal 4000# 
each and P 8 equals 
zero. The fuselage 
stringer material 
consists of four 
omega sections with 
an area of .25 sq. 
in. each. Determine 
the skin resisting 
forces on the bulk- 
head in balancing 
the above loads. 

Neglect any effec- 
tive skin in this 
problem. 

(2) Same as 
problem (1) but 
make P x =4000# and 
P a * 6000#. 

(3) Same as 
problem (1) but 
make P 8 - 3000#. 

(4) In a water 
landing condition 
the hull bulkhead 
of Fig. C11.29 is 
subjected to a 
normal bottom pres- 
sure of 200 lb. per 

in. The area of (* 24 

the bulb angle 

stringers is .11 sq. cii-29 

in. each and they 

are 7/8 in. deep. The area of the Z stringers 
is .18 sq. in. each and the depth 1.5 in. The 
area of the stringers a, b, c, d and e Is .20 
sq. in. each. Neglecting any effective skin 
determine the skin resisting forces on the bulk- 
head in balancing the bottom water pressures. 

(5) Same as problem (4) but consider that 
the water pressure is only acting on one side of 
the bottom of the bulkhead. 






PART D 


CHAPTER Dl 

THE LOADS ON THE WING 


Dl«l Introduction. 

Before the wing, body and tail structure 
can be designed, the axial and shear forces and 
the bending and torsional moments acting on 
these airplane units must be known. These de- 
sign forces for flight conditions can not be 
found until the magnitude, location and distri- 
bution of the air loads, inertia loads and power 
plant loads are known, in airplane structural 
design, safety with minimum weight is the major 
criterion. This fact dictates that the informa- 
tion regarding the air forces on the airplane 
must be known quite accurately. The calcula- 
tions necessary to obtain these loads are quite 
lengthy because of the many maneuvers to which 
the airplane is subjected. Consequently, most 
engineering departments of airplane companies 
set up special sections or departments, which 
deal almost exclusively in calculating the ap- 
plied loads on the airplane. In some companies, 
this section is a part of the structures and 
stress analysis section, whereas in others it is 
placed under the aerodynamics section. The cal- 
culations in general require a good knowledge 
of aerodynamics. 

The Civil Aeronautics Authority and the 
Army and Navy Aviation Bureaus have definite re- 
quirements aB to the airplane design loads, and 
provide information as to the procedures to use 
in calculating the required results. These re- 
quirements are constantly being revised and 
modified, thus it does not seem wise to repeat 
such procedures here and thus only fundamental 
facts and relationships will be treated in this 
chapter. With this general knowledge, the 
student should be able to follow any of the 
government procedures relative to the calcula- 
tion of the applied loads on the airplane. 

D1.2 General Forces Acting on an Airplane. 

In flying conditions, the forces acting on 
the airplane which must be considered In design- 
ing the airplane structure are: the air pres- 
sures and their distribution, the weight and in- 
ertia forces of the airplane, and Its equipment 
or contents, the engine forces consisting of the 
propeller thrust and engine torque and gyros- 
copic forces for special flight maneuvers. In 
towed gliders, the force produced by the towing 
cable must be considered. 

In landing conditions, the same forces as 
listed above for flying conditions must be con- 
sidered plus the forces due to ground reactions. 
The air forces in a landing condition assume a 
minor role. In special landing conditions, as 


for example, the arresting of a carrier based 
naval plane or an assisted take-off conditions 
as illustrated by the catapulting of a navy 
seaplane the applied de-acoele rating or acceler- 
ating forces must be considered. 

The air pressures on the airplane are the 
forces produced by the resistance of the air to 
the passage of the airplane through it. The 
propeller thrust produced by the engine power 
is the force which pulls the airplane through 
the air. The engine torque forces are present 
but have no efficient help in propelling the 
airplane. The weight is a constant force which 
tends to draw every body toward the earth's 
center and Is proportional to the mass of the 
body. The inertia forces are resistances to the 
forces which tend to accelerate the airplane or 
its elements. 

Dl. 3 Inertia or Acceleration Forces. 

For an airplane flying In a straight path 
with constant velocity, the vector sum of all 
the forces acting on the airplane will equal 
zero, that is, the air forces will exactly bal- 
ance the engine thrust and the weight of the 
airplane acting toward the center of the earth. 

In many flight and landing conditions, the 
airplane is subjected to translational as well 
as rotational acceleration. If the airplane 
velocity due to gravity or engine thrust Is 
changed, or If the direction of the velocity is 
changed as for example, due to the manipulation 
of the control surfaces, the airplane will under- 
go translation and each mass element of the air- 
plane will be subjected to a force equal to the 
mass of the element times the acceleration. In 
such cases the vector sum of the forces on the 
airplane is not equal to zero, but is equal to 
the summation of the element masses times the 
acceleration and the resultant of this force 
system will be a force acting thru the center 
of gravity of the airplane. If these accelera- 
tion forces are considered to act in the opposite 
direction, the airplane can then be considered 
in a state of static equilibrium. These reversed 
acceleration forces are referred to as the in- 
ertia forces, and this procedure is in accordance 
with d'Alembert's principle, which states "that 
every state of motion may be considered at any 
instant as a static of equilibrium provided oppo- 
site inertia forces are Introduced". 

in some conditions of flight, such as a gust 
on the tail, or the operations of the ailerons 
causing the airplane to roll, or a landing condi- 
tion where the ground or water reaction does not 

Dl.l 
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pass through the airplane center of gravity, the 
airplane is subjected to an unbalanced moment 
which produces angular acceleration of the air- 
plane about its centroidai axes. Each mass ele- 
ment is subjected to a normal and tangential ac- 
celeration and thus each mass element is subjec- 
ted to a force acting toward the c.g. of the 
airplane and normal to the radius arm connecting 
element to c.g. To place the airplane in equil- 
ibrium for stress analysis purposes, the accel- 
eration forces are assumed acting in the opposite 
directions and are referred to as inertia forces. 

Fig. Dl.l illustrates in general the main 
forces on the airplane in an accelerated flight 
condition. For a steady horizontal flight con- 
dition IL, ID and MI would be zero. For an ac- 
celerated flight condition, involving transla- 
tion, but not angular acceleration of the air- 
plane about its (c.g.), the inertia force M j 
would be zero. 



T = engine thrust 
L = wing lift 
D = wing drag 

P = parasite drag of airplane less wing 

Mw * wing aerodynamic moment 

W = weight of airplane 

IL = inertia force normal to flight path 

ID = inertia force parallel to flight path 

Ml « Inertia resisting couple 

R - tail load normal to flight path 

D1.4 Applied Load Victors. Design Load. Victor 
of Sifsty. Virgin of Bifstjr, 

The term load factor can be defined as the 
numerical multiplying factor by which the forces 
on the airplane in steady flight are multiplied 
to obtain a static system of forces equivalent 
to the dynamic force system acting during the 
acceleration of the airplane. Fig. D1.2 repre- 
sents the loads in steady flight where the lift 
L of the air forces equals the weight w of the 
airplane. In Fig. D1.3, the airplane is sub- 
jected to the normal acceleration (a). nL 


represents the external force which must be ap- 
plied to the airplane to give the acceleration 
(a). The reversed inertia force due to this ac- 
celeration equals Wa/g. Writing the equation 
for the equilibrium of forces in the vertical 
direction, we obtain 

nL - W - Wa/g = 0 hence, n = 1 + a/g 

The term a/g represents the load factor increment 
and n the load factor. 



The "applied" load factor, also referred to 
as the "limit" load factor is the maximum load 
factor which the airplane is expected to be sub- 
jected in any type of maneuver. For military 
airplanes, these factors are determined by the 
Army and Navy. For pursuits and fighters, which 
must be highly maneuverable at all speeds, the 
applied load factors are relatively high. For 
the heavy bomber where maneuverability is sec- 
ondary, the applied load factors are relatively 
small as compared to the pursuit airplane. The 
Civil Aeronautics Authority specified the load 
factors for all classes of airplanes. These 
factors are the results of many years of experi- 
ence, and involve a consideration of gross 
weight, power loading, etc. 

The airplane structure under the applied 
air loads should not suffer a permanent appre- 
ciable set, that is, the member stresses under 
the maximum applied loads should not be above 
the yield strength of the material. 

The design flight loads are equal to the 
applied loads multiplied by a factor of safety. 
The airplane structure must take the design 
loads without failure, or the ultimate strength 
of the structure must be sufficient to carry the 
design loads. The usual factor of safety on the 
applied loads is 1.5, hence 

Design loads ■ applied loads times 1.5. 

It Is customary in structural analysis to 
give the margin of safety of the ultimate 
strength of the member with respect to the de- 
sign load for the member. Thus margin of safety, 

m n - Ultimate strength of member , 

Destjpri load 7or member 1 
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or 

m s a Ultimate stress for member _ . 

Design stress for member * 1 

Thus summarizing, the structural members of 
the airplane must carry the stresses due to the 
applied loads on airplane without exceeding the 
yield strength of the material and must also 
carry a ultimate stress or load due to the de- 
sign loads on airplane which are equal to the 
applied loads times a factor of safety. 

In the design of a tension member, if the 
material properties are such that the ultimate 
tensile strength of the material Is more than 
1.5 times the yield strength of the material, 
the design of the member should be based on the 
applied loads and the yield strength of the 
member. If designed on the basis of the design 
loads and the ultimate strength of the material, 
the member would have permanent set under the 
applied loads. 

D1.5 Aerodynamic Force Components on Wing. 

For convenience, the resultant aerodynamic 
load at a given location on the span of a wing 
is usually resolved into lift and drag compon- 
ents, perpendicularly and parallel, respectively 
to the flight path and applied at the aerodynam- 
ic center and a couple about the spanwise axis. 
Since the airfoil characteristics are given in 
absolute (non-dimensional) coefficients, the 
lift and drag and moment components can be re- 
ferred to for simplicity in coefficient form. 
Fig. D1.4 shows the lift and drag coefficients 
acting thru the aerodynamic center of the air- 
foil section, plus a couple Ma C . The moment can 



C M 


be considered to be of the same nature as the 
force components if the force to which it cor- 
responds Is applied as a couple at the ends of 
the airfoil chord as Illustrated by the coeffi- 
cient Cja in Fig. Dl.5. 

Experiments on airfoils show that the lift 
and drag forces are proportional to air density 
(£), airfoil surface (S) and the square of the 
relative air velocity (V*) for a given angle of 
attack (a) between the airfoil chord (c) and the 


path of the relative wind. Thus, 


Lift - g Cl V* S (1) 

Drag = | C D V* S (2) 

Moment = | Cfo V“ 3 C (3) 


Experiments show that for every airfoil, 
there is some angle of attack which will give a 
resultant force on the airfoil in the direction 
of the relative wind. This is the angle of at- 
tack of zero lift. The zero lift chord Is a 
line in this direction through the trailing edge 
of the airfoil. (See Fig. D1.4). Angles measur- 
ed from the zero lift chord are called absolute 
angles of attack («%). 

The lift and drag components could be con- 
sidered to act through the center of pressure 
(c.p.) for the given airfoil for the given angle 
of attack, however, it is more convenient to re- 
fer them to a point on the airfoil section about 
which the moment coefficient Cm is constant for 
all positive or negative angles of attack. This 
point is referred to as the aerodynamics center 
of the section. Fig. D1.6 illustrates typical 
curves for airfoil coefficients as determined 
experimentally. 

D1.6 Structural Coefficients. 

In certain types of wing structures such 
as that for an externally braced monoplane 
where the structure usually consists of two beams 
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and a drag truss, It is convenient for struc- 
tural analysis purposes to resolve the aerody- 
namic force coefficients in the lift and drag 
direction into components in the beam and drag 
truss directions. Thus, in Fig. D1.4, if the 
drag truss coincided with the airfoil chord and 
the beams were placed normal to the chord, the 
resultant air forces in coefficient form in the 
drag truss and beam directions would be 

C B = C L 009 a * C D 8ln a 

C c = -Cl sin a + Cp cos a 

and the moment about the aerodynamic center is 
reacted by a couple with forces in the beam 
direction. 

For monocoque, cantilever box construction, 
the axes for resolution of structural force com- 
ponents are usually taken as those which the 
particular investigator thinks are most conven- 
ient. 

Dl.6a Sp*nvlB« Distribution of Airfoil 
Character 1st los • 

Unfortunately, the spanwise distribution of 
the lift drag and moment coefficient are not 
constant, and each has a different distribution 
than the other. There are well-known methods 
for calculating this spanwise variation in the 
airfoil coefficients (see ANC-1, but an explana- 
tion of the methods are too lengthy to be includ- 
ed in this chapter. Since the conventional wing 
is usually tapered in plan form and since the 
coefficients vary spanwise, the spanwise running 
airloads on the wing will not follow any simple 
relationship and thus the calculations of shears 
and moments on the wing consists in resolving 
the variable distributed load into an equivalent 
system of concentrated loads on strip areas of 
the wing of such width as to give reasonable ac- 
curacy. 

Dl»7 Design Flight Condi t lone for Airplane Wings. 

The Civil and Military Aeronautics Authori- 
ties in general issue requirements which specify 
the design conditions for the particular type or 
size of airplane. It does not seem wise here to 
repeat the requirements of the government publi- 
cations. 

Generally speaking, any airplane flight at- 
tldue can be completely defined by stating the 
existing values of the load factor (acceleration) 
and the airspeed (or more properly the dynamic 
pressure ) . 

The accelerations on the airplane are pro- 
duced from two causes, namely, maneuvers and air 
gusts. The accelerations due to the maneuvers 
are subject to the control of the pilot who can 
manipulate the controls so ae not to exceed a 
certain acceleration. In highly maneuverable 
military airplanes, an accelerometer is included 
In the cockpit Instruments as a guide for the 


pilot when testing or when subjecting the air- 
plane to violent maneuvers at high speeds. For 
commercial airplanes the maneuver factors are 
placed high enough to take care of any maneuvers 
required in the normal operation of the given 
airplane. These limiting maneuver factors or 
accelerations are based on years of operating 
experience and have given satisfactory results 
from a safety standpoint without penalizing the 
airplane from a weight design standpoint. 

The accelerations due to the airplane strik- 
ing a gust are not under the control of the pilot, 
since It depends on the velocity and direction 
of the gust and the velocity of the airplane. 

From much accumulated data obtained by installing 
accelerometers in commercial and military air-' 
planes and flying them in all types of weather 
and locations, it has been found that a gust 
velocity of 30 ft. /sec, appears sufficient. 

The speed or velocity of the airplane like- 
wise effects the loads on the airplane. The 
higher the velocity the higher the aerodynamic 
moment about the aerodynamic center of the air- 
foil. Furthermore, accelerations due to gusts 
increase with airplane velocity, thus it is 
customary to place a limit on the top speed of 
an airplane, except in certain cases as the 
military pursuit airplane which may not be re- 
stricted and since the permissible maneuver 
factors are so high for this class of airplanes, 
the gust acceleration is not excessive when 
compared to the maneuver factors. 

For commercial airplanes, the speed is 
usually limited to a reasonable glide speed 
which is sufficient to take care of normal nec- 
essary flying operations. In many cases of com- 
mercial airplane design accelerations due to 
gusts are critical and since gust factors in- 
crease with airplane velocity, no limitation on 
commercial airplane glide speeds would be detri- 
mental from a structural weight saving stand- 
point, 

Dl, 8 Oust Load Factor. 

When a sharp edge gust strikes the airplane 
in a direction normal to the thrust line (X axis), 
a sudden change takes place in the wing angle of 
attack with no sudden change in airplane speed. 
The normal force coefficient (C^^) can *>e assumed 

to vary linearly with the angle of attack. Thus 
in Fig. (a), let point (B) represent the normal 
airplane force coefficient necessary to main- 
tain level flight with a velocity V and point (C) 
the value of after a sharp edged gust KU has 

caused a sudden change Aa. in the angle of attack 
without change in V. The total increase in the 
airplane load in the Z direction can therefore be 
expressed by the ratio at B. 

From Fig* (b) for small angles, Aa * KU/V and 
from Fig, (a), AC^ * m Aa, where m « the slope 
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of the airplane normal force curve per 
radian). 



F% . b Fig. a 


The load factor Increment due to the gust 
KU can then be expressed 

in. 523s ■»<«£!) -525“ 0 

C Z A v STJTw 


U = gust velocity in ft. /sec. 

K = gust correction factor depending on 
wing loading (Curves for K are provided 
by Civil Aeronautics Authorities) 

V = indicated air speed in miles per hour. 

S = wing area in sq. ft. 

W = gross weight of airplane 

If U is taken as 30 ft/sec. and m as the 
change In C ^ with respect to angle of attack 

in absolute units per degree, equation (A) re- 
duced to the following 


Therefore the gust load factor n when air- 
plane is flying In horizontal altitude equals 


n = 1 A 


and when airplane Is In a vertical altitude 
„ . + 3KmV 

n " ' w7s ' 


D1.9 Illustration of Main Design night Conditions, 

Velocity-Load factor Diagran, 

As discussed In Art. D1.7, the main design 
flight conditions for an airplane could be given 
by stating the limiting values of the accelera- 
tion and speed and in addition the maximum value 
of the applied gust velocity. As an illustra- 
tion, the design loading requirements for a 
certain airplane could be stated as follows: 

"The proposed airplane shall be designed for ap- 
plied positive and negative accelerations of 
♦ 6.0g and -3.5g respectively at all speeds from 
that corresponding to CL nax up to 1.4 times the 

maximum level flight speed. Furthermore, the 
airplane shall withstand any applied loads due 
to a 30 ft. /sec. gust acting in any direction up 
to the restricted speed Of 1.4 times the maximum 


level flight speed. A design factor of safety 
of 1.5 shall be used on these applied loads". 

In graphical form these design requirements 
can be represented by plotting load factor and 
velocity to obtain a diagram which Is generally 
referred to as the Velocity-acceleration diagram* 
The results of the above specification would be 
similar to that of Fig. D1.7. ThuB, the lines 
AB and CD represent the restricted positive and 
negative maneuver load factors which are limited 
to speeds inside line BD which is taken as 1,4 
times the maximum level flight speed in this il- 
lustration. These restricted maneuver lines are 
terminated at points A and C by their intersec- 
tion with the maximum values of the airplane. 

At speeds between A and B, the pilot must be 
careful not to exceed the maneuver accelerations, 
since in general, it would be possible for him 
to manipulate the controls to exceed these val- 
ues. At speeds below A and C, there need be no 
care of the pilot as far as loads on the airplane 
are concerned since a maneuver producing 

would give an acceleration less than the limited 
values given by lines AB and CD. 

The positive and negative gust accelerations 
due to a 30 ft. /sec. gust normal to flight path 
are shown on Fig. D1.7. In this example diagram, 
a positive gust Is not critical within the re- 
stricted velocity of the airplane since the gust 
lines Intersect the line BD below the line AB. 

For a negative gust, the gust load factor becomes 
critical at velocities between F and D with a 
maximum acceleration as given by point E. 

For airplanes which have a relatively low 
required maneuver factor the gust accelerations 
may be critical for both positive and negative 
accelerations. Examination of the gust equation 
indicates that the most lightly loaded condition 
(smallest gross weight) produces the highest 
gust load factor, thus Involving only partial pay 
load, fuel, etc. 

On the diagram, the points A and B correspond 
in general to what is referred to as high angle 
of attack (H.A.A. ) and low angle of attack 
(L.A.A.) respectively, and points C and D the in- 
verted (H.A.A.) and (L.A.A.) conditions respec- 
tively. 

Generally speaking, if the airplane is de- 
signed for the air loads produced by the velocity 
and acceleration conditions at points A, B, E, F, 
and C, it should be safe from a structural 
strength standpoint if flown within the specified 
limits regarding velocity and acceleration. 

Basically, the flight condition requirements 
of the Civil Aeronautics Authority, Army, and 
Navy are based on consideration of specified ve- 
locities and accelerations and a consideration of 

•This type of diagram was originally developed by 
Lundqulst and Rhode of the NACA and modified 
by others. 
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gusts, thus a student understanding the basic 
discussion above should have no difficulty 
understanding the design requirements of these 
three government agencies. 

For stress analysis purposes, all speeds 
are expressed as indicated air speeds. The 
"indicated" air speed is defined as the speed 
which would be indicated by a perfect air-speed 
Indicator, that is, one that would indicate 
true air speed at sea level under standard at- 
mospheric conditions. The relation between the 
actual air speed V a and the indicated air speed 
Vi is given by the equation 

v > -Vi v » 

where 

Vi * indicated airspeed 

V a * actual airspeed 

Co * standard air density at sea level 

£ a * density of air in which V a is attained 

Dl»10 Special Flight Design Condi t lane. 

There are many other flight conditions 
which may be critical for certain portions of 
the wing or fuselage structure. Most airplanes 
are equipped with flaps, to decrease the landing 
speed and such flapB are lowered at speeds at 
least twice that of the minimum landing speed. 
Since the flapped airfoil has different values 
for the magnitude and location of the airfoil 
characteristics, the wing structure must be 
checked for all possible flap conditions within 
the specified requirement relative to maximum 
speed at which the flaps may be operated. Gen- 
erally speaking, the flap conditions will effect 
only the wing portion inboard of the flap and it 
is usually only critical for the rear beam web 
or shear wall and for the top and bottom walls 
of the torsion box. This is due to the fact 
that the deflected flap moves the center of 
pressure considerably aft thus producing more 
shear load on the rear shear .wall as well as 
torsional moment on the conventional cantilever 
box metal beam. 

The airplane must likewise be investigated 
for aileron conditions. Operation of the ailer- 
ons produce a different air load. On each side 
of the airplane wing which produces an angular 
rolling acceleration of the airplane. Further- 
more, the deflected ailerons change the magni- 
tude and location of the airfoil characteristics, 
thus calculations must be carried out to deter- 
mine whether the loads in the aileron conditions 
are more critical than those far the normal 
flight conditions. 

For angular acceleration resulting from 
pitching moments due to air gusts on the tail, 
the loads on the wing should be checked for 
cases Where the engines are attached to the 
wing and are located forward of the leading 


edge, since large Inertia reactions are produced 
due to the pitching acceleration. 



In cases where the landing gear is attached 
to wing or when the fuel and engines are carried 
in and on the wing, the loads produced on the 
wing structure in a landing condition may be 
critical for some portions of the wing structure 
Inboard of landing gear and engine attachment 
points . 

Dl.ll Reference Axt« for Computing External flag 
Shear* mad Moaeats. 

In the load analysis of the normal wing, 
the actual procedure in calculating the wing de- 
sign shears and moments may become quite confus- 
ing because the wing shape usually includes di- 
hedral and sweepback and aerodynamlcally the 
spanwise distribution of the airfoil coefficient 
is variable and thus the angle of attack varies 
along the span. Furthermore, the load analysis 
for the wing is usually started long before 
serious consideration is given to the internal 
distribution of the structural material and thus 
any so-called elastic axes, or shear center lo- 
cations are not available when the load analysis 
18 made* Consequently, it is the practice of 
the structures department of most airplane com- 
panies to completely separate the load analysis 
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from the geometry of the Internal structure by 
referring all shears and moments to an arbitrary 
selected load axis* This load axis Is a straight 
line drawn normal to the plane of symmetry of 
the airplane. It is usually located at some 
convenient point forward and either above or 
below the wing. The other two axes in the plane 
of symmetry are most conveniently located normal 
and parallel to the thrust line and pass through 
the Intersection of the load axis and the plane 
of symmetry, which thus locates the origin of 
coordinates. Fig. D1.8 illustrates such refer- 
ence axis. All wing shears and moments due to 
air and dead weight loads are thus referred to 
this load axis. Later In designing and stress 
analyzing the Internal structure of the wing, 
such forces can be transferred to any other axis. 
Fig. D1.8 illustrates the sign convention for 
moments about the X, Y and Z axes. 


♦x 



My Is positive for clockwise rotation about the 
Y axis when looking inboard from left wing tip. 

M x Is positive for clockwise rotation about the 
X axis when looking forward from the rear. 

Mz is positive for counter-clockwise rotation 
about the Z axis when looking down toward air- 
plane. 


EXAMPLE PROBLEM 

The Applied Loads on the Airplane in Normal 
Flight 

Dl.13 Introduction. 

The determination of the applied air loads 
on the airplane and the resulting shears and 
moments on the wing Is a Job Involving a large 
amount of calculation. The specified flight 
conditions and factors are usually given In 
different form by the various government agen- 
cies and the stress analysis departments of the 
various airplane companies usually have a differ- 
ent procedure of arriving at the final required 
result namely the external shears, bending and 


torsional moments on the wing. The example 
problem which follows is for the purpose of fa- 
miliarizing the student with the general proced- 
ure so that on contact with the procedures as 
used by airplane companies, no difficulty should 
be encountered in understanding them. 

Dl.13 General Data and Design Specif lent lens. 

Figs. D1.9 and D1.9a shows general and di- 
mensional data of a proposed airplane. Table 
Dl.l gives a weight and balance calculations for 
locating the airplane center of gravity. 

The specifications for the normal flight 
applied accelerations and velocities will be as- 
sumed as follows: 

(1) Maximum applied positive maneuver ac- 
celeration = 6.0. 

(2) Maximum applied negative maneuver ac- 
celeration = - 2.5. 

(3) Maximum dive speed to be limited to 1.3 
maximum level speed. Assuming that a performance 
estimate for this airplane gave a high speed of 
200 MPH, then limited dive velocity ■ 1.3 x 300 

= 260 MPH. 

(4) The airplane must also be designed for 
the loads due to a 30 ft. /sec. gust from any ang- 
le up to a airplane velocity of 260 MPH. 

(5) For design loads a factor of safety of 
1.5 will be required. 

D1.14 Gcseral Procedure. 

The object of this problem is to determine 
the wing shears, and moments due to the air loads 
with respect to a convenient set of axes and for 
all flight design conditions. These design 
forces are then used by the stress analysis engi- 
neer to investigate the Internal resisting forces 
for proportioning of the distribution and size of 
the Internal wing structure. In Chapter C9, the 
results of this problem are applied to the analy- 
sis and design of the Internal structure. 

The general procedure in arriving at the 
final shears and moments will be as follows: 

(1) Determine characteristics of airfoil 
force coefficients. 

(2) Determine spanwlse distribution of air- 
foil force coefficients. 

(3) Resolve airfoil force coefficients along 
two convenient axes In the XZ plane at right 
angles of each other. 

(4) Determine resultant air loads on wing in 
coefficient form relative to selected X, Y and Z 
axes. 

(5) Balance airplane to find tail and air- 
plane load coefficients. 

(6) Determine total applied air loads on 
wing for the various design conditions. 
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(7) Make unit analysis for shears and mom- 
ents with respect to reference axes. 

(8) By proportion using results of (6) and 
(7), calculate design shears and moments with 
respect to reference axes. 

Dl.lft Corrected Airfoil Characteristics* 

The standard airfoil characteristics for 
conventional airfoils are available from NACA 
Reports and Technical Notes. These In general 
need correction to apply to a given wing which 
has a different aspect ratio. Considerable data 
is also available on corrected airfoil charac- 
teristics for wings with certain taper ratios 
in planform as well as wing thickness. Airfoil 
characteristics are also obtained by wind tunnel 
tests of the model of the actual wing shape to 
be used. 


coefficients for various angles of attack* 



D1.17 Spanwlse Distribution of Airfoil Coefficients* 


In the given wing of Fig. D1.9 the airfoil 
section tapers from a NACA series 2301b at wing 
root to a 23009 near the tip. For this simpli- 
fied problem the airfoil characteristics for a 
23012 airfoil will be used as the average for 
the wing. This would introduce very little er- 
ror since the difference between the airfoil 
characteristics for the various thickness is 
not large. 

Table D1.2 (Part A) gives the calculations 
for obtaining the corrected airfoil data. Col- 
umns 1, 2 and 3 give the airfoil characteristics 
for a 23012 airfoil section for a wing of in- 
finite aspect ratio. Columns 4, 5, 6 and 7 give 
the corrections necessary for the aspect ratio 
of 6.56 which is the value for the wing in the 
problem. The explanation of the correction 
equations is given below Table D1.2 (also refer 
to any textbook on aerodynamics), 

01,16 Besolutlon of List and Drag Coaff Iolanta 
Into Consonant* Along X and Z Anas* 

It is customary in routine wing stress ana- 
lysis to resolve the wind lift and drag compon- 
ents for the various wing angle of attacks into 
components along two convenient axes at right 
angles to each other* Frequently axes parallel 
to the beam webs and normal to the beam webs are 
selected as reference axes for resolution. In 
general, for seml-monocoque construction refer- 
ence axes for resolution of wing forces parallel 
to t£e Z and X axes are convenient, and in this 
example problem the lift and drag components of 
the air forces will be resolved into components 
parallel to the X and Z axes* 

Thus, in Fig. 01.10, resolving the force 
coefficients into components parallel to the Z 
and X axes; 

C% * C i cos (a- 8°) ♦ Cp sin (a -2°) 

Ox * -C L ♦ C D 008 

Table D1.2 (Part B) gives the calculations for 
the Z and X components for the lift and drag 


For many years It was customary to assume 
simplified spanwlse distribution of the airfoil 
coefficients rs Illustrated in Fig, 1)1,11 • 



For highly tapered wings, these arbitrary dis- 
tributions prove unsafe, and thus the general 
procedure now usually followed is to calculate 
the spanwlse variation of the airfoil coeffi- 
cients. For convenience, the resultant aerody- 
namic load at a given location along the span 
of a wing can be resolved into a force system 
consisting of a lift and drag force acting normal 
and parallel to the flight path respectively and 
applied at the aerodynamic center plus a couple 
about the spanwlse axis. The drag force may be 
further broken down into profile and Induced 
drag, the profile drag being the sum of a mini- 
mum and an additional profile drag. The curves 
of distribution along the span of lift, moment 
and the three component drags are different in 
general. For stress analysis purposes simplify- 
ing assumptions on some of the component distri- 
butions are sometimes made, since the effect on 
the wing shears and moments would not be appreci- 
able. 

The detailed explanation and recommended 
procedures for calculating the spanwlse distri- 
bution of the airfoil coefficients is given in 
government publication ANC-5(^) "Spanwlse Air- 
Load Distribution". Space d063 not permit the 
explanation and Illustration of the general 
procedure, since the above publication contains 
some 200 pages. 
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TABLE D1.2 

Calculation of C correct ad Airfoil Characteriatics a ad the Coapo Bents of tho 
Fore* Coefficients A loaf tho 8 and X Axes. 
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Explanatory Notes: 

(4) R = liflOl* * 6.50 

8 30048 

Aa * 18*24 IC L ,I r 1 = 3 L- 

R 6.56 

Aa * 18-24 Cl - 2. 78 C L 
6*56 


(6) and (7) 

C D “ °t>o + ACp ± 

AC Di = St’ - .0485 C L “ 


(8) and (9) 

Angle of incidence - 2° - i 

Angle between geometric chord and Z*X%C. * l # l° 

(10) Approximate effective Z component of Cl end Cp 
due to dihedral of outer panel 6 *~6° 

[if!?} “ • * I®] CL - .«» c„ 

(11) Drag correction for dihedral angle, O 

[ Pp outer panel Pp center panel" ] 

Pd total 9 + Pd total J C D “ 



A plote of the coefficients in the above Table 
is given in Fig* D1.16* 
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The purpose of thlB example problem Is to 
give the student a general over-all picture as 
to how the design wing shears and moments are 
arrived at and therefore the tedious process of 
calculating the s panwise distributions will not 
be gone into, but the following assumptions 
will be made. 

(1) The spanwise distribution of the moment 
coefficient will be assumed constant. 

(2) The spanwise distribution of lift (Cl) 
and drag (Co) will be assumed aB that shown by 
the curves of Fig. D1.12. In general, these 
curves represent approximately the actual dis- 
tribution for this particular wing. 

D1.18 Resultant Wing Forces in X and 1 Directions 

Referred to Arbitrary Y Load Axis. Magnitude 
of Resultant Aerodynamic Wing Moment About 
Spanwise (Y) Axis. 

For stress analysis purposes it is custo- 
mary to consider the accelerated airplane in a 
static condition of equilibrium by reversing 
the inertia forces. In general the resultant 
of the air forces does not pass thru the center 
of gravity of the airplane, thus requiring a 
tail load for equilibrium. To find the tall 
load coefficient as well as the relation between 
the airplane and wing coefficients, it is nec- 
essary to know the direction and location of the 
resultant air forces. 



In this example problem, the resultant air 
force on a wing strip element will be resolved 
into components parallel to the X and Z axes at 
the aerodynamic center (a.c.) of the airfoil 
strip elements plus a couple about the aerody- 
namic center. In Article D1.17, the spanwise 
variation of the wing moment coefficient 

was assumed as constant. To find the total 
aerodynamic wing moment, it Is convenient to 
find the mean aerodynamic chord (M.A.C.). Table 
D1 .3 gives the calculations for determining the 
(M.A.C. ) for constant spanwise variation of 
moment coefficient. The horizontal projected 
area of the semi-span has been divided into 19 
strips bounded by the station numbers as listed 
in column (1) of Table D1.3. Due to the curva- 
ture in planform of the wing tip, the strip 
widths near the tip are decreased to obtain 
reasonable accuracy. The results of the Table 
D1.3 give the length of the (M.A.C.) as 77 
inches. 


TABLX D1.3 

Determination of Mean Chord 
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In Art. D1.17, the spanwise distribution of 
the lift coefficient (Cl) and the drag coefficient 
(C D ) was assumed as that given by the curves of 
Fig. D1.12. Since the distributions are differ- 
ent the resultant force coefficients in the Z and 
X directions will be determined for each spanwise 
distribution. Tables D1.4 and D1.6 give the 
calculations. The resoltulon of the X and Z com- 
ponents of the air forces is made with respect to 
a convenient (Y) load axis, taken forward and be- 
low the wing as shown in Fig. D1.13 and D1.14, 
which also shows the X and Z reference axes. The 
air forces as explained before act thru the 
aerodynamic center (a.c.) of the airfoil section. 
Fig. D1.13 shows the location of the (a.c.) for 
positive angle of attack conditions. The equa- 
tions below Fig. D1.14 give the distances from 
the (a.c.) to the reference load axis Y. Tables 
D1.4 and D1.5 give only the calculations for the 
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Centroids of Cj^ and Cj^ Forces 
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34,95 

2436 

2402 


205 

55.6 

1.153 

64.0 

66.85 

15.0 

1002 

13110 

14250 

213750 

30.86 

1978 

2084 

31260 

33.63 

2155 

2295 

■ TT ■ 

100 

58.9 

1.026 

60.5 

62.30 

15.0 

935 

11500 

12305 

184570 

30.31 

1833 

1905 

26570 

31. 79 

1922 

2038 


175 

62.1 

,047 

58.8 

59.65 

15.0 

894 


10900 

163500 

29.80 

1752 

1792 

20860 

30.08 

1823 

1872 

28080 

160 

65.4 

,806 

58.5 

58.65 

15.0 

820 

9360 

9830 

147450 

20.25 

1711 

E5Z23 

25960 

29.03 

1732 

1778 

26870 

145 

68.7 

.876 

60.2 

59.35 

15.0 

890 

8720 

9040 

135600 

28,70 

1727 

1719 

25780 

28.31 

1702 

1717 

25755 

130 

72.0 

.877 

63.1 

61.65 

15.0 

925 

8200 

8460 

126900 

28.17 

1778 

1752 

26260 

26.98 

1702 

1702 

25530 

115 

75.3 

.687 

08.7 

64.90 

15.0 

073 

7660 

7930 

119080 

27,62 

1843 

1810 

27150 

25.66 

1710 

1706 

25590 

100 

78.5 

.006 

71.0 

68.85 

15.0 

1032 

7100 

7380 

110700 

27.10 

1922 

1882 

28230 

24.33 

1725 

1718 

36770 

65 

81.8 

.924 

75.6 

73,30 

15.0 

1099 

0430 

6765 

101470 

26,74 

2020 

1971 

29570 

23.00 

1740 

1732 

25980 

70 


.946 

80,5 

78,05 

15.0 

1170 

5635 

5032 

90480 

26.01 

2096 

2058 

30870 

21.68 

1745 

1743 

26145 

55 


.974 


83.25 

15.0 

1248 

4725 

5180 

77700 

25,48 

2192 

2144 

32160 

20. 35 

1750 

1747 

26205 

47.5 


.968 


87.50 

7.5 

655 

4230 

4477 

33600 

25,20 

2241 

2216 

16600 

19.68 

1751 

1750 

13130 

40 


1.01 

02,5 

90.75 

7.5 

680 

3700 

3965 

29800 

24.92 

2304 

2272 

17000 

19.02 

1760 

1756 

13200 

20 


1.07 

102.0 

07.70 

20.0 

1954 

2058 

2879 

57580 

24.20 

2490 

2397 

47940 

17.22 

1771 

1785 

35300 

0 

J£!LsJL 

1.159 

111,1 

107.0 

20.0 

2140 

0 

1029 

20560 

24.22 

2700 

2595 

51900 

15,96 

1780 

1775 

35500 







17524 



1859810 
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438540 

F A a 1/2 projected wing 
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Aver, wing force coeff. 
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• 496540 a 94.43” 
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B + 24,82 Cd x 
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(a.c.) locations for positive angles of attack. 
Similar calculations should be made for the 
(a.c.) locations for negative angles of attack. 
To minimize the amount of calculations, the 
(a.c.) location for negative conditions will be 
assumed the same as given in Fig, 01,13, since 
the purpose of this example problem is only to 
give the student a general overall picture of 
the problem of finding the flight loads on the 
airplane. Tables D1.4 and 5 are self-explana- 
tory. 


z = lO + (y tan 6° - 20 x tan 6°) + (.1620) sin 
20 + ( .070 cos 2° * 7.9 ♦ .105y ♦ .005660 + 
.07C 

But from the geometry of the planform in 
Fig. D1.9a, the chord length C between stations 
20 and 220 can be expressed C * 100.4 - .218y 


z = 7.9+ .105y + 7.58 - .0165y 
which gives z = 15.48 + .0885y 


C-C HO*0 LCfiQTH 


K c* e ' 




Fig. D1-13 




Viidrd 


Fig. DM4 


X r 40 - ( . 1620 ) cos 2 ° + ( . 070 ) sin 2 <> - 40 
-; 1643 C 


D1.19 Balancing the Airplane. Solving for Tall 
and Airplane Load Coefficients. 

In the previous article the resultant air 
loads on the wing in coefficient form for the 
lift and drag spanwise distributions were found 
by acting thru the reference load axis (Y), plus 
a moment about the Y axis. The airplane as a 
whole Is subjected to other flight forces, such 
tall load, engine thrust and parasite drag of 
the fuselage. These forces together with the 
reversed inertia forces form a force system In 
static equilibrium. 

Fig. D1.15 shows the load on the airplane 
In coefficient form. The resultant wing loads 
in the Z and X directions as found In Table D1.4 
and 5 are shown acting thru the Y reference axis 
which is perpendicular to the X and Z plane at 
the Intersection of reference axes X and Z. The 
moments of the X ami Z force components about the 
load axis (Y) as taken from Tables D1.4 and 5 
are also shown. The other forces as shown on 
Fig. D1.15 are the wing aerodynamic moment 
C M(a c y the engine thrust T, the fuselage 

parasite drag C p and the normal tall load Ct« 

For simplicity, It is usually better to assume a 
power off condition and treat the engine forces 
as a separate Item In later Investigations. In 


j — < 


I fed* r 






_ rn*wr U Mt 


REE AX/S 


'iflm 


FI*. 01.15 


r 

*tt*^ 


Taking moments about the airplane C.G., 

M c.g. = - c Lx< 29 - 6 ) + (24.5)01^ ♦ Cl z ( 30.5) - 27.1 C Lz - (29.6)0^ + 
(24.82 )Cd x ♦ 30.5 C Dz -27.5 C Dz ♦ Cf^ c> (M.A.C.) - 190 Ct 
= 0 

Solving for Ct using M.A.C. =77 (see Table D1.3) 

Ct = -.0269 C^ + .0177 C Lj , - .0251 Cj^ + .0156 C Dz ♦ .405 0^ 
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TABLE 01,6 

Determination of Tail Load Coefficient Gy and 
Airplane Coefficient C z A 


Of » ->0260 C^ + .0177 C^ -.0251 Cj^ + .0156 Cj) 2 4 .405 C^ c< 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

«l 


Bsa 


.01770^ 

c °x 

-.02510^ 

<*2 

.0158C Dz 

BBS 

Or 

% 

1.627 

.5220 

-.0140 

1.532 

.02715 

• 1586 

-.00396 

.0534 

.000834 

-.00364 

.00636 

inf 1 !] 

1.567 

.4710 

-.01267 

1.488 

.02635 

.1431 

-.003595 

.0450 

.000702 

-.00364 

.00710 


KEil 

.4135 

-.0111 

1.422 

.02520 

.1285 

-.003221 

>0360 

.000575 

-.00364 

.00781 

■HTJ 


.3125 

-.00830 

1,273 

.02255 

.1006 

-.002521 

.0245 

.000382 

-.00364 

.00847 

1.306 


.2206 

-.00503 

1,108 

.01960 

,0750 

-.00190 

.0149 

.000232 

-.00364 

.00836 

1.131 

0.035 

.1400 

-.00376 

0.918 

.01620 

.0540 

-.001351 

.0082 

. 0001278 

-.00364 

.00758 

.934 

0.730 

• 0763 

-.00205 

0.722 

.01275 

.0363 

-.000910 

,0038 

.0000593 

-.00364 

.00621 

L W 

0.525 

.0320 

-.000860 

0.521 

,00922 

.0232 

-.000582 

.0014 

.0000218 

-.00364 

,00416 


0.323 

•0001 

-.000137 

0.321 

.00568 

.0139 

-.000349 

.0002 

.00000312 

-.00364 

.00156 


0.120 

-.0036 

-.0000968 

0.110 

.002105 

.0093 

-.000233 

-.0002 

-.00000312 

-.00364 

-.00187 

mis 

0 

0 

0 

0 

0 

.0087 

-.000218 

-.0005 

-.00000780 

-.00364 

-.00387 

- .004 

-0.090 

.0068 

—.000162 

-.0804 

-.001528 

• 0092 

-.000230 

-.0007 

-.0000109 

-.00364 

-.00564 

- .096 

-0.226 

.0232 

-.000624 

-.224 

-.00396 

.0117 

-.000294 

-.0012 

-.0000187 

-.00364 

-.00854 

-..234 

-0.530 

•0927 

-.002485 

-.528 

-.00935 

,0246 

-.000617 

-.0043 

-.000067 

-.00364 

-.01616 

- .549 

-0.644 

.2000 

-.00538 

-.816 

-.01441 

.0467 

-.001170 

-.0113 

-.000176 

-.00364 

-.02478 

- .852 

-1,135 

.3450 

-.00928 

-1.075 

-.01901 

.0780 

-.00105 

-.0248 

-.000387 

-.00364 

-.03427 

-1.134 


SPECIAL MOTE: 

Values in columns (1), (2), (4), (6) and (C) taken from The sign of Cu in col. 2 should be opposite 

Table 01.2. to that shown. Bence values in col. 3 have 

opposite sign. This error causes values in 

Col. 11 « Cols. 3 + 5+ 7+ 0 + 10 columns 11 and 12 to be slightly incorrect. To 

correct this error would cause all the numerical 

Col. 12 - Cy, - C* + C L „ + C Dw - Cols. 11+4+8 calculations in the following pages to change 

- - x u z u z elightly. Thus the error is not corrected as it 

Col. 10 - Cw - - .000 is felt the general procedure in calculating the 

• "a.c. aerodynamic loads is provided regardless of the 

unfortunate error in Table PI. 6. 


general, the fuselage parasite resistance for 
this type of airplane can be assumed to act thru 
the center of gravity of the airplane. For 
airplane arrangements where this assumption Is 
obviously far off, the fuselage drag can of 
course be calculated and applied along the prop- 
er line. In Fig. D1.15, the engine thrust is 
omitted and the fuselage drag has been taken as 
acting through the airplane (c.g.). To find the 
tall load coefficient Ct» moments are taken 
about the airplane (c.g.)'. The equation is giv- 
en below Fig. 01.15. Table D1.6 gives the solu- 
tion of the equation for Ct for the various val- 
ues of C L , as well as for the normal airplane 
coefficient Cz« Fig. D1.16 shows a plot of the 
various coefficients as taken from Tables D1.2 
and 01.6. 

D1.20 Calculation of Applied Vine Load. (Maneuver 
aad Oust). 

The coefficient curves of Fig. D1.16 give 
sufficient data for calculating the wing and 
tall loads for the various flight conditions. 

Condition 1. - High Angle of Attack Condition. 

From Fig. 01.16 maximum value of Ct =1.6 
which gives a corresponding value of 1.562 for 

c Zy 

The specifications as assumed require a 
positive maneuver acceleration of n * 6. 


From elementary aerodynamics, 
n = .002558 C Za V* 3/W 
or 

91 n W/S 
°ZA 

where 

8 = wing area = 243.5 sq. ft. 

V = velocity, MFH. 

W = gross weight = 4300#. 

W/S = 17.66 
Solving for V, 

v .VSSggga . 162.8 MPH. 

Dynamic pressure times wing area = 1/2 ? V* 8 

= .002568 x 162.8 x 243.5 - 16480. 

From the curves of Fig. D1.16, for C L = 1.6, the 
following wing force coefficients are obtained. 
Hultlplylng these coefficients by the dynamic 
pressure times wing area or by 16480, the total 
applied loads on the wing In the Z and X direc- 
tions due to the wing lift and drag forces are 
obtained. 

CL* = --4S8. i* = -.498 X 16480 ■ -8215# 
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0^= 1.510, 
0^ = 0.151, 
Cpg = •049 | 
Op a .0067, 


« 1.51 X 16480 « 24850# 
Dx = .161 x 16480 = 2480# 
D z « .049 X 16480 = 805# 
T Z * .0067 x 16480 * 110# 


Wing Aerodynamic Moment 

The moment coefficient for this wing 
(C^a c ) a -.009. The length of the mean aero- 
dynamic chord as found In Table D1.3 equals 77" 
= (d). 

The total wing aerodynamic moment Is given 
by the following equation, 

M = 1/2 ? V* C Ma<c> d 8 

= .002558 x 1^275* (-.009 77 x 243,5 = 
-11330"# 


The total air loads in the Z direction as 
found above must be balanced by the airplane in- 
ertia loads in the Z direction. 

Airloads = L z + D z + T z = 24850 + 805 + 110 = 
25765#. 

The specified airplane acceleration for 
this condition was 6, thus the inertia Z forces 
equal 6 x 4300 (gross weight) - 25800#, which 
checks within the accuracy of plotting, etc. 

Condition 2. - Low Angle of Attack Condition. 

From the specifications V restricted is 
260 MPH with a maneuver acceleration n = 6. 

With velocity and acceleration known, the 
normal airplane coefficient C%. can be calculat- 
ed. A 

„ _ 391 n W/S _ 391 X 6 x 17.66 _ 

C ZA V* 260* - 611 

1/2 ^ S V* = .002558 x 2435 x 260* * 42150 


From Fig. D1.16 for C Za = .611, the follow- 
ing values for the various wing coefficients are 
obtained, which multiplied by 42150 give the 
total wing loads. 


II 

-.047, 

Lx = -.046 x 42150 = 

-1940# 

°LZ = 

.605, 

L z = .605 X 42150 = 

25500# 

tl 

.0275, 

Dx = .0275 x 42150 * 

1160# 

°DZ " 

.002, 

D Z = .002 x 42150 « 

84# 

°T 3 

.0062, 

T Z = .0052 x 42150 = 

220# 


„ _ 391 (-2.5) 17.66 _ ^ 

Hence, C Za = g gg- - — *®55 

1/2 « V* S = .002658 x 243.5 x 260* = 42150 
From Fig. D1.16 


Cj^ = -.026, Lx * -.026 x 42150 * -1100# 

CLg * -.244, L Z * -.243 X 42150 = -10300# 

Cj^ = .012, Dx = .012 x 42150 = 505# 

Cd 2 = -.0018, D Z - » • 0018 x 42150 = -76# 

Op = -.0092, T Z = -.0087 x 42150 = -366# 

Wing aerodynamic moment load = -29200"# (same as 
for condition (2) since velocity is same. 

Condition 4. - Inverted High Angle of Attack 
Condition. 

From the curves of Fig. D1.16, the value of 
Cz A for the maximum negative value of Cp, equals 
-1.133. The restricted maneuver acceleration n 
is -2.5. For n = 2.5 and C Za 25 -1.133, the ve- 
locity V can be calculated. 


1/2 ^ V* S = .002558 x 1233" x 243.5 = 9500. 


From Fig. D1.16 for Cg A = -1.1133, 

= -.345, L* = .345 x 9500 = -3280# 

C Lz = -1.075, L Z = -1.075 X 0500 = -10,210# 

CDj = .078, Dx = .078 X 9500 = 740# 

Cd z = -.025, D Z = -.025 X 9500 = -238# 

C T = -.0346, T Z = -.0346 X 9500 = -328# 

Wing aerodynamic moment load = .002558 x 123.3* 
(-.009) 77 x 2435 = -6500"#. 

Oust Accelerations and Applied Load3. 

The equation for acceleration due to a 
30 ft. /sec. gust normal to thrust line is, 


n 

where 

n 

K 


m 

V 


1 i SKm V 

w/s 

gust load factor. 

wing loading factor. It Is 1 for this 
airplane. 

3? = .088 (From Flgl D1.16) 
velocity In MFH. 


Wing aerodynamic moment M = .002558 x 260* 
(-.009) 77 x 243.5 = -20800"#. 


Condition 5. - Positive Oust. V = 260 MFH. 
Horizontal Altitude. 


Condition 3. - Inverted Low Angle of Attack 
Condition. 


n = l + 


3 K m V_ , . 3x lx .088 x 260 

”w7a“i + rrss 


4.68 


From the specifications V = 260 and maximum 
maneuver acceleration is limited to n = -2.5. 


load factors. 

This is less than the design maneuver factor of 
n = 6 at this velocity, thus a positive gust 
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condition is not as critical as the positive 
maneuver conditions. 


Condition 6. - Negative Oust. V = 260 MPH. 

Vertical or Dive Attitude?" 


3 K m V 
factor 


3x 1 x .088x260 


-3.88 load 


This is more than the restricted negative man- 
euver factor of -2.5 accelerations at 260 MPH 
and thus a negative gust at the limiting veloci- 
ty is more critical than condition (3). 


Solving for 

„ _ 391 (-3.88) 17.66 

c Za SSo 


From Fig. D1.16, Cz A = -.396 


= -.063, 1^ =’•.053 x 42150 = -2240# 

C Lz - -.382, Lz = •382 x 42150 = -1610Q# 

= -.017, Dx = .017 X 42150 = 716# 

Cd z = -.0025, D z = -.0025 X 42150 = -105# 

C*p = -.0120, T z = -.0120 X 42150 = -506# 


Wing aerodynamic moment = 29200"# same as for 
conditions 2 and 3 since velocity Is same. 


D1.21 Applied Load Factor - Velocity Diagram. 

In graphical form the applied design condi- 
tions can be repeated by plotting velocity load 
factor as Illustrated In Fig. D1.17. The lines 
AB and DF are determined by the value of the re- 
stricted maneuver load factors, namely 6 and 
-2.5 respectively. The extremities B and F are 
determined by the restricted dive or glide speed 
of 1.3 times the high level Bpeed of 200 MPH - 
260 MPH = 260 MPH. The points A and D are de- 
termined by the velocity required when flying at 
Cz A maximum to give the restricted maneuver load 

factors. The curved lines OA, and OD represent 
the relation between velocity and load-factor 
when flying at maximum Cz A * 

From a maneuver standpoint, the critical 
normal flight conditions for loads on the wing 
would be represented points A, B, F and D on 
Fig. D1.17. The load factors produced by a 30 
ft ./sec. gust at various velocities up to 260 
MPH le shown by the straight sloping lines which 
represent the plot of the equation n « 3 K m V 
8/W. For a positive gust, the gust line falls 
below the maneuver line AB and thus is not 
critical. For a negative gust when flying in a 
vertical attitude, the gust line cuts the nega- 
tive maneuver load factor line DF at E with a 
maximum value at C. Thus, for velocities above 
point E, the negative gust condition is more 
critical than the specified maneuver load fac- 
tors. The airplane therefore should be investi- 
gated and designed to take the loads indicated 
by the conditions at points A, B, D, E and C on 
the diagram. 
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Since the magnitude of the gust load factors 
vary inversely as the wing loading (W/S), the 
lightly loaded conditions of the airplane (small 
fuel and payload) will give higher load factors 
and may prove critical in some cases. Therefore, 
in actual design, this fact must be considered. 

The loads represented by this velocity-load 
factor diagram (Fig. D1.17) are applied loads. 

For the design of members, the applied loads are 
multiplied by a factor of safety, which in general 


is 1.5. 

Velocity-load factor diagrams can also be 
drawn for flight conditions where the wing flaps 
or ailerons are operated. In general, the prin- 
ciples are the same, the chief difference being 
the changed airfoil characteristics due to the 
deflected surfaces. 

D1.22 Calculation of Wing Shears, Bonding and 

Torsional Movent a, Unit Analysis. 

In article D1.20, the total applied wing air 
loads were determined for the various flight 
conditions. In addition, there are inertia re- 
sisting loads. In the various flight conditions, 
the magnitude, direction and location of the 
loads change thus it usually saves considerable 
time if a unit load analysis is made, and this 
is the usual procedure in the load analysis for 
actual airplane analysis, and thus this procedure 
will be carried out in this example problem. 

In balancing the airplane in Art. D1.19, 
the wing air loads, were referred to a convenient 
set of reference X, Z and Y axes (See Fig. D1.15). 
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For simplicity, the wing shears and moments will 
be referred to these axes. Later when the de- 
sign of the internal wing structure is consider- 
ed, these forces relative to the selected ref- 
erence axes can be transferred or referred to 
any other set of axes if desirable. 

In Tables Dl.4 and D1.5, column No. 7 gives 
the area of each wing strip times the spanwlse, 
distribution factor of the lift and drag forces 
respectively. The summation of these columns 
gives the projected area of each semi-wing or 
17624 sq. in. For simplicity, unit air loads of 
17624 lbs. acting on the semi-wing will be se- 
lected for the unit analysis. This procedure 
will make it possible to use many of the numeri- 
cal values in Tables Dl.4 and D1.5 in the unit 
analysis to follow. 

Tables D1.7 and D1.8 give the necessary 
calculations for determining the shears and 
moments with respect to the reference axes due 
to unit loads for spanwlse distribution of both 
the lift and drag forces. The student should 
refer to article A6.7 of Chapter A6 for review 
of shears and bending moments for cantilever 
beams with varying distributed loads. 

01.23 Halt Dead Welfcht Analysis for Wing Shears 
and Moawnts. 

Since the design load factors in the Z and 
X directions change with the various flight 
conditions, it is convenient to make a unit 
analysis, usually for one load factor, which is 
equivalent to the weight of the airplane. The 
wing weight Is usually broken down into the 
wing panel weights which represents a distribut- 
ed type of load plus any concentrated Installa- 
tions placed Inside the wing or attached to it, 
as for example, fuel, landing gear, engine in- 
stallations, wing floats, etc. 

The spanwlse distribution of the wing 
weight is usually based on experience and data 
accumulated from previous designs of similar 
types of airplanes and from semi -rational formu- 
las which consider such items as load factor, 
aspect ratio, taper ratio, etc. Fig. D1.18 
gives the spanwlse weight distribution as assum- 
ed for this example problem. The figure also 
shows the location and magnitude of the fuel 
and landing gear loads. 
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Spahw/sm Vaa/a or Dsrs/mMbm 


* 



CR? Fuel and tank. Wt. per Bide - 380# = 
380/47.5 = 8#/in. 

Distributed fuel load replaced by 
equivalent concentrated one with 
loads at station points as used in 
jh Previous tables. 

Dead Wt. of front landing gear chassis 
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The distributed fuel load has been replaced by 
the equivalent system composed of 4 concentrated 
loads as shown. The weights and their center of 
gravity locations are obtained from the weight 
and balance data in Table Dl.l. 

Table D1.9 gives the calculations for de- 
termining the dead weight shears and moments with 
respect to the reference axes. 

D1.24 Applied Wing Shears and Momenta. 


With the unit analysis completed as given 
in Tables D1.7, 8 and 9, the applied wing shears 
and moments for the total applied loads as found 
in Art. D1.20 follow as a matter of proportion 
of some numerical factor times the values In the 
unit solution. 

Tables D1.10 and Dl.ll give the calculations 
for the applied wing shears in the Z and X direc- 
tions for two design flight conditions, namely 
condition 1 and condition 4. The multiplying 
factor is given at the head of each column. 

Tables D1.12 and DX.15 give the calculations 
for the moments about the three reference axes 
X, X and Z, for the same two flight conditions. 
Similar tables for the shears and moments should 
be made up for the other two critical conditions. 
The student should realize that the moments Hy 
are not the true torsional momenta on the wing 
but only the moment about the assumed location of 


the Y axle. With the shears and moments known j 
for one set of axes, they can be referred to any 
other desired set that may be required In the 
stress analysis of the wing as Illustrated in 
Chapter C9. 

The values given In Tables D1.10 to 13 are 
applied loads and should be multiplied by a 
factor of safety which Is usually 1.5. 

The simplified problem which has been pre- 
sented has dealt only with the symmetrical, 
normal wing flight conditions. In the actual 
design of an airplane, many other conditions 
must be Investigated as for example, the condi- | 
tlons when the wing flaps are deflected and the i 
operation of the ailerons which produces a roll- 
ing acceleration on the airplane. 

For the portion of the wing between the 
landing gear and the fuselage support, Investi- 
gation must be carried out as to the loads on 
the wing in the landing condition, since the 
reaction to the dead weight inertia loads Is 
provided by the landing gear. 

The load analysis for the airplane wing 
involves several hundred hours of work and is 
a subject on which a complete textbook could be 
written consequently the analysis as given In 
this chapter can only be of simplified character. 

Problem. 

To give the student practice, it Is sug- 
gested that the instructor change the weight 
and balance data of Table Dl.l to give a differ- 
ent c.g. location, and also change the airfoil 
section and let the student carry the problem 
through with this revised data. 


References; 

Before starting the load analysis of any 
actual commercial airplane, the latest require- 
ments of the Civil Aeronautics Authorities 
should be reviewed in detail. For Army and 
Navy airplanes the design regulations and speci- 
fications as issued by these agencies should be 
studied carefully. 
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TABLE Dl. 10 

VIVO SHEAR LOADS Y z AHD Vg 
CDEDITIOH 1 . H.A.A, 

As r 6.0, Cjj^ - 1.562, Y - 162.8 KPH 
Applied vine load*:- La ■ 24650 lbs., L* a -6215, D* ■ 605, D* ■ 2460. 



<a)+<4)+<6) (3)+(5)+(7) 



TABLE Dl.ll 

WISC SHEAR LOADS V z AKD V x 
COSDITIOIf 4 XHVERTKD S.A.A. 

Applied Wing Loads:- Lg m -10210 Lg . -3260 D z a -238 Dg . 740 
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CHAPTER D2 

THE LOADS ON THE BODY 


02. 1 Introduction, 

The body of an airplane acts essentially as 
a beam and in some conditions of flight or land- 
ing as a beam column which may be also subjected 
to twisting or torsional forces. Thus to design 
an airplane body requires a complete picture of 
the shearing, bending, twisting and axial forces 
which may be encountered in flight or landing. 

In the load analysis for wings, the direct air 
forces are the major forces. For the body, 
load analysis the direct air pressures are sec- 
ondary, the major forces being of a concentrated 
nature In the form of loads or reactions from 
units attached to the body, as the power plant, 
wing, landing gear, tail, etc. in addition, 
since the body usually serves as the load carry- 
ing medium, Important forces are produced on the 
body in resisting the inertia forces of the 
weight of the interior equipment, installations, 
pay load, etc. 

As In the case of the wing, a large part of 
the load analysis can be made without much con- 
sideration as to the structural analysis of the 
body. The load analysis of an airplane body in- 
volves a large amount of calculation, and thus 
the treatment in this chapter must be of a 
simplified nature, and is presented chiefly for 
the purpose of showing the student in general 
how the problem of load analysis for an airplane 
body is approached. 

D2»2 Design Conditions and Design Weights. 

The airplane body must be designed to with- 
stand all loads from specified flight conditions 
for both maneuver and gust conditions. Since 
accelerations due to air gusts vary inversely as 
the airplane weight, it is customary to analyse 
or check the body for a light load condition for 
flight conditions. In general, the design 
weights are specified by the government agencies. 
For landing conditions, however, the normal gross 
weight is used since It would be more critical 
than a lightly loaded condition. 

The general design conditions which are 
usually investigated in the design of the body 
are as follows: 

Flight Conditions : 


H. A.A. (High angle of attack) 

L.A.A. (Low angle of attack) 

I. L.A.A. (Inverted low angle of attack) 

1 .H.A.A* (Inverted high angle of attack) 

The above conditions generally assume only trans 
lational acceleration. In addition, it Is scme- 


tlmes specified that the forces due to a certain 
angular acceleration of the airplane about the 
airplane c.g. must be considered. 

The body is usually required to withstand 
special tail loads both symmetrical and unsym- 
metrlcal which may be produced by air gusts, 
engine forces, etc. Also, the body should be 
checked for forces due to unsymmetrical air loads 
on the wing. 

handing Conditions: 


In general, the body Is investigated for the 
following landing conditions. The detailed re- 
quirements for each condition are given in the 
government specifications for both military and 
commercial airplanes. 

Landp lanes : Level landing. 

Level landing with side load. 

Three point landing. 

Three point landing with 
ground loop. 

Nose over or turn over condi- 
tion. 

Arresting, (usually for only 
Navy Carrier based air- 
planes ) 

Seaplanes or Boats: 

Step landing with and without 
angular acceleration. 

Bow landing. 

Stern landing. 

Two wave landing. 

Beaching conditions. 

Catapulting conditions (Navy 
airplanes ) 

Special Conditions or Forces: 

Towing of airplane 

Body supercharging. 

D2.3 Body Weight and Balance Distribution. 

The resisting inertia forces due to the dead 
weight of the body and its contents plays an loir* 
portant part in the load analysis for the airpltod 
body. When the initial aerodynamic and general , 
layout and arrangement of the airplane is made,* 

It is necessary that a complete weight and b&lfeha# 
estimate of the airplane be made. This estimate 
is usually made by an engineer from the weight 
control section of the engineering department Who 
has had experience In estimating the weight and 
distribution of airplane units. This estimate 
which is presented in report from gives the 
weights and (c.g.) locations of all major airplane. 
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units or installations as well as for many of 
the minor units which make up these major air- 
plane assemblies or installations. This weight 
and balance report forms the basis for the dead 
weight Inertia load analysis which forms an im- 
portant part in the load analysis of the air- 
plane body. The use of this weight and balance 
estimate will be Illustrated In the example 
problem to follow later. 

D2.4 Load Analysis. Sait Analysis. 

Due to the many design conditions such as 
those listed In Art. D2.2, the general procedure 
in the load analysis of an airplane body Is to 
base it on a series of unit analyses. The loads 
for any particular design condition then follows 
as a certain combination of the unit results 
with the proper multiplying factors. A simpli- 
fied example problem follows which Illustrates 
this unit method of approach. 

02.5 Xxaaple Problci on Applied Loads on Puna lags. 

To Illustrate the general procedure in 
calculating the design shears and moments on the 
airplane body, the calculations for the air- 
plane of Example Problem 1 in Chapter D1 will be 
carried out. (Refer to Fig. D1.9, Table Dl.l 
and the general flight specifications as given 
in Art. D1.13. 

Solution: 

Weight and Balance of Body Items: 

Table Dl.l of Chapter Dl gives the weight 
and balance for the complete airplane. Table 
D2.1 gives the weight and balance calculations 
for all items attached to fuselage or carried in 
the fuselage, except the wing and the units at- 
tached to the wing or enclosed in the wing as 
the landing gear and fuel. 



Weight Distribution: 

in order to obtain a close approximation 
to the true shears and moments on the fuselage 


due to the dead weight Inertia loads, It is 
necessaiy to distribute the weights of the vari- 
ous items as given in Table D2.1. Fig. D2.1 
shows a side view of the airplane with the 
center of gravity locations of the weight items 
of Table D2.1 indicated by the (♦) signs, in 
the various design conditions, the direction of 
the weight inertia forces changes, thus it is 
convenient and customary to resolve the inertia 
forces into X and 2 components. Thus, in Fig. 
D2.2, the weights as given in Table D2.1 are 
assumed acting in the Z direction through their 
(c.g.) locations. The loads as shown would not 
give a true picture as to the shears and moments 
along the fuselage, thus these loads should be 
distributed in a manner which should simulate 
the axial weight distribution. In most weight 
and balance reports, the weight items are broken 
down Into considerable more detail than that 
shown In Table D2.1, which makes the weight dis- 
tribution more evident. The person making the 
weight distribution should study the inboard pro- 
file drawing of the airplane which shows the 
general arrangement of all the Installations and 
equipment. Furthermore, he should study the 
overall structural arrangement as to its possible 
Influence on fuselage weight distribution. The 
whole process involves considerable common sense 
if a good approximation to the weight distribu- 
tion is to be obtained. Fortunately the large 
dead weight loads, such as the power plant, 
tails, etc. are definitely located thus small 
errors in the distribution of the minor distri- 
buted weights does not change the overall shears 
and moments an appreciable amount. 

In order to obtain reasonable accuracy, the 
fuselage or body is divided into a series of sta- 
tions or sections. In Fig. D2.1, the sections 
selected are designed as stations which represent 
the distance from the Z reference axis. The gen- 
eral problem is to distribute the concentrated 
loads as shown in Fig. D2.2 Into an equivalent 
system acting at the various fuselage station 
points. 

Obviously, if a weight item from Table D2.1, 
represents a concentrated load such as a pilot, 
student, radio, etc., the weight can be distri- 
buted to adjacent station points Inversely as the 
distance of the weight (c.g.) from these adjacent 
stations. However, for a weight item such as the 
fuselage structure (Item 2 of Table D2.1) whose 
c.g. location causes it to fall between stations 
80 and 120 of Fig. D2.2, it would obviously be 
wrong to distribute this weight only to the two 
adjacent stations since the weight of 360# Is for 
the entire fuselage. This weight Item of 350# 
should thus be distributed to all station points. 
The controlling requirement on this distribution 
is that the moment of the distributed system 
about the reference axes must equal the moment of 
the original weight about the same axes* Fig. 
D2.3 shows how the dead weight of 3)50# was dis- 
tributed to the various station points consider- 
ing the weights to be acting in the Z direction. 
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Table 1)2.2 allows the results or this sta- 
tion point weight distribution for the weight 
Items of Table D2.1. The values In the hori- 
zontal rows opposite each weight Item shows the 
distribution to the various fuselage stations. 
The summation of the weights in each vertical 
column at each station point as given In the 
third horizontal row from the bottom of the 
table gives the final station point weight. 

These weights are shown in Fig. D2.4 for weights 
acting In the Z direction. The moment of each 
total station load about the Z axis Is given 
In the second horizontal row from the bottom of 
Table D2.2. The summation of the moments In 
this row must equal the total wx moments of 
Table D2.1 or 219700"#. This check Is shown In 
the last vertical column of Table D2.2. 

The distributed system must also be distri- 
buted In the Z or vertical direction In such a 
manner as to have the same resultant c.g. loca- 
tion as the original weight system which Is il- 
lustrated in Fig. D2.6. Fig. D2.6 Illustrates 
how the fuselage weight distributed system as 
shown in Fig. D2.3 Is distributed In the verti- 
cal direction at the various station points so 
that the moment of this system about the X axis 
is equal to that of the original fuselage 
weight of 350#. For convenience, these distri- 
buted fuselage weights can be transferred to the 
X axis plus a moment as shown in Fig. D2.7. 

Table D2.2 shows the vertical distribution 
of the various items at the various station 
points. The bottom horizontal row gives the 
moment about the X axes of the loads at each 
station point, which equals the individual loads 
times their Z distances. The summation of the 
values in this horizontal row must equal the 
total wz moment of Table D2.1. This check is 
shown at the bottom of the last vertical column. 
Fig. D2.8 shows the results as given In Table 
D2.2 for the weight distribution in the X direc- 
tion. 

D2.S mUMslyii for faftlagt Stotn and 

Since there are many flight and landing 
conditions, considerable time can be saved If a 
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unit analysis is made for the fuselage shears, 
axial and bending forces. The design values in 
general then follow as a summation of the values 
in the unit analysis times a proper multiplica- 
tion factor. 

The loads on the fuselage In general consists 
of tall loads, engine loads, wing reactions, 
landing gear reactions If attached to fuselage 
and Inertia forces due to the airplane accelera- 
tion which may be due to both translational and 
angular acceleration of the airplane. For sim- 
plicity, these loads can be resolved Into com- 
ponents parallel to the Z and X axes. 

To illustrate the unit analysis procedure, 
a unit analysis for our example problem will be 
carried out for the following unit conditions: 

(1) Unit acceleration or load factor in Z 
direction. 

(2) Unit acceleration or load factor In X 
direction. 

(3) Unit tall load normal to X axis. 

Unit analyses are alse usually carried out 
for engine thrust and engine torque, side load 
on tail and angular acceleration, but to keep 
the example calculations from becoming too 
lengthy only the above 3 unit conditions will be 
carried out in detail. The others will be dis- 
cussed In detail in later paragraphs. 

Solution for Suit Load Factor la Z Dirac tloa. 

Fig. D2.8a shows the dead weight loads act- 
ing in the Z direction as taken from Table D2.2 
or Fig. D2.4. The wing Is attached to the fuse- 
lage at stations 73 and 116 as shown on Fig. 

D2.8a. The fittings at these points are assumed 
as designed to cause all the drag or reaction in 
the x direction to be taken off entirely at the 
front fitting on station 73. 

To place the fuselage In equilibrium, the 
wing reaction will be calculated: 

SF X « 0, Rh ♦ 0 = 0, hence R H * 0 

^station 0 = 219700 “ Rr - 73 Rp = 0- -(A) 
(Note: 219700 from Table D2.1) 
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WEIGHT DISTRIBUTION TO FUSELAGE STATIONS 
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ZF z »-2655 + R f + Rr = 0 -(B) 

Solving equations (A) and (B) for Rp and Rr: 
Rp = 1780#, Rr ■ 776# 

Table D2.3 gives the calculations for the 
fuselage shears and bending moments at the vari- 



TABUS D2.3 

FUS BLAGS SHEARS AMD MOMENTS FOR OMB LOAD FACTOR 

IN Z DIRECTION 
(Dead Weight Acting Down) 

— n 

2 

3 

4 

5 

6 — 

tag| 

Load or 
Reaction 

w 

Vrifieir 

= i w 

(lbs.) 

ox - bil'U 
between 
stations 

a k 

■ VA x 

Moment 

M ,1 A M 

(in. Iba.) 

315 + 

mm 



0 









SjS 

m 


1 



1 

5gS 




m 

1 
















-50020 

116 * 

0 

775 

967 

192 


-3868 

-53888 

8° * 

0 

-307 

192 

499 

1 36 " 

-6912 

-60800 

73 + 

0 

1780 

499 

-1281 

■ — — — -23 m “ ti 

-3493 

-64290 

5° * 

388 

0 

-1281 
- 893 

„ OQ 

-29463 

-34827 

u * 

893 

0 

- 893 

0 

a r JV 

34827 

0 

(3) Dp 
po 
<6) Te 
no 

<X> ♦ 

on left a 
sitive she 
nslon In 
nent. 
refers to 
refers to 

ind down on right aide of a aectlon la 
tar* 

ipper fuselage portion la negative bending 

aft aide of station, 
forward aids of station. 


Solution for Unit Load Factor in X Direction. 

Fig. D2.9 shows the panel point dead weight 
distribution for loads acting In the X direction 
and aft, as taken from Table D2.2 or Fig. D2.8. 
To place the fuselage in equilibrium the wing 
reactions at points (A) and (B) will be calculat 
ed. 

ZFj[ * 2555 «■ Rjj “ 0, hence Rr = 2565# (forward) 


Q2.B 

Take moments about point (A) 

ZK» =2555x17 + 5920 - 43 Rr = 0, hence Rr* 1147.8 
* (up) 

(5920 equals the sum of the couples from Table 
D2.2) . 

2F Z = 1147.8 -Rp = 0, hence Rp * 1147.8# (down) 


Table D2.4 glveB the calculations for the shears, 
moments and axial loads for the loading of Fig. 
D2.9. 
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FUSELAGE SMEARS, MOMEKTS fc AXIAL LOADS FOR 

ONE LOAD FACTO! IM X DIRECTION 
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Solution for Unit Horlnontal Tail Load. 

The fuselage shears and moments will be com- 
puted for a unit tail load of 100 lb. on the tall 
acting in the Z direction, with balancing reac- 
tions at the wing attachment points. The center 
of pressure on the horizontal tail is at station 
277.5. Fig. D2.10 shows the fuselage loading. 

To find wing reactions at (A) and (B): 

ZM A = 100x (277.5 - 73)-43 Rr“0, hence Rr * 
475.6# (up) 

ZFz = -100 + 475 .6 - Rp = 0, hence Rp = 376.6# 

(down) 
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Table D2.S gives the detailed calculations 
for the shears and moments at the various sta- 
tions points. 



TABLE D2.5 


FUSELAGE SHEARS A MOMENTS FOR UNIT HORIZONTAL TAIL LOAD IN 
Z DIRECTION 
(Load Acting Down) 


1 

2 

3 

4 

5 

6 

St*. 

Load or 
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w lb*. 
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between 
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illustrated. In a similar manner the values for 
the other flight conditions can be found, the 
difference being a new set of multiplying fac- 
tors, since the applied loads are different. 


TABLE D2.6' 

A PPL I ID ruatUOI HOMES 5 MOMENTS A AXIAL LOADS PDA FLIGHT 
CONDITION 1. (N.A.A.) 
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Col. 2> li values Id coluan 3 of Tabls 08.3. 

Col. 3 - 1.333 x valuoe Is coluan ft of Tabla 02,4. 
Col. 4 - .1.10 x valuaa lx coluan 3 of Tabla 02. S. 
Col. 5 - coluan (1) 4 colun (2) 4 coluan (3). 

Col. I. (i valuaa la coluan • of Tabla 02.3. 

Col. ? - 1.333 x valuaa la eoluaa * of Tabla 02. 4. 
Col. 8 - 1.10 x valuaa la coluan 6 of Tabla 02. 3. 

Col. 8 - coluaaa (•> 4 (7) 4 (S). 

Col. 10 - 1.333 x valuaa la ealuaa (4) of Tabla 02.4. 


D2.7 Example of Fuaelage Shears and Momenta for 
Landing Conditions. 

Fig. D2.10 a illustrates the airplane in a 
level landing condition. The ground reaction 
is assumed to pass the center of landing gear 
wheel and c.g. of airplane. The fuselage shears, 
moments and axial loads are required when the 
vertical ultimate load factor is 7. (gross 
weight * 4300#) . 


Calculations of Applied Fuselage Shears, Moments | 
and Axial Loads. 

Using the results of the unit solutions as ! 
given in Tables D2.3, 4 and 5, the applied 
values for flight conditions in general follow 
as a matter of proportion and addition. To 11- i 
lustra te, the applied fuselage shears, moments ! 
and axial loads will be calculated for one of 
the flight conditions as worked out in detail in 
Chapter D1 . j 

Flight Condition 1. High Angle of Attack (H.A.Aj 

From Page 7 of Chapter Dl. 

Applied load factor in Z direction * -6,0 
(down) 

Applied load factor In X direction » (8215 - 
2480 ) /4300 = 1,333 (aft) 

Applied tall load = 110# (up) 

With the Z and X load factors and the tail 
load known, Table D2,6 can be filled in as 


Solution: 

The vertical or Z component of the ground 
reaction R Is specified as 7 load factors which 
equals 7 x 4300 = 30100#. One half of this is 
acting on each wheel. 


The horizontal or X component of R is 30100 
tan 230 = 425 x 30100 = 12800# and acting aft. 
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The horizontal load factor on airplane 
equals 12800/4300 « 2.98. 

The resistance to these X and Z components 
of the ground reaction R Is provided by the in- 
ertia forces of the airplane in the X and Z di- 
rections 

Tables D2.3 and D2.4 show the fuselage 
Bhears, moments and axial loads for inertia 
loads due to one load factor in the Z and X di- 
rections respectively. Thus to obtain the fuse- 
lage forces for this given landing condition, it 
is only necessary to multiply the values in these 
two tables by the proper factor and add the re- 
sults. 

Thus fuselage forces due to vertical load 
factor of 7 would equal 7 times the values in 
columns (3) of Table D2. 3 to obtain shear and 7 
times column 6 to obtain bending moment. 

Likewise the forces due to the 2.98 load 
factor in X direction would equal (-2.98) times 
the values in columns (4), (5) and (9) of Table 
D2.4 to obtain axial loads, shears and bending 
moments respectively. 

The final or true forces would be the alge- 
braic sum of these results. 

Landing with Angular Acceleration 

In a level landing condition, it is some- 
times specified that the horizontal component of 
the ground reaction must be a certain proportion 
of the vertical component, which causes the line 
of action of the ground reaction R in Fig. 

D2.10a to not pass thru the c.g. of the airplane, 
which creates an external pitching moment on the 
airplane. This moment 1 b usually balanced the 
inertia forces due to the angular acceleration 
produced by the unbalanced moment about the 
c.g. The shears and moments on the fuselage due 
to this external moment could be found as ex- 
plained in Art. D2.9. 

D2.0 Inert la Loads Dus to Angular Acceleration. 

In some of the flying conditions, it is 
sometimes specified that the airplane must be 
subjected to an angular acceleration as well as 
translational acceleration. This angular ac- 
celeration of the airplane produces inertia 
forces which must be calculated if the airplane 
is to be treated as a body in static equilibrium, 
in some cases, a tail loads due to a gust on the 
tall is specified which produces a moment about 
the airplane c.g. which produces angular ac- 
celeration of the airplane. In certain landing 
conditions, the ground forces due not pass 
through the airplane c.g. thus producing a mom- 
ent about the c.g. Which for stress analysis 
purposes is balanced by inertia forces. 

Moment of inertia of Airplane 


The calculation of the moment of Inertia of 
an airplane about the center of gravity axes 
was explained on page A3. 5 of Chapter A3. A 


detailed example solution was given in detail In 
Table 6A of Chapter A3. The general equations 
for the moments of inertia of the airplane about 
the reference axes are: 

Iy * 2 wx® + 2 wz® + 2 A Iy 

I x = 2 wy* 4- 2 wz* 4- 2 A I x 

I 2 = 2 wy* 4- 2 wx® 4- 2 A Iz 

The last term in each of the above equations 

represents the moment of inertia of each weight 
item about its own centroidal axes parallel to 
the reference axes. 

D2.9 Solution for Inertia Load* Duo to Unit 
100,000 In. Lho. Pitching Xooent. 

To illustrate the general procedure of de- 
termining the balancing inertia loads when the 
: airplane Is subjected to an unbalanced moment 
about the c.g., an analysis will be made for a 
unit 100,000 In. lb. moment. Table D2.7 gives ■ 
the necessary calculations. 

From kinetics: 

Pitching angular acceleration a s g 
(rad/sec.®) 


My - unbalanced external pitching moment 
about c.g. of airplane. 

Iy « pitching moment of inertia of airplane 
about airplane c.g. 

The tangential inertia force F for a mass 
w/g due to an angular acceleration a equals, 


F * ? ra , but a = g 
g iy 


F s w r, where r is the distance from the 
*y 

weight w to the airplane c.g. 

It is convenient to treat the inertia force 
F as resolved into two components F x and Fz 


Fx = r* w z c 


From Table D2.7, I y = 16097600 
M y was assumed as 100,000 


100000 ... _ 
IR5W8BB w x c 


.00621 w x c 


F x = .00621 w Z C 

where z c and xc are the z and x distances of the 


MM 
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weight w to the airplane c.g. 

Columns No* 9 and 10 of Table D2.7 gives 
the values of these inertia components. Pig. 
D2.ll shows these inertia loads applied to the 
fuselage. The reactions at wing attachment 
points should be computed and then a table of 
fuselage shears, moments and axial loads should 
be made up. This unit table could then be 
used for all conditions involving angular ac- 
celeration of the airplane. 

It should be realized that the inertia re- 
sisting loads in Table D2.7 are only approxi- 
mately, since the moment of inertia neglects the 
centroldal moment of inertia of the big items, 
such as the power plant, wing, etc. The ex- 
ample is only for the purpose of illustrating 
the general procedure of determining the inertia 
resisting loads due to angular acceleration. 

The same general procedure can be followed in 
considering unbalanced external moments about 
the Z and X axes, commonly referred to as yaw- 
ing and rolling moments. 

TABLK D2. 7 

BALANCING INERTIA FORCES FOR UNIT 100,000 IE. LB. MOMENT 


loads to the truss panel points and then solve 
for the axial loads in the trussed structure by 
the usual graphical stress polygen as explained 
in Chapter A2. The general procedure of distri- 
buting the loads for a truss type of fuselage 
can be explained best by carrying truss type of 
fuselage through a simplified example problem. 
The same airplane as used in previous example 
will be used. (Refer to Table D2.1) 

Fig. D2.12 shows the side view of a tubular 
truss which has been adapted to the given air- 
plane. The fuselage proper extends from panel 
point 1U to 11U. The engine mount structure 
is designated by the dashed lines in the panel 
(BU, 1U, BL, 1L), Table D2.8 repeats the items 
of Table D2.1 with their welghtB and center of 
gravity location. The circles adjacent to the 
Item numbers on the truss of Fig. D2.12 show the 
c.g. locations. The general problem is to dis- 
tribute these 12 concentrated loads to the truss 
panel points in a manner which will simulate 
closely the actual distribution. 

Methods of Distributing a Weight to Truss Panel 
Points. 


ABOUT Y AXIS TINOUGB AIRPLANE C.G. (PITC1IHG BO MB NT) 




H§. 02-11 


02.10 OiMnl Procedure for True ee cl Type of 
fuMlil* Cone t ruction. 

For many airplanes a welded tubular truss 
structure la used instead of the semi-monocoque 
type of structure. Instead of finding shears, 
bending moments and axial loads on the body as a 
whole as is done with the shell type of fuselage, 
it is conventional practice to distribute all 


For atruss with vertical members, a load 
falling within a truss panel can be proportioned 
to the four panel Joints as follows: 



In Fig. D2.13 the weight P = 10# with its 
center of gravity location 1 b shown. It is de- 
sired to replace this 10 lbs. weight by an 
equivalent system acting at the four Joints of 
the panel. Consider the weights as acting norm- 
al to the panel and consider It first as sup- 
ported by an Imaginary beam (1) (2). The reac- 
tion at points (1) and (2) are: 

P x = Pb/L « 10 x 14/24 = 5,84# 

P. * Fa/L * 10 X 10/24 - 4*16# 
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Loads Pi and P* are now considered as 
loads acting on beams p A Pc and Pg Fp respec- 
tively. 

Hence 

P A = Pj. e/h = 5,64 x 18/28 = 3.76# 

P c = Px f/h = 5,84 x 10/28 = 2.08# 

P B = P, d/h* * 4.16 x 20/30 = 2.773# 

Pp = P. c/h* = 4.16 X 10/30 = 1.387# 

Fig. D2.14shows the resulting panel point 
distribution for inertia loads in the vertical 
direction and Fig. D2.15 for inertia loads In 
the horizontal direction. 

As a check on the panel point distribution, 
the algebraic sum of the panel point loads must 
eqial the original load, and the moment of the 
panel point loads about any two rectangular 
axes must equal the moment of the original load 
about these axes. Convenient axes would be 
those through the (c.g.) of the original weight 
which requires that the moments of the panel 
point loads must then equal zero. 

For a truss panel determined by a triangle 
as in the conventional warren type of truss, a 
weight falling inside of the triangular panel is 
distributed to the 3 corners of the panel. For 
example, in Fig. D2.16,- the weight P = 10# will 
be replaced by an equivalent system, acting at 
the 3 panel joint. First, consider the load P 
as carried by an imaginary beam resting on 
points (1) and (2), then, 

P x = P b/L = 10 x 8/14 = 5,71# 

P a = P a/L = 10 X 6/14 = 4.29# 



The loads P and P are then reacted at 
points A and C and B and c respectively. Thus, 
for load P 

P A * Px e/h * 5.71 x 20/25 = 4.57# 

P c » Px f/h - 6.71 x 5/25 * 1.14# 

For load P 

P& » P. d/h* * 4.29 x 20/27 * 3.18# 

PC 58 P« o/h f * 4.29 x 7/27 * 1.11# 

The total load at C* 1.14 *1.11 *2.25# 

Fig* 92.17 shows the results for vertical 
and horizontal inertia forces. 


There are various other methods of distri- 
buting a load to adjacent panel points. Fig. 
D2.18 illustrates a graphical variation. The 
(c.g.) of the weight P is as shown. 



Perpendiculars are dropped from point P to each 
of the three sides and from each panel joint to 
the opposite side of the triangle. Then the 
distributed weights or loads to the panel joints 
are 

P A = P c'/c, P B = P bVb, P c = P aVa 

Distribution of Weight* to Fuselage Truss Panel 
Points for Example Problem. 

Table D2.S shows the results of the weight 
distribution to the various truss panel points. 
This table is typical of the work that Is re- 
quired in the load analysis of the fuselage truss 
of an actual stress analysis problem. To illus- 
trate how the distributed panel point weights as 
given in the table were obtained, part of the 
procedure as used will be given in detail. 

Consider Item No, 10 (Radio ) 

Weight = 125# 

c.g. location given by x - 181" and z * 10* 
(Table D2.8 columns 1, 2, 3). 

Fig. D2.19 shows the location of the (c.g.) 
of the radio weight with respect to the truss 
triangular panel (5U, 6U, 7D). 



The load Is first determined to points (1) 
and (2). 

Px * 125 X 13/22.9 * 71# 
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P* = 126 X 9.9/22.9 = 54# 

P. Is now distributed between panel Joints 
6U and 7L and Pi between 6U and 7L. 

For load P a 

P 6U = 54 X 22.45/27.45 = 44.2# 

P7U = 54 X 5/27.45 = 9.8# 
for load Pi 

P&U * 71 x 22.46/27,45 = 58.1# 

P 7 U = 71 x 6/27.45 = 12.9# 

Total Ptl = 12.9 + 9.8 = 22.7 

Figs, a and b show the resulting panel joint 
loads acting In vertical and horizontal direc- 
tion. 




Before entering the results In Table D2.8, 
the distributed results should be checked. 

Summation of panel Joint loads =58.1 + 

44.2 + 22.7 = 125#. 

The moment of the panel Joint loads about X 
and X axes thru the (c.g.) of the original 
weight must equal zero. 

ZHx = (58.1 + 44.2) 5 - 22.7 x 22.45 = 511 
- 610 = 1. This Is within the accuracy of cal- 
culations since loads are carried to only one 
decimal place). 

m z = (-68.1 X 16 + (44.2 + 22.7) 13 = 

-871 + 870 = 0. 

The student should always check the distri- 
bution of each weight Item before entering the 
results In the composite distribution table such 
as Table D2.8 In order to avoid the trouble of 
searching for errors later oil. 

The three panel point loads of 58.1, 44.2, 
and 22.7 are entered In Table D2.8 opposite 
Item No. 10 and under the proper panel Joints 
5U, SU and 7L respectively. 

In Table 02. 8 It should be noticed that the 
distributed weights at each panel due to the 
various weight Items are added to give the total 
joint load as shown in horizontal row 11 of the 
table. These total Joint loads are then multi- 
plied by the Joint (x) and (Z) arms to give the 
horizontal and vertical moments as listed In 
horizontal rows 12 and 13 of the Table. Further- 
more, summations are made of ail the values in 
the horizontal rows of the Table which are given 
in column 31 of the Table, it should be noticed 
that the total weights total horizontal moments, 
and total vertical moments of 2555, 219700 and 
5920 respectively as given in column 31 equal 
the valuee in the original weight and balance 
diagram for the fuselage as given in Table D2.1. 


na.li 

Distribution of Dead Weight of Fusolago to Truss 
Panel Points* 

The total fuselage group is listed as one 
weight, namely 350 lbs. This weight muBt be 
distributed throughout the length of the fuselage 
In a manner which should approximate closely the 
actual weight distribution. This distribution 
to a great extent is left to the Judgment of the 
computer who should base his Judgment on a study 
of the inboard profile drawing of the airplane* 

The weight and balance estimate which is available 
for an actual airplane is given in for greater 
detail than that of Table D2.1 which will there- 
fore assist him in making a logical panel point 
weight distribution. This discussion also applies 
to such items as surface controls and furnishings 
which are actually scattered over a considerable 
length of the fuselage and not concentrated at a 
point as Table D2.1 would seem to indicate. 

To illustrate, the general procedure, the 
fuselage dead weight item No, 2 of 350# will be 
distributed to the truss panel point. The con- 
trolling requirement in the distribution Is that 
the (c.g.) of the distributed system will coin- 
cide with the given c.g. for the fuselage weight. 

Fig. D2.20 shows the weight distribution 
that has been selected after several trial and 
error approaches. The fuselage group according 
to note on Table D2.8 contains the weight of the 
oil and oil tank (75#) and engine mount (25#). 

The cowling and supports between stations B and 
1U is assumed to weight 15#, thus making a total 
of 115#. This is taken as the total weight be- 
tween these two points with a (c.g.) location of 
46" from reference z axes, (see Fig. D2.20). 

The heavy portion of the fuselage Installation 
is between stations 60 and 166. The fuselage 
structure is heaviest in this region due to 
member loads and due to the supports and braces 
for many of the interior installations in this 
region. The cockpit enclosure adds weight and 
it is assumed that the fuselage covering in this 
region consists of removable metal panels for 
accessibility to interior installations. The 
aft portion of the fuselage (station 166-295) is 
considered as fabric covered. The weight per 
running inch between stations 60 and 295 is 
therefore taken as shown in Fig. D2.20.. As 
mentioned before the usual weight and balance 
estimate as provided by the weight control sec- 
tion of the engineering department provides 
more detailed information on the weight break- 
down, which together with a study of the in- 
board profile drawing of the airplane would give 
the stress man considerable more data on which 
to base his fuselage weight distribution. This 
example problem isonly for the purpose of illus- 
trating the general procedure. 

The total weight In Fig. D2.20 is 350# and 
the moment about the reference z axes will equal 
39700"#, which is the value as given in Table 
D2.1 for item No. 2. The next step is to re- 
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place this running load by an equivalent con- 
centrated system, the forces of which equal the 
running load between the fuselage panel points. 
Fig. 02.21 shows the running load divided into 
segments. The weight of each one of these 
segments is then computed and its horizontal 
(c.g.) location. Fig. D2.21 shows the results. 
The c.g. locations are rapidly calculated by the 
use of Table 4 of Chapter A3. 

This resulting concentrated load system 
must also have a total moment about the thrust 
line as the original weight of 350#, which 
equals 350"# (Table 02. 1) since the c.g. is 1" 
above thrust line. Fig. D2.23 shows the verti- 
cal location of the various concentrated forces 
which will give a total moment of 350 in. lb. 
about thrust line. These locations must also be 
based on a logical consideration of the actual 
conditions. 

The single item of 350# has now been re- 
placed by a distributed concentrated equivalent 
system with a weight distributed between each 
truss station. These loads can now be distri- 
buted to the fuselage panel Joints by the gen- 
eral methods previously explained. The results 
are shown in Table D2.8 in the horizontal row 
opposite item No. 2. To assist, the student 
in checking thesee values, the results of four 
individual panel distributions are shown In Fig. 
02.24. The student should check a few of these 
panel results in order to obtain a complete 
understanding of the procedure. 

External Applied Group*. 

The fuselage proper extends from station 
1U to 11U. The center of gravity of the power 
plant installation is at point (A) of Fig. 

D2.12 and the c.g. of the weight of the tail 
wheel group and the tall group is located at 
points (0) and (C) respectively. One convenient 
method of handling the dead weight of these ex- 
ternal groupB is to connect them to the fuse- 
lage structure by a phantom truss structure 
which is considered as part of the fuselage 
truss in drawing the stress polygon. In the 
distribution process in Table 02. 8, these ex- 
ternal groups have been considered as applied at 
their c.g. and attached to the fuselage by a 
phantom truss. Another method sometimes used is 
to transfer these external loads to the fuselage 
attachment points, which involves replacing the 
load by a load plus a proper couple. 

VaMligv Truss Loadings for Unit Truss Loadings. 

As was explained and carried out in the 
example load calculations on the shell type or 
semi-monocoque fuselage, it is customary pro- 
cedure to find the axial stress In the members 
of the fuselage trusses for several unit condi- 
tions. The true or total stresses In any memb- 
er ’for a particular flying or landing condition 
then follow as a matter of a multiplication and 


addition of the results for the various unit so- 
lutions. 

Fig. 02.25 shows the truss loading for a 
unit load factor of 2.0 in the z direction. The 
panel point truss loads as shown are taken direc- 
tly from horizontal row number 11 of Table 02.8. 
These loads are for the complete airplane and 
since a fuselage truss structure is composed of 
2 side trusses only one half of the panel loads 
in Table 02.8 should be shown on truss for one 
load factor. Thus, using the total loads as 
shown on one side truss represents a load fac- 
tor of two on the airplane. Fig. 02.26 shows 
the side truss loading for a load factor of two 
in the X direction. The same loads as shown in 
Fig. D2.25 are now shown acting in the horizontal 
direction. Fig. D2.26 shows the truss loading 
for a unit 100# tail load in the z direction. 

The reactions for these unit conditions 1 b provid- 
ed by the wing at the wing attachment points 
(2L and 4L). These reactions are computed for 
the various unit conditions, which places the 
fuselage side truss in equilibrium. A graphical 
stress polygon is then drawn for each unit condi- 
tion which gives the axial load in each truss 
member under each unit loading. The true member 
axial stress for a particular design flying con- 
dition then follows as the result of multiplying 
the results of each unit condition by a certain 
factor and adding the results algebraically as 
was done in Table D2.6 when illustrating the 
procedure for a shell type fuselage. 

For landing conditions, a unit analysis 1 b 
usually made for a unit load on tall or nose 
wheel In the Z and X directions. Likewise a unit 
analysis is usually made for a unit angular ac- 
celeration of airplane about c.g. which is bal- 
anced by rotational inertia resisting forces. 

All of these conditions make use of the panel 
point weight distribution as given in Table D2.8. 
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Problem 1. Pig. 02.28 shows the side view of a 
low wing single seater military airplane. A 
simplified weight and balance scheduled Is given 
in Table 02.9. Make up a dead weight panel 
point distribution Table similar to Table D2.2 
using the station points as indicated on Fig. 
02,28. With airplane supported at points A and 
B compute shears, moments and axial loads on 
fuselage for unit load factors In the X and Z 
directions. Landing gear Is located on the 
wing. 

Problem 2. Instead of a seml-monocoque type of 
fuselage a tubular truss type Is used as Illus- 
trated in Fig. D2.29. Make up a dead weight 
truss panel point distribution Table similar to 
Table 02.8. 

Problem 2. Fig. 02.30 shows the hull of a twin 
engine boat. A simplified weight and balance 
schedule for body items only Is given in Table 
D2.10 Make up a dead weight panel point dlstrl- 


nmi D8.io 

nioffr * ml la nc( or warn mm 
a •• rig. D3.30 *«r M, Am*) 


1 Bull struct. 

3 Crew (3) 

a oma U) 

4 PaiMogert (3) 

5 Passengers (3) 

g gaga m 

7 Passengers (2) 

8 Hsstactri (2) 

rssssngsrs (3 ) 

10 Baggaga 

11 Flooring 

12 Furnish Inga between 

Station 120 and 400 

13 Tail group 


It. Arm Monant Arm Sonant 
m x wx s ns 

2200 210 482000 98 121000 

340 76 28840 83 18020 

910 278 140780 51 28010 

340 387 131580 80 20400 

IAS 316 36*60 33 4333 

700 330 16300 0 40 36000 

360 363 137700 143 40600 


tlons. For flight conditions assuming hull sup- 
ported at points A and B, compute hull shears, 
moments and axial loads for dead weight unit load 
factors in X and Z directions. Refer moments 
due to X forces to the X reference axis. 


butlon Table using stations at hull frame loca- 
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PARTIAL LIST OF ANSWERS TO PROBLEMS 


CHAPTER A1 
ART. A1.13a 

(1) P x = 2300#; P, «« 2860# 

(2) P, * 137# 

(3) Load on pulley pin = 318#. 
Load on x face of bracket 
* 252#, y face 3 194# 

(4) R A = 4850# parallel to AE. 
R c = 2600# acting at angle 

of 30.6° with hori- 
zontal. 

ART. A1.14a 

(1) Rx 3 183#; R. = 13# 

(2) R (front wheel) = 12768#; 
on both rear wheels, 13616# 
each. 

(3) Ri = 44#; R. = 206# 

ART. Al.lSa 

(1) BC = -4870# 

(3) ChcR 8 1050# 

(4) Dp = 865# 

(5) BC * -810#; AB = -123# 

(6) EB = 2670, FC = -7950, 
Horizontal reaction at 
D 3 2600# 

ART. A1.18 

(4) Ri = 10; R B = 90#; Rc = 30; 
R D = 70 

(5) OC = 1000# 

(6) Cable pull = 1200#; Reac- 
tion at C = 150#; D = 750# 


CHAPTER A2 


ART. A2.4a 

(1) EB = 692; AB = 1442; AE = 
-2884 

(2) ah = -2630; ab = 1713; 

bh = 800; cl = -400; di * 
626; 13 = -3080 

(3) BC = -4233; AJ = 2533; 

EF 3 2633; DO = 0; DF = 0 

(4) Wires HF, DH, CJ, AK are 
acting. AC - 10640; CJ = 
6710; JH 3 -6292 

(6) d ■ -600; a *= 867 
Refer to Page A2.18. 

(6) AB = 6000; BO * -2600; 

DC » -3364; AD 3 6640 

(7) FC 3 3416; BC 3 -1340; 

AQ * 3700; CD 3 1000 

(8) AB * 6333; KJ = -3086; 
vp s 

(9) * = 3100; b = 1678; C « 
-1678 


(10) (a) No. No member stree- 

es can be etatically 
computed. 

(b) Stable but not stati- 
cally determinate. 
Stresses In members EF 
and ED can be determi- 
ned statically. 

(c) No. Yes. 

(11) All members except those 
in panel abed can be 
found by statics. Truss 
statically indeterminate 
to first degree or one too 
many members. 


CHAPTER A3 

ART. A3. 76 

(1) I = 66 in. 4 

(2) I x = .026 in. 4 I z * .018 
in. 4 

(3) I = 0.417 m. 4 

(4) I h = 60.8 In. 4 I v - 192 
in. 4 

ART. A3. 14 

(1) 0 = 24°, I Xp = 15.6 in. 4 , 
I Zp = 2.78 in. 4 

(3) (a) I Xp = 54.9 in. 4 , Iy p = 

141 in. 4 

(b) I Xp = 53.4 ln.\ I yp = 
142.1 in. 4 

(4) I Xp = 74.5 in. 4 , I yp = 
10.0 in. 4 

(5) I Xp = 118 in. 4 , I yp = 
246.2 in. 4 

(6) I Xp = 812 in. 4 , Iy p = 
1210 in. 4 


CHAPTER A5 


ART. A5.15 

(1) f 8 3 4270 pel; f g = 3420 
psl 

(3) q for large cell = -159.6 
lb. /in.; q for small cell 
= -149.6 lb. /in.; 9 = 
0.0118 rad. 

(4) q = -156.2 lb. /in.; 9 3 
0.118 rad. 

(6) q large cell = 182.7 lb./ 
in.; q middle cell = 
180.5; q for curved wall 
cell 3 112.8 lb. /in. 9 = 
0.0151 rad. 


(6) q large cell = 181.7 lb./ 
in.; q for curved cell * 
113.1; 9 = 0.0151 rad. 

(6) q = 168.6 lb./ln. 9 * 
0.0161 rad. 


CHAPTER A6 


ART. A6.8 

(1) w ■ >w. ■ 

-20500"#. 

< 2 > V max. = - 2720 * "max. * 
-52000"# 

< 3 > Vx. = - 720 *' "max. = 
-17600"# 

(6) V = .07812 X* + 31.26 X; 
M = 15.62 X" + .02604 X* 


CHAPTER A7 


ART. A7.18 


(1) 0 V = .0246"; 6 h = -.0047" 

(2) 0 C = .0104" 

(6) 0 C = -0.15 in. 

(7) Og * 0.483 x 10 ~ ln - 

(8) 0 Cy = +0.026 in.; 0 Ch = 

+0.077; 0 Dy = -0.0094; 

= +0.0184. 

(9) 6qjj = 0.0692 in. to right. 
0 b h = 0.1277" to right. 

(10) 6 Dy = 0.505 in. down. 

(11) 6 Ay * +0.086 in.; 6 A]H 3 
0.0036 in.; 0 b v 3 0.062; 


Ogjj = 0.0079 in. 


(13) a A = -0.00666 Rad.; 6. = 
-1.515 in.; ag = +0.0144 
rad.; Og = -1.11 in. 

(14) 6 A = +0.08 In.; Oj. = +0.07 
in.; ac 3 -0.002 rad. 

(15) ag 3 +0.105 rad.; Oq 3 
+1.03 in. 

(16) 6 C = 8550/El ; Op = 6076/BI; 
Oq — 1675/El 

(17) a A 3 24360/fcl; 6 A * 
-414300/EI 

(18) 3 Mb = 750*# 

(21) Ov 3 -FR*n/4EI; 6g 3 PR*/ 
2EI; a 3 FR*/fcI 



PR* 


ST" 

(23) 6y = 


. 0104 " 
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CHAPTER A8 CHAPTER A12 


ART. A8.10 

(1) AB = -2500; BC = -2500; 
CD = 2500; AD = 2500; 
AC = -3500; BD = 3500 

(2) AB = -785; BC = 615: 

BD = 148 

(3) BP = -3290; CE = -930 

(4) AB = -749; BC = 526; 

DB = 276; EB = -80 

(6) BD = 3100# 

(6) AB = 1093# 

(7) BD = 465#; CE = 2170# 
(9) AB = 7183#; BC = 7415# 


CHAPTER A10 

ART. A10.7 

(1) J^ ax> = 13500"#; M side 

level only = 5250"#; y = 
-1.51" 

(3) M = -23400"# 

(4) M = -294700"# 

(5) M = 15800"# 


ART. A12.5 

<» U. 

6480"#; fbjiax. C omp. 

516 psl; = 173 psi 

(2) Vmax> = 11600#; M^ = 
1,665,000"# 


CHAPTER A13 

ART. A13.9 

(2) f B = -15200 pel. 

(3) A = -8450 psi; B = -10340 
psl; C = -11220; F = 

8890 psi. 

(4) A = 9930 psl; B = 11800 
psl; F = -16020 psl 

(5) At point (1) f = -19635 
psl; point (7) f = -6440; 
point (14) I = 9300 psi. 


CHAPTER A14 


CHAPTER All 


ART. All. 15 

(1) M B = -2000; Me = -1614; 
Mg = 0 

(6) M» = 600; M B = 900 

(7) M A ■ 705; Mg = 0 

(8) M* = 0; Mg = 333 

(9) Mgi = -205"#; Mg C = -190 
Mgg = -145 

(14) Me = -1073"#; Rg = 513#; 
Rf, = +327# 

(15) M* = 1100"#; Mg * 6800; 
Mn = 7700; 1% = 2900 

(16) M A = 526"#; Mg = 281*#; 
Me = 802*# 

(17) Mg C = -2150 ft. lb.; Mcb 
- 2120 ft. lb.; MgQ = -263 
ft. lb.; Mnp = -130 ft. lb 

(18) M ba = -1700"#; Mge = 
-2610"#; Me = -1000; Mg 
500"# 

(19) M a = -101.1 ft. kips; 
tg = -22.7 ft. kips. 

(20) (a) 10.8 ft. above A; 

(b) 11.4 ft. above A; 

(c) 12.5 ft. above A 


ART. All. 19 

(2) q. * -290; q, = -341; 
q. = -204 

(31 q* = 78.4; q, * 103.7; 


ART. A14.10 

(1) Shear center located 

0.544" to left of center- 
line of 2" length side 
for section In Fig. A14.27 
For Fig. A14.29, shear 
center located 4.50" to 
left of vertical web. 
Assumees stringer material 
concentrated at skin line. 

(3) 17.3" below bottom side on 
vertical symmetrical axis. 

(6) 3.94" to left or Y b axis; 
21.2" below x D axis 

(7) q = 17.25"/ln. 

(8) Mq = 13140"#. Resultant 
is 224# located 58.7" 
from point 0. 

(9) e = 17.8" 

(10) e Xp = -7.27"; 6y p = 27.11" 

CHAPTER A15 

ART. A15.10 

(1) Pig. 16.49. CJag = -9.42#/ 
in.; q for curved wall = 
1.69#/in. 

(2) Fig. 15.51. qa b * -16.85#/ 
In.; qbc = 11.87; qa C = 
-2.42. 

Fig. 15.52. q for vertical 
web • 24.53#/in, q for 


lower web » 14.46 and q 
for curved web = -11.24#/ 
In. 

(3) q at upper left hand corn- 
er = 33#/ln. , q at upper 
right hand corner * 
-29.5#/ln. Shear center 
located 14.4" to right 
from left side of box. 

(4) q in left side vertical 
web = 3.41#/in. q for 
right vertical web = 
-6.59#/ln. The shear 
center Is located at 
point 6.85" to right of 
left side of box. 

(5) qae = — 13.63#/in.; Q&b — 
16.37; q bc = -3.63 

(6) qab = 5.64#/ln. ; q In 
each curved wall = 2.18#/ 
in. 

(7) qaa' = 26.9#/in .; q bc = 
-13.1; qq c = -12.9#/ln. 
Shear center Is 1.2" to 
left of cc’ . 

(8) = 17.84; qdea = 30-9; 
Qbfc = -3.55 

(9) qab = 21.48#/in.; q bc = 
32.13; qdc = -30.37 

(10) (Jab = 6.62"/ln. ; q bc = 
0.34; q cd = 80.34; qa'da = 
-17.70 

(11) qab = -51.2; q^ - 28.6; 
Qef = 14.2; q f f = 46.6; 
Qa' oa = “34.0 


CHAPTER B2 

ART B2.8 

(1) P c = 185# 

(2) P c = 1660# 

(3) P c = 2960# 

(4) P = 500#; P = 1000# 

(5) Sheet will not buckle. 

M.S. = .08 

(6) M.S. = .16 


CHAPTER C2 

PACE C2.17 

(3) Top longeron = 1-1/4 - 
.066 

(7a) 3-3/4 - .065; (7b) 4-1/2 - 
.083; (7c) 3-3/4 - .065 

(8) AC = 2-3/4 - .058 24ST. 

S.L. 
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CHAPTER C3 CHAPTER C4 


ART. 

C3.ll 



(l) 

1-5/8 

- .049 tube* 


(3) 

Far under strength. 

Check 


1-3/8 

- .058 for strength 

(6) 

1-3/4 

- .049; M.S. 

= .12 

(7) 

1-1/4 

- .049; M.S. 

= .08 

(8) 

3/4 - 

.049; M.S. = 

3.27; 


9 = 4. 

8 degrees 


(9) 

M.S. = 

.04 


do) 

M.S. = 

-.015 


(11) 

M.S. = 

.22 


(12) 

M.S. = 

.18 



ART* C4.25 

(1) Shear out is critical. 
M.S* = .04 on edge 
distance . 

(2) Bolt shear is critical 

(3) Shear out critical. 

M.S. = 0.29 

(6) Lower right hand bolt Is 
critical. Bolt load is 
4860# 

(11) Either top bolt is criti- 
cal; tension load on bolt 
- 2927#, shear load = 
1950# 

(12) Upper right hand rivet is 
critical. Resultant load 
on this rivet is 2065# 


Aircraft Rivets C4.2 

Aircraft Nuts C4.12 

Air Loads, Applied . . .A2.15 
Analyst s, Bulkhead. . . .Cl 1.2 

Analysis, Frame Cll.l 

Analysis, Strength . . .07.13 
Analysis, Stress . . . .C7.14 

Angle Sections B5.1 

Applied Air Loads. . . .A2.15 

Area Moments A7.15 

Auxiliary Phantom 

Members A2.8 

Axes, Inclined A3. 10 

Axes of Symmetry .... A3. 9 
Axial Load All. 20 

Beam, Cantilever . . . . A6.4 
Beam, Fixed End 

Moments A7.15 

Beam, Flange C9.24 

Beam Sections C8.1 

Beam, Tapered C9.20 

Beam, Unsymmetrical. , .A15.9 

Beam, Web C9.9 

Beams, Cell C9.12 

Beams, Deflection of . . A7.5 

A7.13 

Beams, Metal C6.1 

Beams and Trusses, 

Deflections of . . . . A7.1 

Beams, Wood C8.1 

C8.5 

Bending C3.1 

Bending and Compression. C3.8 
Bending and Torsion. . .C3.10 

C3.13 

Bending Forces A6.1 

Bending Modulus C3.1 

Bending Moment A6.3 

Bending Strength . • . . 03.6 


INDEX 


Bending Stress A13.1 

C7.7 

C7.10 

Bending, Unsymmetrical .A13.1 

Bolt Fitting C4.14 

Bolts C4.7 

Box Beams, Flange. . . A15.ll 
Bulkhead, Analysis . . .C11.2 
Bushings C4.13 

Cantilever Bar A9.2 

Cell Beams .C9.12 

Cellular Structures. . . C9.1 
Center of Gravity, 

Centroids A3.1 

Centroids, Center of 

Gravity A3.1 

Charts, Column C2.2 

Closed Sections. . . . .B5.10 

Column Buckling B1.2 

Column Charts C2.2 

Column Curves C2.2 

Column Design C2.3 

Column Failure Bl.l 

Column Load, Critical. . B1.2 
Column Members, Beam . .A10.1 

Column Theory Bl.l 

Columns Bl.l 

C2.15 

C0.1 

Columns, Long C2.1 

Columns, Long and Short. B1.3 
Columns, Short ..... C2.1 
Columns with Thin Walls. B5.1 

Columns, Wood C8.12 

Combined Loadings. . . . C3.1 
Compression, Bending . . C3.8 
Compressive Strength, 

Ultimate . B4.1 


Compressive Strengths. . B6.1 


Conductivity Cl.l 

Corrugated Shapes. . . .B6.ll 

Corrugations B6.ll 

Crippling Stress . . . .B5.10 

B5.12 

Crippling Stresses . . . B5.1 
Cross Sections, Column 


Theory Bl.l 

Curved Sheet, Flat . . . B4.1 

Curves, Column C2.2 

Curves, Stress-Modulus . Cl. 6 
Cylindrical Bars, 

Torsion of A7.9 

Deflection, Torsional. .A15.3 
Deflections. ...... A5.1 

Deflections, Reciprocal *A7. 25 

Density. Cl.l 

Design, Column C2.3 

Design, Metal Beams. . . C7.1 
Displacement, Angular. . A7.3 

A7.6 


Elastic Weight A9.2 

Equilibrium, Principles 

of Al.l 

Equilibrium, Stress. . . A4.5 

Factor k C7.15 

Failure, Instability . . C2.3 

Failure, Loads C3.S 

Fitting, Bolt C4.14 

Fittings C8.14 

Fittings, Joints .... G5.1 
Fixed End Moments. . . .All .3 
Flange Beam C9.24 


Flat and Curved Sheet. . B4.1 
Flexure, Formulas. . . .A12.4 
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Flow Shear CIO. 11 

Flow Systems A5#3 

Force System A1.4 

A1.10 

Force System, 

Non-Coplanar A1.10 

Frame Analysis Cll.l 

Frame, Hull A9.12 

Frames A9.9 


Frames, Rings and. . • . A9.1 
Funicular Polygon. . . . A1.3 
Fuselage, Metal Covered. CIO. 1 
Fuselage Reactions . . ,A2. 13 

AS. 15 


Fuselage Shears D2.3 

D2.6 

Gravity, Center of 

Centroids A3.1 

Glue Stresses C8.4 

Hull Structure ClO.l 

Inertia, Mass Moments 

of A3. 2 

Inertia, Moment of . . . A3.1 

D2.7 


Inertia, Polar Moment# . A3.1 
Instability Failure. . . C2#3 
Internal Forces, 


Redundant A9.3 

Internal Work A7.22 

Joints A2.1 

Joints and Fittings. . . C5.1 

Lift Load, Beam. . . . -A2.15 
Linear Deflection 

Virtual Work A7.8 

Load A10.1 

Load, Axial All. 20 

Load, Critical Column. . B1.2 
Loadings, Combined • . . C3.1 
Loadings, Single Span. .A10.2 

Loadings, Truss D2.12 

Loads, Failure ..... C3.8 

Loads, Wing Dl.l 

Long Columns 02. 1 

Longeron C2.ll 

Lugs, Tension 04*13 

Margins, safety C4.1 

Material, Web C9.7 

Members, Tension . • • • C2.1 

C2.3 

Metal Beams C6.1 

Metal Beams Design . . . C7.1 
Metal Covered Fuselage .ClO.l 
Method; Distribution, 

Moment All# l 


Modulus, Bending . • . . C3.1 
Modulus, Torsional . . .03.7 
Mohr's Circle, Principal 


Stresses A4.3 

Moment Diagram A6.3 

Moment Diagrams A6.2 

Moment; Distribution 

Method All .1 

Moment of Inertia. . . . A3.1 

D2.7 

Moment, Maximum 

Bending A6.3 

Moment, Polar Inertia. . A3.1 

Moments, Area A7.15 

Moments, Method A2.2 

Moments, Principal of. . A1.2 
Multiple-Cell A5.4 

Neutral Axis Location. .A12.1 
Nuts, Aircraft C4.12 


Operations Table . . . All. 30 

Parallel Axis Theorem. . A3.1 


A3. 9 

Polar Moment, Inertia . . A3.1 
Polygon, Funicular . . . A1.3 
Principal Axes .... .A3. 10 
Principles of 

Equilibrium Al.l 

Principles of Moments. . A1.2 
Principal stresses, 

Mohr's Circle A4.3 

Product of Inertia . . . A3. 9 


Radius of Gyration . . . A3.1 
Reactions, Fuselage. . .A2.13 

A2.16 

Redundant Internal 

Forces A9.3 

Rings and Frames .... A9.1 

Rivet Spacing B6.7 

Rivets 04*4 

C4.5 

Rivets, Aircraft .... C4.2 

Rods, Tie 04.13 

Round Tubes C2.1 

Safety Margins C4.1 

Section Properties of 

Areas A3. 2 

Sections, Angle B6.1 

Sections, Beam C8#l 

Sections, Cell-Closed# . A5.3 

Sections, Solid C2.15 

Shaft, Cylindrical . # . A5.1 
Shapes, Corrugated # . .B6.ll 
Shear# .#*...... A6.1 

Shear, Beam. ...... A6.1 

Shear Center . . . . . *A144 
Shear, Flexural. . . \ .A7.22 


Shear Flow A14.1 

A15.18 
CIO# 11 

Shear Lag • #C9#22 

Shear Load C7.5 

Shear Stresses C6.7 

C8.3 

Shear, Torsional .... A5.7 

Shear, Web C9.ll 

Shears A2.3 

Shears, Method . . . . . A2.3 
Sheet, Flat and Curved . B4.1 
Shears, Fuselage . . . . D2.3 

D2.6 

Shears, Wing EL. 18 

Short Columns. ..... Bl. 3 

C2.1 

Solid Sections C2.15 

Spacing, Rivet B6.7 

Splices 04.22 

Spot Welding C5.6 

Stiffener Strains. . . . B6.8 

Stiffeners B6.6 

Strain Cl.l 

Strain Energy A7.22 

Strains, Stiffener . . . B6.8 
Strength, Analysis . . .C7.13 
Strength, Bending. . . . C3.6 


Strength, Compressive. . B4.4 


Stress Analysis C7.14 

Stress, Combined 
Equations A4.2 


Strengths, Compressive . B6.1 
Stress, Components of. . A4.3 
Stress, Crippling. . . .B6.12 
Stress Distribution. . . A5.4 

A12.2 

Stress Intensities, 

Varying A4.5 

Stress-Modulus Curves. . Cl. 6 
Stressed-Skin Structures C9.1 

Stresses A13.2 

Cl.l 

C7.ll 

C8.8 

Stresses, Bending. . . . C7.7 

C7.10 

Stresses, Comprehensive. A4.1 


Stresses, Crippling. . . 85.1 
Stresses, Glue ..... C&.4 
Stresses, Principal. . . A4.1 

Stresses, Shear C6.7 

08. 3 

Stresses, Torsional, . * A5.5 
Structures, Cellular . . C9.1 
Structure, Hull. . . . .ClO.l 
Structures, Stressed- 

Skin 00.1 

symbols, stress A4.1 

Systems, Force ..... A1.4 

Tapered Beam C9.20 

Tension, Axial ...» .A7.22 
Tension-Field# .,...# C?.l 
Tension Lugs ..... #04.13 
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Tension Members C2.1 

C3«3 

Tie Rods 04.13 

Torsion, Bending . . . .03.10 

03.13 

Torsion Formula A5.1 


Torsional Deflection . . A5.1 

A15.3 

Torsional Modulus. . . . c3.7 
Torsional Moment .... A6.3 
Torsional Stresses . . . A5.2 
Truss Deflection . . . .A7.16 


Truss, Drag A2.ll 

Truss Loadings D2.12 

Truss Stress A2.1 


Trusses, Beams 
Deflections of ... . A7.1 
Trusses, Deflections of. A7.1 
Trusses, Determinate 
and Indeterminate. . . A2.1 
Trusses, Indeterminate . A8.1 
Trusses, Parallel Chord. A2.4 
Tubes, Round C2.1 


Utisymmetrical Bending. .A13.1 


Web Beam C9.9 


Web Material . . . 


Web Shear 

* . .C9.ll 

Web &aear Flow . . 

. . Alb. 18 

Web, Tapered . . . 

. . A16.20 

Weight, Moment . . 


welding 

... CS . 1 


C5.4 

Welding, Spot. . . 

. . . C5.6 

Wing, Loads. . . . 

. . . Dl.l 

Wing Shears. . . . 

. . .01.18 

Wood Beams .... 

. . . C8.1 


C8.5 

Wood Columns . . . 

. . .08.12 












